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AUTHORS’ PREFACE TO 
THE RUSSIAN EDITION 


In recent years, remarkable success has been achieved 
in statistical physics, due to the extensive use of meth- 
ods borrowed from quantum field theory. The fruitful- 
ness of these methods is associated with a new formula- 
tion of perturbation theory, primarily with the application 
of “Feynman diagrams.” The basic advantage of the 
diagram technique lies in its intuitive character: Operat- 
ing with one-particle concepts, we can use the tech- 
nique to determine the structure of any approximation, 
and we can then write down the required expressions 
with the aid of correspondence rules. These new methods 
make it possible not only to solve a large number of 
problems which did not yield to the old formulation of 
the theory, but also to obtain many new relations of a 
general character. At present, these are the most power- 
ful and effective methods available in quantum statistics. 


There now exists an extensive and very scattered 
journal literature devoted to the formulation of field 
theory methods in quantum statistics and their applica- 
tion to specific problems. However, familiarity with these 
methods is not widespread among scientists working in 
statistical physics. Therefore, in our opinion, the time 
has come to present a connected account of this subject, 
which is both sufficiently complete and accessible to the 
general reader. 


Some words are now in order concerning the material 
in this book. In the first place, we have always tried to 
exhibit the practical character of the new methods. Con- 
sequently, besides a detailed treatment of the relevant 


mathematical apparatus, the book contains a discussion 
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of various special problems encountered in quantum 
Statistics. Naturally, the topics dealt with here do not 
exhaust recent accomplishments in the field. In fact, our 
choice of subject matter is dictated both by the extent 
of its general physical interest and by its suitability as 
material illustrating the general method. 


We have confined ourselves to just one of the possible 
formulations of quantum statistics in field theory lan- 
guage. For example, we do not say anything about the 
methods developed by Hugenholtz, and by Bloch and 
de Dominicis. From our point of view, the simplest and 
most convenient method is that based on the use of 
Green’s functions, and it is this method which is taken 
as fundamental in the present book. 


It is assumed that the reader is familiar with the ele- 
ments of statistical physics and quantum mechanics. 
The method of second quantization, as well as all in- 
formation needed to derive the field theory methods 
used here, can be found in Chapter 1. This chapter is of 
an introductory character, and contains a brief exposi- 
tion of contemporary ideas on the nature of energy 
spectra, together with some simple examples. 


Unless the contrary is explicitly stated, we use a sys- 
tem of units in which both Planck’s constant % and the 
velocity of light c equal 1 (the latter is important in 
Chapters 6 and 7). Moreover, temperature is expressed 
in energy units, so that k = 1. 


The authors would like to express their gratitude to 
L. P. Pitayevski and Academician L. D. Landau for their 
valuable advice on the material discussed here. 


1961 
ALA. A. 
L. P. G. 
I. E. D. 


AUTHORS’ PREFACE TO THE 
REVISED ENGLISH EDITION 


We are very pleased that our book is now appearing in 
English and will therefore be accessible to a larger audi- 
ence. In the time that has elapsed since the Russian ver- 
sion was written, a number of new results have been 
obtained in quantum statistics, mainly in the theory of 
superconductivity and the theory of transport phenom- 
ena in the Fermi liquid. However, since these topics 
are of a more specialized character and involve very 
formidable calculations, we would not have included 
them in any event. 


Sections 21 and 22 of the present edition have been 
drastically changed, and are now written in a more 
modern form, based on the use of the field theory tech- 
nique for finite temperatures. We have also made a 
variety of smaller additions and corrections in other 
sections. We would like to express our appreciation to 
Dr. R. A. Silverman who, despite the exigencies of the 
publication schedule, not only allowed us to introduce 
these changes, but also effectively gave us complete 
control over the new edition. 


1963 
ALA. A. 
L. P. G. 
I. E. D. 
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TRANSLATOR’S PREFACE 


So far, the series “Selected Russian Publications in the 
Mathematical Sciences” has been devoted to works in 
the field of pure and applied mathematics. Theoretical 
physics is now represented by a unique volume, whose 
authors need no introduction to anyone interested in 
many-body theory and its ramifications. 


The present edition is the product of the closest col- 
laboration with the authors. Not only have they carefully 
studied and commented upon a photocopy of the original 
typescript, but they have also read through and corrected 
all the galley proof. In addition to the major changes 
described in the Authors’ Preface to the Revised English 
Edition, substantive changes of all sorts (many in answer 
to my queries) have been incorporated at every stage 
of the project, even at the very last moment. It is my 
hope that this exceptional degree of control has resulted 
in an authoritative version, insofar as this is possible in 
such a rapidly developing field. 


For the system of references, I have chosen “letter- 
number form,” which is so suitable for making last- 
minute additions without introducing excessive per- 
turbations. For example, A7 refers to the seventh paper 
(or book) whose (first) author’s surname begins with 
the letter A, where the entire Bibliography is arranged 
in lexicographic order, and in chronological order as 
well, whenever there are several papers by the same 
author. 


My task would have been immeasurably more difficult 
were it not for the indefatigable assistance of Dr. N. R. 
Werthamer of the Bell Telephone Laboratories, who 
viii 
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gave the entire translation a careful reading and sug- 
gested numerous improvements. All of his suggestions 
were examined in due course by the authors, who occa- 
sionally made counterproposals. The present version is 
the result of this interplay, which was particularly suc- 
cessful in unearthing typographical errors in the Russian 
original. The availability of Dr. Werthamer, at short 
notice and at all hours, has been one of my greatest 
assets in bringing this project to a successful conclusion. 
I would also like to acknowledge helpful advice from 
Professor J. M. Luttinger of Columbia University and 
Professor B. Zumino of New York University, who were 
both given desk copies of the translation shortly before 
it became the subject of a five months’ correspondence 
between New York and Moscow. 


I feel a debt of a very special nature to the senior 
author of this book (the patient “A. A.” of so many 
marginalia), whom I have come to regard as a friend as 
well as a literary colleague. 
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GENERAL PROPERTIES 
OF MANY-PARTICLE SYSTEMS 
AT LOW TEMPERATURES 


I. Elementary Excitations. The Energy Spectrum and 
Properties of Liquid He* at Low Temperatures 


1.1. Introduction. Quasi-particles. Statistical physics studies the behavior 
of systems consisting of a very large number of particles. In the last analysis, 
the macroscopic properties of liquids, gases and solids are due to microscopic 
interactions between the particles making up the system. Obviously, a 
complete solution of the problem, involving determination of the behavior of 
each individual particle, is out of the question. Fortunately, however, the 
overall macroscopic characteristics are determined only by certain average 
properties of the system. 

To be explicit, we now consider some thermodynamic properties. The 
macroscopic state of a system is specified by giving three independent 
thermodynamic variables, e.g., the pressure P, the temperature 7, and the 
average number N of particles in the system. From a quantum-mechanical 
point of view, a closed system of N particles is characterized by its energy 
levels E,. Suppose that from the system we single out a volume (sub- 
system) which can still be regarded as macroscopic. The number of particles 
in such a subsystem is still very large, whereas the interaction forces 
between particles act at distances whose order of magnitude is that of atomic 
dimensions. Therefore, apart from boundary effects, we can regard the sub- 
system itself as closed, and characterized by certain energy levels (for a given 
number of particles). Since the subsystem actually interacts with other parts 
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of the closed system, it does not have a fixed energy and a fixed number of 
particles, and, in fact, it has a nonzero probability of occupying any energy 
state. 

As is familiar from statistical physics (see e.g., L8),’ the microscopic deriva- 
tion of thermodynamic formulas is based on the Gibbs distribution, which 
gives the following probability of finding the subsystem in the energy state 
E,n, With a number of particles equal to N: 


Wan = Zte7 nn —HNDIT | ad.) 


In this formula, T denotes the absolute temperature, w the chemical 
potential, and Z a normalization factor which is determined from the 
condition 


>, Wan = 1. (1.2) 
nN 
According to (1.1), we have 
Z= e7 Enn — UNIT, 1.3 
” (1.3) 


The quantity Z is called the grand partition function. If the energy levels 
Enn are known, the partition function can be calculated. This immediately 
determines the thermodynamic functions as well, since the formula 


Q = -TiInZ (1.4) 


relates the quantity Z to the thermodynamic potential Q (involving the 
variables V, T and p). 

Obviously, the simplest use that can be made of these formulas is to 
calculate the thermodynamic functions of ideal gases, since in this case the 
energy is just the sum of the energies of the separate particles. However, in 
general, it is impossible to determine the energy levels of a system consisting 
of a large number of interacting particles. Therefore, so far, interactions 
between particles in quantum statistics have been successfully taken into 
account only when the interactions are sufficiently weak, and perturbation- 
theory calculations of thermodynamic quantities have been carried out 
only to the first or second approximations. In the majority of physical 
problems, where the interaction is far from small, an approach based on 
the direct use of formulas (1.1)-(1.4) is unrealistic. 

The case of very low temperatures is somewhat exceptional. As T—0, 
the important energy levels in the partition function are the weakly excited 
states, whose energies differ only very little from the energy of the ground 
state. The character of the energy spectrum of the system in this region of 
energies can be ascertained in some detail, by using very general considera- 
tions which are valid regardless of the magnitude and specific features of the 
interaction between the particles. 


1 The reference scheme is explained in the Translator’s Preface. 
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As an example illustrating the subsequent discussion, consider the excita- 
tion of lattice vibrations in a crystal. As long as the vibrations are small, 
we can regard the lattice as a set of coupled harmonic oscillators. Introduc- 
ing normal coordinates, we obtain a system of 3N linear oscillators with 
characteristic frequencies w, (N is the number of atoms). According to 
quantum mechanics, the energy spectrum of such a system is given by the 


formula 
3N 1 
E = 2o(n + 5) 


where the n, are arbitrary nonnegative integers (including zero), and various 
sets of numbers 1, correspond to various energy levels of the system. The 
lattice vibrations can be described as a superposition of monochromatic 
plane waves, propagating in the crystal. Each wave is characterized by a 
wave vector and a frequency, and also by an index s specifying the type of 
wave involved. Because of the possibility that various types of waves can 
propagate in the crystal, the frequency w, regarded as a function of the wave 
vector k, is not a single-valued function, but rather consists of several 
branches w,(k), where the total number of branches equals 3r (r is the number 
of atoms belonging to one unit cell of the crystal). For small momenta, three 
of these branches (the acoustic branches) are characterized by the fact that 
the frequency depends linearly on the wave vector: 


w.(k) = u,(0, @)|kI. 
For other momenta, the curve w,(k) begins with some finite value for k = 0, 
and depends weakly on k in the region of small wave numbers.” 

From a knowledge of the frequency spectrum, the energy levels and the 
matrix elements of the displacements of the atoms of the lattice (the co- 
ordinates of the oscillators), we can calculate completely, at least in principle, 
both the thermodynamic and the kinetic characteristics of the vibrating 
lattice. However, instead of the model of coupled oscillators, it turns out in 
practice to be very convenient to use another, equivalent model. This 
model can be obtained by applying the quantum-mechanical correspondence 
principle, which states that every plane wave corresponds to a set of moving 
“particles,” with momentum® determined by the wave vector k and energy 
determined by the frequency w,(k).* Thus, an excited state of the lattice can 
be thought of as an aggregate of such “particles” (called phonons), moving 
freely in the volume occupied by the crystal. This leads to an expression for 


2 For more detailed information on the spectrum of lattice vibrations, see e.g., 
Peierls’ book P1. 

3 Actually, k is not a momentum but a “‘quasi-momentum”’ (see P1), but here this 
distinction is not important. 

* We recall that A = 1 in the system of units used here. This means that the energy has 
dimensions sec™! and the momentum has dimensions cm~'. To convert to ordinary 
units, we have to multiply all energies and momenta by f. 
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the energy levels of the system which is analogous to that for an ideal gas. In 
fact, n, can be interpreted as the number of phonons in the state i, where 
i = (k, s), and the numbers n, range over all nonnegative integers. It follows 
that phonons obey Bose statistics, even when the atoms making up the system 
have half-integral spins. 

At very low temperatures, the most important role is played by phonons 
with small energies. According to what was just said about the branches of 
the frequency spectrum, the phonons with the smallest energies correspond 
to the acoustic branches, in the region of small momenta. In this case, the 
function w(k) is linear, and this fact alone permits us to draw a number 
of qualitative conclusions, e.g., to deduce that the heat capacity of the lattice 
is proportional to T°. 

For quantitative calculations, the isotropic Debye model is often used 
instead of the spectrum of the actual lattice. In this model, it is assumed 
that the low-frequency part of the spectrum, instead of having three acoustic 
branches, is the same as that of an isotropic body, i.e., consists of longitudinal 
phonons with energy w,k) = u,k, and transverse phonons with two possible 
polarizations and the same dependence w,(k) = u,k of the energy on the 
momentum. Furthermore, it is assumed that the momenta of the phonons 
do not exceed a certain upper bound kp, determined by a normalization 
involving the appropriate number of degrees of freedom. Then it is clear that 

1 
kp ~ 7 
where a is the interatomic distance. This model leads to Debye’s well-known 
interpolation formula for the heat capacity of solids. Later on, we shall use 
this model to study the interaction of electrons and phonons in a metal. 

If we take into account the small anharmonic terms in the potential energy 
of the vibrating lattice, the expression for the energy (given above) is no 
longer exact, and transitions between states with different sets of numbers n,; 
are now possible. This fact can also be interpreted in phonon language, in 
terms of various interaction processes between phonons, leading to scattering 
of phonons by phonons and the creation of new phonons. In other words, 
in a rigorous analysis it is only an approximation to regard the phonons as 
freely moving particles. The role of the anharmonic terms becomes greater 
as the amplitude of the vibrations increases, i.e., as the temperature is raised. 
In the phonon model, the number of phonons increases as the temperature is 
raised, and this increases the importance of interactions between phonons, 
Therefore, the very concept of phonons as freely moving particles is applicable 
only in the region of temperatures that are not too high (considerably lower 
than the melting point). 

We now consider the general case. By analogy with the example just 
considered, to construct a model of the energy spectrum for the weakly 
excited states of a system, we make the basic assumption that to a first 
approximation the structure of the energy levels obeys the same principle as 
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that of the energy levels of an ideal gas. In other words, it is assumed that any 
energy level can be obtained as the sum of the energies of a certain number of 
“quasi-particles” or “elementary excitations”, with momentum p and energy 
e(p), moving in the volume occupied by the system. [Generally speaking, 
the dispersion law «(p) for these excitations will be different from the expres- 
sion €9(p) = p?/2m for the energy of free particles.] It should be emphasized 
that the elementary excitations are the result of collective interactions of 
the particles of the system, and therefore pertain to the system as a whole 
and not to its separate particles. In particular, the number of elemen- 
tary excitations is certainly not the same as the total number of particles 
in the system. 

All energy spectra can be divided into two broad categories, spectra of the 
Bose type and spectra of the Fermi type. In the first case, the excitations 
have integral-valued intrinsic moments (spins) and obey Bose statistics. In 
the second case, the excitations have half-integral spins and obey Fermi 
Statistics. According to quantum mechanics, the spin of any system can 
only change by an integer. It follows that Bose excitations can appear or 
disappear one at a time, whereas Fermi excitations always appear and 
disappear in pairs. 

As already mentioned in the example given above (involving lattice 
vibrations), the statistics of the elementary excitations do not have to be the 
same as the statistics of the particles making up the system. It is obvious 
only that a Bose system cannot have excitations with half-integral spins. 

The elementary excitations do not correspond to exact statistical states 
of the system, but instead represent wave packets, i.e., superpositions of large 
numbers of exact stationary states with a narrow spread in energy. As a 
result, transitions from one state to another have nonzero probability. 
This leads to spreading of the packet, i.e., attenuation (or damping) of the 
excitations. Therefore, a description of the system by using elementary 
excitations is possible only as long as the (energy) width of the packet 
determining its attenuation is small compared to the energy of the packet. 

Spread of the packet and the concomitant attenuation of the elementary 
excitations can be regarded as the result of interactions between the “‘ quasi- 
particles,” during which the laws of energy and momentum conservation are 
satisfied. Clearly, all such processes can be divided into processes in which 
one excitation “decays” into several others, and processes in which excita- 
tions are “scattered” by each other. As we shall see below, decay of 
excitations can take place only at sufficiently high energies. Moreover, 
scattering processes are important only when the number of excitations is 
sufficiently large. Thus, at low temperatures, where low-energy excitations 
are important and there are few of them, both types of processes leading to 
the attenuation of excitations are unimportant. The weakness of the inter- 
actions between excitations at low temperatures allows us to regard them as 
an ideal gas of “ quasi-particles.” 
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At present, because of both experimental data and direct theoretical 
calculations, the ideas just presented, concerning the structure of energy 
spectra, are well-established facts. Of course, the energy spectra of different 
physical objects (e.g., liquids consisting of the isotopes He® and He‘, metals, 
dielectrics, etc.) are completely different. For example, the spectrum of 
liquid Het? is of the Bose type, while the spectrum of liquid He® and the electronic 
spectra of metals are of the Fermi type.® 


1.2. The spectrum of a Bose liquid.6 An example of a system with a 
spectrum of the Bose type is the Bose liquid, i.e., a liquid consisting of atoms 
with integral-valued spins. In nature, there exists only one such liquid 
which does not solidify at absolute zero, namely, liquid helium (more 
precisely, the isotope He*). Since the atoms of He* have spin zero, for 
all practical purposes we can confine ourselves to this case. 

The dependence of the excitation energy of a Bose liquid on the momentum 
in the limit of small values of the momentum can be determined by very 
general considerations. The region of small values of p corresponds to long- 
wavelength oscillations of the liquid. But such oscillations are just ordinary 
sound waves. From this we conclude at once that for small p, the elementary 
excitations are identical with acoustic quanta (phonons), for which the 
relation between energy and momentum is well known. In fact, noting that 
the acoustic frequency w is related to the wave vector by the formula w = uk, 
where uw is the velocity of sound, we immediately find that the desired relation 
between « and p is 


€ = up. (1.5) 


Thus, for small momenta, the energy of an excitation in the Bose liquid 
depends linearly on its momentum, and the coefficient of proportionality is 
just the velocity of sound. 

As the momentum increases, the function e(p) ceases to be linear, and the 
subsequent behavior of the curve e(p) cannot be determined quite so easily. 
Then we have recourse to the following argument,’ which allows us to draw a 
variety of conclusions concerning the behavior of <(p) for arbitrary momenta: 
The energy of the liquid is a functional of its density e(r) and its hydrodynamic 
velocity v(r), i.e., 


E(o,W) = 5 | evtdr + E%), (1.6) 


5 To avoid misunderstanding, we observe at this point that henceforth we shall always 
be dealing exclusively with the isotropic model of a metal, which of course is far from 
representing the true state of affairs. Electronic spectra in actual metals are sharply 
anisotropic, and hence many of the results given in this book have only a qualitative 
character when applied to metals. 

® The ideas given here concerning the spectrum of a Bose liquid were first proposed 
by Landau (L1, L2). 

7 The derivation given here is due to Pitayevski (P3). 
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where E™ is the part of the energy which is independent of the velocity. If 
we consider small oscillations, then 

e(r) = 6 + 80(r), 
where 6 is the equilibrium density, which is independent of the coordinates, 
and $o(r), v(r) are small quantities describing the oscillations. It should be 
noted that by definition 


b= pear, — | 80) dr = 0, 


where V is the volume occupied by the liquid. 

To within quantities of the second order in 3p and v, we can replace the 
function p(r) in the first term of the right-hand side of (1.6) by its average 
value 6. To the same accuracy, the expression for E™ can be written in the 
form 


E%(—) = EG) + | HOB) de + 5 [ole )8pH)Boe) a de’ 


The functions }(r) and g(r, r’) are determined only by the properties of the 
liquid when it is unperturbed by oscillations, i.e., when it is homogeneous and 
isotropic. As a result, 


d(r) = const = 4, 
while ¢(r, r’) depends only on |r — r'|: 
(r, r’) = (|r — r']). 


Therefore, the first-order term in the expansion of E® is simply proportional 
to 


J So(r) dr = 0, 
and we finally have 


on ie 1 ; eee 
E = E%) + 58 [ vdr + 5 | er — r')8@)80(e') ar a’ 


The velocity v is related to the density oscillations by the equation of 
continuity 
& + div (pv) = 0, 
which can be written as 
6+ 6divy =0 (1.7) 
to within first-order terms in Sp and v. 
We now go over to Fourier components, writing 


1 r 

Pelt) = 72, ere" 
dp 

v(r) = yD vpe?'', 
D 


1 
or) = FD gre?" 
p 
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and we bear in mind that small oscillations of the liquid are always longi- 
tudinal, i.e., the velocity v, of the wave with wave vector p is always directed 
along p: 





Vp = App. 
Then it is an easy consequence of (1.7) that 
_; 2? 
Y=i B pi 
and 
(1) 2 
E = EG) +75 (Sp + 5 enlea) (18) 


The first term in (1.8) represents the energy of the unperturbed liquid, while 
the second term decomposes into a sum of terms each of which is just the 
energy of a harmonic oscillator of frequency w,, where 

@5 = 6P*Op. (1.9) 
Thus, we see that every small oscillation of the liquid decomposes into ele- 
mentary oscillations or elementary excitations, described by the equations of 
suitable harmonic oscillators. In the quantum-mechanical case, the energy 
of each such harmonic oscillator is given by the formula 


cp = on(n + 5) na he 


The structure of the spectrum of the system corresponds completely to this 
model of the elementary excitations, i.e., the spectrum is the sum of the energies 
of different numbers of elementary excitations, and the dependence of the 
energy <(p) of an elementary excitation on the momentum is given by (1.9) 
and the obvious formula 

e(p) = @p. 

To complete the solution of the problem, we have to express ¢, in terms 
of characteristics of the system. To do this, we note that in the quantum- 
mechanical case, the energy of the ground state of the system is not E“(é), 
as in the classical case. Instead, we have to take into account the zero- 
point energy of the oscillators, which, as is well known, equals 4, for each 
oscillator. Thus, the energy of the ground state of the Bose liquid equals 


Ey = E%®) + D5 om 
where : 
1 1+ .1=+>-> —s 
5 Ve» = Ppl ol” + 5 Pel ol” = Ppl ep!” (1.10) 


[see (1.8)]. From (1.9) and (1.10), we immediately obtain® 
ee ree en 


® Formula (1.11) was first obtained by Feynman (F1) by another method. His deri- 
vation is much more complicated, and in our opinion, no more general than that given here. 
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where a 
= len|? 
S@) = Vme 


is the Fourier component of the density correlation function 
Sqr —r’) = be) — Allee) ~ (na) = + eC) (1.12) 


[n(r) is the number of particles per unit volume.] While it is impossible to 
calculate the quantity S(p), formula (1.11) enables us to draw a variety of 
important conclusions about the form of e(p). On the other hand, from a 
knowledge of some general properties of the spectrum e(p), we can ascertain 
the behavior of S(p), which determines the character of interaction processes 
between the liquid and various particles.® 

As already mentioned, in the region of sinall momenta, the excitation 
energy is a linear function of momentum, i.e., « ~ up. This implies that 
S(p) also depends linearly on the momentum: 

~ 
S ms 

In the region of small distances (or equivalently, the region of large momenta), 
it is well known (see e.g., L8, Sec. 115) that the function S(r) has the form 


S®) = 3) + vn), (1.13) 
where v(r) has no singularities as r—>0. Therefore, in Fourier components, 


we have 
S(p) = 1 + v(p), 
where v(p) > 0as p—> oo. Thus, for large momenta, S(p) ~ 1 and 
eee 
e(p) © om 
i.e., the energy of the elementary excitations is the same as the energy of a 
free atom of the liquid (an atom of liquid He‘). 

For intermediate values of the momentum, the function S(p) can either 
increase monotonically from 0 to | as p increases, or else it can have a mini- 
mum for the value p ~ 1/a, where a is the inter- 
atomic distance. (This follows from a dimension- ¢(,) 
ality argument, since in a problem involving a 
liquid, the interatomic distance is the only para- 
meter with the dimension of length.) In the latter 
case, the spectrum of the elementary excitations can 
have the form shown in Fig. 1. The conjecture that 2, p 
the excitation spectrum of liquid He* has a minimum 
for p ~ 1/a was first made by Landau (L1, L2). 

It should be noted that the derivation just given of formula (1.11) is based 


Ficure 1 


° E.g., neutrons (see Chap. 3, Sec. 17). 
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on the hydrodynamical approximation, in which the liquid is regarded as a 
continuous medium. This approximation is no longer valid when distances 
of the order of interatomic distances (or momenta of order 1!/a) become 
important. Therefore, formula (1.11), which is valid for small momenta, 
has to be regarded as an interpolation between the region of small momenta 
and the limiting region of large momenta (where the particles are essentially 
free and the elementary excitations are the same as particles, i.e., have 
energy p?/2m). 

Of course, the spectrum of elementary excitations in liquid He* cannot be 
calculated in full detail. The most exact curves of the function e(p) have 
been obtained recently from experiments on the scattering of neutrons in 
He? (see Y1). 

From a knowledge of the energy spectrum, we can calculate the thermo- 
dynamic functions of liquid He*, or, more exactly, the difference between the 
values of these functions at a given temperature and at T=0. Here, 
depending on the value of 7, different parts of the spectrum (shown in Fig. 1) 
play the most important role. In the region of very low temperatures, the 
most important part of the spectrum is that corresponding to small p, i.e., 
the phonons. For higher temperatures, the excitations in the neighborhood 
of the minimum of e(p) [at p = po] become most important. Expanding 
e(p) in powers of p — po, we obtain?® 


fp) =A + x5 (p — po (1.14) 


In this part of the energy spectrum, the elementary excitations are called 
“rotons.” 

All the thermodynamic functions can be represented as sums of a 
“phonon” part and a “‘roton” part. To find the thermodynamic potential, 
it is sufficient to substitute (1.1) and (1.14) into the formula 

Q = vr {inf - eu-wonin] (1.15) 
(see L8, Sec. 53). Here the following facts must be kept in mind: In the 
first place, the number of excitations is not fixed, but is itself determined by 
the equilibrium condition, which states that the free energy is a minimum 
with respect to changes in the number of particles, i.e., 


(Fr, . =p=0 (F=Q+4pN). (1.16) 


For p = 0, the potential Q coincides with the free energy F. Secondly, in 
view of the fact that the energy eo, of the rotons is always very large compared 
to the temperatures under discussion, the Bose distribution of the rotons can 
10 For He*, the values of the constants appearing in (1.14) are 
A = 11.4 x 10%! sec™?, po = 1.92 x 10°cm-}, m* = 0.16 M94 
(see Y1). 
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be replaced by a Boltzmann distribution, since for T « e,ot, we can confine 
ourselves to the first-order term in the expansion of 

In (1 — e7®rot/7) 


with respect to the small quantity e~‘ret/7, This leads to the Boltzmann 
formula 





Frot = VT | e~Fros! dp . 


(2m)? 
Taking these facts into account, we find that 
n°T* Wm*1/27 3/2 2 
Fyron = — V oon Frot = — ane e7AlT, (1.17) 


From (1.17) we can easily obtain all the other thermodynamic functions. 


1.3. Superfluidity. The most interesting property of the Bose liquid is 
the property of “superfluidity,” ie., the possibility of flowing through 
capillary tubes without friction. Landau (L1) showed that this property is 
a consequence of the assumptions made about the form of the excitation 
spectrum. 

Consider a Bose liquid at absolute zero, flowing with velocity v in a 
capillary. In the coordinate system fixed with respect to the liquid, the 
liquid is at rest and the capillary moves with velocity —v. As a result of 
friction between the liquid and the wall of the capillary, the liquid begins to 
be “‘carried along” by the wall. This means that the liquid begins to have 
nonzero energy and momentum, which is possible only if elementary excita- 
tions appear in the liquid. As soon as a single such excitation appears, the 
liquid acquires momentum p and energy e(p). 

Now, suppose we go back to the coordinate system fixed with respect to 
the capillary. In this system, the energy of the liquid equals 


e+ p-v + 4Mv?. 


Thus, the appearance of an excitation changes the energy by an amount 
e+p-v. In order for such an excitation to appear, the change in energy 
must be negative, i.e., 

e+pv<0. 


The quantity « + p-v takes its minimum value when p and v have opposite 
directions. Thus, in any case, we must have 


¢€—pv <0 or p>. 
P 


This means that in order for it to be possible for any excitations to appear in 
the fluid, the velocity must satisfy the condition 


ee (<) (1.18) 
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The minimum value of e/p corresponds to the point of the curve e(p) where 
=—=> (1.19) 


i.e., the point where a line drawn from the origin of coordinates is tangent to 
the curve e(p). Thus, superfluid flow can occur only in the case where the 
velocity of the liquid is less than the velocity of the elementary excitation at 
the points satisfying the condition (1.19). (We recall that de/dp is the velocity 
of the elementary excitation.) For every Bose liquid, there always exists at 
least one point where the condition (1.19) is satisfied, namely, the origin of 
coordinates p = 0. Since for values of p near zero, the excitations move 
with the velocity of sound, the superfluidity condition is certainly not 
satisfied for flow velocities exceeding the velocity of sound u 

One more critical point is present in the spectrum of He*. It is clear from 
the form of Fig. 1 that this point lies to the right of the roton minimum. 
Using (1.14), we easily find that the velocity of the superfluid flow must 
satisfy the inequality 


v< aa( V8 + 2m*A — Po) 
or 


v<— 

Po 
if we take account of the numerical values of the constants (see footnote 10, p. 10), 
which show that p% > 2m*A. Therefore, we finally arrive at the conclusion 
that there is certainly no superfluid flow in He‘ at velocities exceeding A/pp. 
At nonzero temperatures, excitations appear in the Bose liquid. It is not 
hard to see that this does not change the argument just given concerning 
the appearance of new excitations during the flow. However, it is interesting 
to examine the effect on the liquid’s motion of the excitations already present 
in the liquid. To do so, we imagine that a “gas of elementary excitations” 
moves in the liquid with some macroscopic velocity vy. In this case, the distri- 
bution function is obtained from the distribution function of a gas at rest by 
changing « toe — p-v. The momentum of the gas per unit volume is given 

by the integral 


P= Jpn — p-y) aoe (1.20) 


For small velocities, n(e — p-v) can be expanded with respect to p-v. Asa 
result, we obtain 
= — fpp.y@ @, = —1 [2% 
P= - fre) 5 One — 3)? 3 One G2) 
It follows from (1.21) that P, the momentum of the moving “excitation 


gas,”’ is proportional to v, the velocity of motion; obviously, the coefficient of 
proportionality is the mass of a moving body. Thus, we see that motion of 
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the excitation gas relative to the liquid is accompanied by transport of mass. 
Of course, the separate excitations can interact with the walls of the capillary 
and be scattered by them. This leads to an exchange of momentum between 
the excitation gas and the walls, which means that the motion of the excitation 
gas is viscous. Since, as we have just seen, the motion of the excitation gas is 
accompanied by transport of mass, we arrive at the conclusion that in a 
Bose liquid already containing excitations, viscous flow can occur with 
velocities which do not violate the superfluidity condition (1.18). However, 
it is important that the viscous motion be accompanied by a transport of 
mass. This mass is by no means the same as the mass of the whole liquid. 
In fact, it is determined by formula (1.21), and depends on the number of 
excitations (in particular, P = 0 for T = 0). 

Thus, we have the following general picture of the motion of a Bose liquid 
when the velocity is such that the superfluidity condition holds: First, we 
consider the temperature T = 0 (absolute zero). If the liquid is initially 
in the ground state, i.e., if it contains no elementary excitations, then no 
excitations can appear later and the motion is superfluid. For T # 0, the 
picture changes in an essential way. Now the fluid contains excitations whose 
number is determined by the appropriate statistical formulas. Although new 
excitations cannot appear, nothing, as noted above, can prevent the excitations 
already present from colliding with the walls, thereby exchanging momentum 
with the walls. Only a part of the mass of the liquid participates in this 
viscous motion, as described by (1.21). The remaining part of the mass of 
the liquid moves as before, with no friction between it and the walls or between 
it and the part of the fluid participating in the viscous flow. Thus, at T # 0, 
a Bose liquid represents a kind of mixture of two liquids, one of which is 
“superfluid” and the other “normal,” moving with no friction between them. 

Of course, in reality no such separation occurs, and there are simply two 
motions in the liquid, each of which has its own effective mass or density. 
The ‘‘normal” density is the coefficient of proportionality between the 
momentum and the velocity of a unit volume of the moving gas of excitations. 
Substituting into (1.21) first a Bose distribution with « = up and then a 
Boltzmann distribution with ¢ given by (1.14), we find the following formulas 
for the phonon and roton parts of the normal density: 


2n?T* 2m*1!2p6e- AIT 


Pn, phon = Gers”? Pa, rot = 3am serie (1.22) 


The remaining part of the density of the fluid, denoted by e,, corresponds to 
superfluid motion, and hence 
2 = On + Ps (1.23) 


Let v, denote the macroscopic velocity of the gas of excitations, and let 
vy, denote the velocity of the superfluid liquid. Then the velocity v, has the 
following basic property: If we put the Bose liquid in a cylinder and rotate the 
cylinder about its axis, the normal part is ‘“‘carried along” by the walls of 
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the cylinder and itself begins to rotate. On the other hand, the superfluid part 
remains at rest, and hence does not have to be taken into account. In other 
words, the rotation of the superfluid part is always irrotational, a fact which 
is expressed mathematically by the condition 

curl y, = 0. (1.24) 

The motion of the superfluid part of the liquid imposes certain conditions 
on the excitations. In fact, we note that it is precisely in the reference system 
fixed with respect to the superfluid part that the function e(p) has the form 
discussed above. In the rest system, we obviously have 

‘= e(p) + P-¥s, (1.25) 
where p is the momentum in the reference system fixed with respect to the 
superfluid liquid. This has to be taken into account in writing the transport 
equation for the excitations, which therefore takes the form 
a + V,n-Vye’ — Von: Ve’ = I(n), (1.26) 
where J(n) is the collision integral. 

The fact that a Bose liquid contains two types of motions with different 
velocities leads to a very distinctive kind of hydrodynamics, whose equations 
can be derived from the transport equation (1.26). This derivation, which we 
do not give here, has been carried out by Khalatnikov and is described in his 
review articles (K3, K4).1!_ The “‘two-velocity hydrodynamics” of a Bose 
liquid differs from ordinary hydrodynamics in many ways. In particular, it 
turns out that two different kinds of oscillations can occur in a Bose liquid, 
with two different velocities of propagation. The oscillations of the first 
kind represent ordinary sound, or what is called “first sound,” with velocity of 
propagation equal to vu. Ina sound wave of this kind, the liquid moves as a 
whole, i.e., the normal and superfluid parts do not separate. The oscillations 
of the second kind, the so-called “‘second sound,” propagate with velocity 

n= [2 (1.27) 

enpC 
where C and S are the heat capacity and entropy, respectively, per unit 
volume. In a wave of this kind, the oscillations of the normal and super- 
fluid parts of the liquid have opposite phases, and hence the total flow vector 
of the liquid is 





J = OaYn + PsVs X 0. 

We shall not spend any more time on problems relating to the hydro- 
dynamics of a superfluid liquid. The propagation of sound in liquid He*, 
as well as interaction processes between the excitations (leading to various 
dissipation phenomena such as viscosity, heat conduction, etc.), are analyzed 
in many special papers, and are discussed in detail in the surveys by Lifshitz 
(L12) and Khalatnikov (K3, K4), to which we refer the reader. 


11 Hydrodynamic equations for superfluid He‘, valid for velocities that are not too 
large, were first obtained by Landau (LI). 
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Let us now consider what can be said about the behavior of a Bose liquid 
at higher temperatures, when the number of excitations in the liquid becomes 
large. Inthiscase, interaction between excitations can no longer be neglected, 
and our picture of the excitations ofa gas of free particles ceases tocorrespondto 
reality. As a result, the formulas (1.17) for the thermodynamic quantities 
Fonon and F,o,, calculated for the gas model, lose their meaning. This 
applies equally well to the formula (1.22) for the normal density. However, 
the picture of two kinds of motion in the Bose liquid, occurring with appro- 
priate effective densities, is not directly connected with the model of the excited 
state considered above, and it can be assumed that this picture is preserved 
for relatively high temperatures. The same applies to the hydrodynamical 
equations, since they are actually consequences only of conservation laws, 
from which they can be derived (see K3, K4). As the temperature increases, 
the normal density p, increases until it reachesa valueequaltop. At this point, 
called the A-point, a phase transition occurs in helium. Below the transition 
point, superfluid motion is possible. However, above the transition point, 
superfluid motion is no longer possible, and the hydrodynamics of the Bose 
liquid do not differ from ordinary hydrodynamics. 

In principle, the transition from pe, # ep to ep, = e might take place either 
continuously or discontinuously. It follows from experiment that the phase 
transition in liquid helium is a transition of the second kind, and is not 
accompanied by release or absorption of any latent heat (see K1, p. 224). 
This implies that the normal density o, grows continuously as the temperature 
increases and becomes equal to p at the A-point. 

Considerably above the A-point, helium has no peculiarities of behavior 
as compared with an ordinary liquid. As for the neighborhood of the 
A-point, there is good reason to expect a number of essentially new 
properties. The problem of the behavior of various characteristics of 
systems, especially their thermodynamic properties, in the neighborhood of a 
point where a phase transition of the second kind occurs, remains unsolved 
at present, and represents one of the most interesting problems of the physics 
of matter in the condensed state. 


2. The Fermi Liquid 


2.1. Excitations in a Fermi liquid. We now consider a system of inter- 
acting particles obeying Fermi statistics, restricting ourselves to the case 
where the spin of the particles equals 4, since for all practical purposes, we 
are concerned only with liquid He’, electrons in metals or nuclear matter. A 
system of interacting Fermi particles with spin 4 will be called a Fermi liquid. 

A theory of the weakly excited states of a Fermi liquid has been 
constructed by Landau (L3, L4). The basis for this theory is the assumption 
that the excitation spectrum of the Fermi liquid is formed by the same 
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principle as the spectrum of an ideal Fermi gas. Therefore, before discussing 
the Fermi liquid, it makes sense to establish the connection between the 
familiar picture of an excited state of a Fermi gas and the notion of ele- 
mentary excitations. 

As is well known, in the ground state of an ideal Fermi gas at T = 0, the 
particles occupy all quantum states with momenta less than some limiting 
value po, and all states with larger momenta are unoccupied. In momentum 
space, the occupied states form a sphere of radius po, called the Fermi sphere. 
The quantity po, called the Fermi momentum, is determined from the con- 
dition that the number of states with pp < p should equal the number of 


particles, i.e., . : 
3n72N\1! 
Po = (=) (2.1) 


where N/V is the density of the particles. 

In an excited state, the momentum distribution of the particles is different. 
It is not hard to see that every such state can be constructed from the ground 
state by moving a number of particles one after another from the interior to 
the exterior of the Fermi sphere. Each such elementary act leads to a state 
differing from the original state by the presence of a particle with p > py and 
of a “hole” with p < po. Obviously, it is just these particles with p > po 
and these holes with p < po which play the role of the elementary excitations 
in an ideal Fermi gas. They have spin 4, can appear or disappear only in 
pairs, and have momenta in the neighborhood of py for weakly excited states. 
It is convenient to measure the energy of these elementary excitations from 
the surface of the Fermi sphere (i.e., from p%/2m). Thus, the energy of 
excitations of the particle type is 


= +s, — 5— © up — po); 
where v = p/m, and the energy of excitations of the hole type is 


2 2 
Sp B a Fag, =p 


In Landau’s theory, it is assumed that a weakly excited state of a Fermi 
liquid greatly resembles a weakly excited state of a Fermi gas, and can be 
described by using a set of elementary excitations with spin 4 and momenta 
in the neighborhood of pp. Basic to Landau’s theory is the assumption that 
the quantity po is related to the particle density of the liquid by the same 
formula (2.1) as in the case of an ideal Fermi gas (this will be proved in 
Chap. 4). Just as in the gas, the excitations in the liquid are of two types, 
“particles”? with momenta greater than po, and ‘‘holes” with momenta less 
than po, which can appear and disappear only in pairs. It follows that the 
number of “particles” must equal the number of ‘‘holes.” 

Despite the great resemblance between excitations in a Fermi liquid and 
excitations in an ideal Fermi gas, there are also important differences between 
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them, due to the fact that excitations in the liquid interact with each other. 
The clearest manifestation of this interaction is the existence of superfluid 
Fermi liquids (or superconducting Fermi liquids, if we are talking about 
electrons in a metal). It is not hard to see that the spectrum of a Fermi gas 
(described above) does not lead to superfluidity. In fact, an arbitrarily 
small energy is sufficient to excite a Fermi gas, i.e., to form a “particle” 
with p > po and a “hole” with p < po, while at the same time, the total 
momentum of the pair can have the value 2p). Therefore 


..-° 
P/] min 


and according to (1.18), this implies that the critical velocity is zero, so that 
superfluidity is absent. The appearance of superfluidity is connected with 
the fact that a certain type of interaction of quasi-particles leads to a radically 
different structure of the spectrum. In particular, it turns out that excitation 
of such a Fermi liquid requires an expenditure of energy which cannot be less 
than a certain amount. In such cases, it is customary to say that there is a 
gap in the excitation spectrum. 

For the time being, we shall not discuss superfluid Fermi liquids (Chap. 7 
is devoted to such liquids). Instead, we now consider the properties of the 
excitations of normal Fermi liquids. 

As a result of interaction between excitations, the very idea of elementary 
excitations makes sense only near the Fermi momentum py. As already 
mentioned on p. 5, one can only talk about an elementary excitation in the 
case where its attenuation is small compared to its energy. The amount of 
attenuation is determined either by processes in which one excitation decays 
into several others, or by collisions of excitations with each other. If the 
energy of an excitation is large compared to the temperature of the liquid, 
then decay processes play the chief role, and the amount of attenuation is 
proportional to the probability of these processes. It is not hard to see?” 


12 To estimate this probability, it is convenient to use the analogy with a Fermi gas. 
Consider the following process: A particle with momentum p, (pi > po) interacts 
with one of the particles inside the Fermi sphere with momentum pz (pz < po). Asa 
result, two particles appear with momenta ps and ps = pi + Pz — Ps, where 
Ps > Po: Pa > Po. Thus, the particle with momentum p, “has decayed” into particles 
with momenta ps, ps and a hole with momentum pz. The total probability of such a 
process is proportional to 

fae, + €2 — €3 — €4) dpe dps, 


P2 < Po, Ps > Po, Pa = |Pi + P2 — Dsl > Po. 
It is easy to see that for p1 — Po « po, the permissible regions of variation for the 
magnitudes of the vectors pz. and ps are such that 
Po < Pa < Pi + P2 — Po; 2Po — Pi < P2 < Po. 

The angle between p, and pz can be arbitrary. Then the angle between ps and 
Pi + Pz is determined by the condition that energy be conserved, and integration over 
this angle cancels the delta function. The remaining integral over dp. dps is carried 
out near po % ps X Po, and gives the factor (pi — po)?. 
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by taking account of the laws of energy and momentum conservation, and also 
the condition that the number of “particles” should equal the number of 
“holes”, that the probability of decay is proportional to (p — po). 
On the other hand, the energy of the excitation is proportional to p — po. 
Thus, it is clear that the attenuation is relatively small only for excitations with 
momenta in the neighborhood of po. 

In the case of an equilibrium Fermi liquid at finite temperatures, the average 
energy of the “particles” and “‘holes” is of order T. Since the excitations 
obey Fermi statistics, the number of excitations is also proportional to T. 
It is easily shown that for such excitations, the probabilities of decay and 
scattering are of the same order,?° and are in fact proportional to T?. It 
follows that the description of a Fermi liquid in terms of elementary excita- 
tions applies only at sufficiently low temperatures. 

The properties of the energy spectrum of a Fermi liquid can be made more 
intuitive by using a model constructed by analogy with a Fermi gas: Suppose 
the ground state of the system corresponds to a set of quasi-particles filling a 
Fermi sphere with limiting momentum py. Then formula (2.1) can be 
interpreted as the statement that the number of quasi-particles equals the 
number of particles of the liquid. In this model, the excitations are in 
complete correspondence with the concept of “particles” and “holes,” 
and in particular, the fact that the number of “‘ particles’’ equals the number 
of “holes” expresses the conservation of the number of quasi-particles. If 
we denote the distribution function of the quasi-particles by n(p), then changes 
in n(p) are subject to the condition 


J 8n dp = 0. (2.2) 


This gas model is convenient for further study of the properties of the 
Fermi liquid. However, it must be borne in mind that the very concept of 
quasi-particles has meaning only near the surface of the Fermi sphere, and 
hence all properties of the gas model for which quasi-particles far from the 
surface play an important role have no counterparts in a real Fermi liquid. 


2.2. The energy of the quasi-particles. In addition to the assumptions just 
made about the character of the elementary excitations, Landau’s theory is 
based on one more assumption concerning the interaction of the quasi- 
particles, i.e., that the interaction can be described by using a self-consistent 
field acting on one quasi-particle due to the other quasi-particles surrounding 
it. Then the energy of the system is no longer equal to the sum of the 


13 For an almost-ideal Fermi gas, these processes represent essentially the same 
phenomenon, and the corresponding probability is proportional to 
J B(e. + ea — &5 — ex)n(ea)[1 — n(es)]L1 — n(es)] dpe dps. 


Formally, one can talk in terms of scattering for |p2| > po and decay for |p2| < po. For 
€, — u ~ T, the integral is in both cases proportional to T?. 
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energies of the separate quasi-particles, but rather is a functional of their 
distribution functions. It is natural to define the energy of an individual 
quasi-particle as the variational derivative of the total energy E with respect 
to the distribution function: 


dp 
SE = 2V | cin OR (2.3) 
(The factor 2 comes about as a result of summing over the projections of the 
spin.) In fact, it is clear from this formula that ¢ is just the change in the 
energy of the system due to one extra quasi-particle with momentum p.14 

In formulas (2.2) and (2.3), it is assumed that the distribution of quasi- 
particles is spatially homogeneous. In practice, this restriction reduces to 
the fact that spatial inhomogeneity can only take place at distances greatly 
exceeding the wavelengths of the quasi-particles. Since we are considering 
only excitations near the Fermi surface, i.e., with momenta near po, it follows 
from formula (2.1) that the corresponding wavelength is of the order of 
interatomic distances. Thus, the requirement of spatial homogeneity essen- 
tially introduces no restrictions at all. 

In the presence of a magnetic field, and also in the case of a ferromagnetic 
system, the distribution function must be regarded as an operator acting on 
the spin indices, i.e., as a density matrix n,,. Moreover, the energy of the 
quasi-particles is also an operator ¢,,. (If no magnetic field is present and if 
the system is not ferromagnetic, the operators 1,5 and €,, are proportional to 
the unit matrix.) Therefore, in the general case, formula (2.3) should be 


written as 
E\ _ dp 
3(5) = 2 feapd?ox (Qn? 


It is convenient to write this expression in the abbreviated form 


3(F) = Sp, fedn oh (2.4) 


where « and n are understood to be the appropriate matrices, and the symbol 
Sp, (from Spur = trace) calls for the operation of summing the diagonal 
elements of the matrix product edn. 

The definition (2.4) of the energy of the quasi-particles implies that their 
equilibrium distribution function is actually a Fermi distribution. To prove 
this, it is most convenient to use the familiar expression 


S 


7 = ~Sp. flvinn + (1 — n)In( - (2.5) 


1) _ap_ 
(2x)? 
14 Recall that n(p) is the momentum ieaane of the quasi-particles, i.e., 


2 f np) ——G a - 


is the number of quasi-particles per unit volume. 
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for the entropy.‘® This formula stems from purely combinatorial considera- 
tions, and its applicability to the Fermi liquid is due to the fact that by 
hypothesis the energy levels of the quasi-particles are classified in the same 
way as the energy levels of the particles in an ideal gas. 

From the condition that the entropy should be a maximum when the num- 
ber of particles and the energy are conserved, i.e., when 


sN = 0, sE = 0, 
we can find the distribution function 


1 
n(e) = n;z(e) = ew yy’ (2.6) 


by subjecting 1 to a variation 5”. Here, the energy « is a functional of n, 
so that formula (2.6) is actually a very complicated implicit definition of n(e). 

Being a functional of n, ¢ also depends on the temperature. This 
dependence can be represented in the following form. If we use e(p) to 
denote the equilibrium energy of the quasi-particles for T = 0, then ¢ is given 
by the formula 


e(p, s) = e(p, 6) + de(p, 9) 
' 2.7 
= ep, 6) + Spy. | f (p, 5; p’, 0’)8n(p’, 0’) ae (2.7) 


for small deviations from equilibrium or for small temperatures. Here 
dn = n — np (T = 0), while fis an operator depending on the momenta and 
spin operators of two quasi-particles. In formula (2.7) we use a notation 
which indicates the matrix character of the quantities involved. As already 
noted, ¢ and 7 are matrices in the spin variables. To emphasize this fact, we 
have written them in the form e(p, ¢) and n(p, o), where o,, o,, 6, are the 
familiar Pauli matrices, connected with the spin operator s of the quasi- 
particles by the relation 





S=35 6. 


NI 


The operator f is a matrix both with respect to the spin variables appearing 
in the left-hand side of (2.7), and with respect to the spin variables of the 
operator 6” appearing in the integrand in the right-hand side of (2.7). A 
more detailed version of formula (2.7) is 


can(P) = e800) + | Fas. roP, PIB I(P) Gb 


which explains the meaning of the expression f(p, 6; p’, 0’). The function 
f defined in this way is the second variational derivative with respect to 3 
of the energy per unit volume [cf. (2.7) and (2.4)], and hence / is symmetric 
under the permutation p, o = p’, 0’. The function f is a very important 


18 As usual, by Sp, f(”) we mean the sum of the eigenvalues of the matrix f(). 
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characteristic of the Fermi liquid. As we shall see below (Chap. 4), 
J is connected with the forward scattering amplitude of two quasi-particles. 
The dependence of fon the spin variables can be written in the general form 


F(R, 5; p', o') = OD, P’) + G10;.05u(P, P’). (2.8) 


If the spin interactions are due to exchange,}® the second term in the right- 
hand side of (2.8) has the form (o - o’)@(p, p’). 

In the absence of a magnetic field, the energy ¢ of the quasi-particles does 
not depend on the spin. Thus, the function e in (2.7) depends only on p 
and can be expanded in a series 


E(p) = «© (p) — uO) = o(p — po) (2.9) 


in p — Po, where (0) is the chemical potential at T = 0 and v is a constant. 
The quantity v, which represents the velocity of the excitations at the Fermi 
surface, can be written in the form 


v= a (2.10) 


where m* is the effective mass. As shown by Landau (L3), there is a definite 
connection between m* and f. The argument goes as follows: 

First, we write the formula expressing the simple fact that the momentum 
of a unit volume of the liquid is the same as a flow of mass. Obviously, the 
momentum of a unit volume of the Fermi liquid is the same as the momentum 
of the quasi-particles, i.e., equals 


2 [rn aes 


On the other hand, because of the assumption that the number of particles in 
the Fermi liquid equals the number of quasi-particles, the current of particles 
of the fluid coincides with the current of quasi-particles, and equals 


dp 
2 i vn Qn)" 
where v is the velocity of the quasi-particles. The density of the mass current 


is obtained from this expression by simply multiplying it by the mass m of an 
atom of the liquid. Noting that v = V,¢, by definition, we can write the 


16 Ordinarily, one distinguishes several kinds of spin-dependent interactions between 
particles: (1) exchange interaction, involving the possibility of permutation of identical 
particles; (2) spin-orbit interaction, caused by the relativistic interaction of electric 
fields with a moving magnetic moment; (3) direct magnetic interaction of moments. 
Usually, the exchange interaction greatly exceeds all other forms of interaction. A 
characteristic feature of exchange interaction is its invariance with respect to spatial 
rotations of the total angular momentum of the system of particles. The scalar product 
o-o’ has this property. 
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condition for equality of the momentum and the corresponding flow of mass 
in the form 


dp _ dp 
[pn os =m [een ORs (2.11) 
We now vary (2.11) with respect to 7, bearing in mind that the accompany- 


ing change in the energy ¢ is connected with the quantity $n by formula (2.7), 
which can be written in the form 


de = 5 5 Sp.Spa [re. o; p’, o’)dn’ a oe 


when there is no magnetic field, i.e., when n and « do not depend on the spin. 
It follows that 


Pp dp _ dp 1 ” ear on ap ap’ 
f? dn On ~ Je) dn Ons +5 SpoSpo [ndn Vpf (p, 5; p’, 0’) One 


In the second integral, we integrate by parts with respect to p and permute 
the variables p, o with p’, 0’, obtaining 


Py, 4p _ dp _1 
iF a a = fe) sO — 


Since $n is arbitrary, this implies at once that 


, dp dp’ 
3 SP<SPo | 3m f(p, 05 Po’ Vyn! ee 


| eee  p’, o')Von' ie. 
Wi Vpe 5 SpoSPo’ | fe. 5; p’, o’)Vyn (2x2 
At T = 0, the energy ¢ near the Fermi surface has the form (2.9), while 
Vpn! & — 5 8(p" — Po). 


Observing that f depends only on the angle y between p and p’, because of 
the isotropy of the liquid, we find that 


1 1 


or a ee son) SpoSpo | f() cos x dQ, (2.12) 


where f(y) is the value of f for |p| = |p’| = po. The integral in (2.12) is 
over all directions of the vector p’ (dQ is an element of solid angle). This 
formula relates the mass of an atom of the liquid to the effective mass of the 
quasi-particles, and it remains valid, except for small corrections, at sufficiently 
low temperatures. 

The heat capacity of a Fermi liquid can be expressed in terms of m* by 
using the ordinary formula for a Fermi gas. In fact, according to (2.3), the 
heat capacity per unit volume is 


_ (AZ| p) _ (2) dp 
C= (SA La | é One (2.13) 
It is not hard to show that replacing ¢ by « in the integrand of (2.13) gives 


SEC. 2.3 THE FERMI LIQUID 23 


a relative error of order [7/y(0)}®. Thus, to the approximation linear in 7, 
we find that the heat capacity is given by the same formula 


Cy = ; m*poT (2.14) 


as for an ordinary gas. The same is also true of the entropy at low tempera- 
tures.” 


2.3. Sound. The propagation of sound in a Fermi liquid has certain 
features which differ from those of a Bose liquid: At temperatures that are 
not too low, sound propagates according to the laws of ordinary hydro- 
dynamics, with an attenuation proportional to the time t between collisions of 
excitations. As the temperature is lowered, the probability of collisions 
decreases like the square of the “‘spread”’ of the Fermi distribution, and hence 
the collision time increases like T-?._ At temperatures for which 7 is of the 
order w~1, sound ceases to propagate at all. However, it turns out that as 
the temperature is lowered further, sound is again able to propagate, but in 
general with a different velocity. Moreover, sound can no longer be 
thought of as a simple wave of compression and rarefaction. This 
phenomenon was predicted by Landau (L4), who called it “‘zero sound.” 
Since it is only the relation between w and +t which determines the nature 
of sound, these two kinds of sound can be characterized as low-frequency 
sound (wt « 1) and high-frequency sound (wt > 1). When the temperatures 
are not too low, i.e., when the condition wt « | is satisfied, the velocity 
of sound u is determined by the compressibility, in the usual manner. 
As we now show, u depends on the function f in an essential way (L3). 

It is convenient to express the compressibility in terms of G2/@N, the 
derivative of the chemical potential with respect to the number of particles. 
Using the fact that the chemical potential depends only on N/V, we find that 


ap. V20P 1 oP 


aN = ~ N00 = NANI) (2.15) 
where P is the pressure. This immediately implies the relation 
gaF sie (2.16) 


dp amN/V) mm oN 
between Ou/2N and u?. 
The derivative 0u/2N can be calculated as follows: Since wp ~ e(po), 
changes in p are due both to changes in po and changes in the shape of the 
function e(p): 








1 , dp’, d(Do) 
du. st ) SpoSPo' kg on (2x)° =e Po SPo- (2.17) 


17 Formula (2.13) can be used to determine m* from experimental data on the heat 
capacity. According to (2.1), the momentum po is determined by the density of the liquid. 
Thus, for liquid He®, we find that 

Po = 0.76 x 10® cm~?, m* = 2mye3 
(see B9, K2). 
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(It is assumed that no magnetic field is present.) According to (2.1), the 
changes SN and 8p, are connected by the relation 


1 
sN = =a peopoV. 


Since only changes $n’ near the Fermi surface are important in the integrand 
in formula (2.17), we can carry out the integration over the magnitude of the 


momentum, obtaining 
, ap _ 
[fs Sn" Ons = ser] 


Op 
SW Toy SPoSPo |S dO + ap 


It follows that 


= = 73 (2.18) 


Using formula (2.12) for the effective mass and formula (2.1), we find that 


ia i & aa( 52) SpoSpe [/G) (1 — cosy) dQ. (2.19) 


This formula gives the velocity of sound in the frequency range wt <« 1. 
In the absence of interaction, we have just 


To study the propagation of sound in the frequency range wt > 1, we 
apply the usual transport equation 


a + V.n-Vye — Vpn: Ve = In), (2.20) 


where /(n) is the collision integral. For small deviations from equilibrium, 
the distribution function can be written in the form 


n= np + 9n, 


where n; is the equilibrium distribution, and dn is a small increment, which is 
a periodic function of time: 


on aS el(ker — wt) 


Since the collision integral J(m) is of order 8n/t, it can be neglected compared 
tothe term @n/ét. In linearizing equation (2.20), it must be kept in mind that 
¢ is a functional of n, and hence V,e does not equal zero. According to 
(2.7), we have 


Vee = Spo f fVe8n' ee 
In view of the remark just made, we obtain 


Onp 
(v-k — «)3n — (v-k) FE Spy [ f dn! es ; =0. (2.21) 
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It follows from the form of this equation that 8 is proportional to 


Onp _ 
e. — 8 — p). 
Setting 
on = me y, 
we find that 
(v-k — w)v + (v-k) = 5 Spo Fy o = = 0, (2.22) 
where 
m* 
Fo) = 0? (2.23) 


If we choose k as the polar axis, and if we denote the velocity of wave 
propagation by #@ = w/k, then equation (2.22) becomes 


(s — cos 8) (6, p, 6) = cos 6 ; Spo [Foo v(8’, 9’, 0’) &. (2.24) 


where s = ii/v. 

Formula (2.24) makes clear the basic distinction between ordinary sound 
and sound propagating in a Fermi liquid for wt > 1. In the first case, the 
distribution function remains isotropic in the reference system in which the 
liquid as a whole is at rest. This means that the radius of the Fermi sphere 
changes, and, moreover, its center oscillates about the point p = 0. In the 
second case, the distribution function changes in a more complicated way, 
and the Fermi surface does not remain spherical. In fact, the change in the 
Fermi surface is determined by the function v. 

First, we examine the spin-independent solution of equation (2.24). In 
this case, of the whole function F(x) all that remains is the part ®(y) con- 
nected with the function ¢ in (2.8). We begin by considering the simplest 
case of all, i.e., 

® = ®, = const. 
Then from (2.24) we obtain 


cos 0 


eo coe8 elk r- ot) (2.25) 


vy = const - 


As we shall soon see, s must be larger than unity, which means that the Fermi 
surface is stretched in the direction of motion. 

Substituting (2.25) into (2.24), with F = ®o, we find an equation for s. 
After carrying out the integration, we obtain 


Ss £4 | or ee ae 

s-1 ~ @ 
It is clear from (2.26) that if s is real (corresponding to undamped waves), 
then s must be larger than unity, i.e., 


fi > v. (2.27) 


5 Sin (2.26) 
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Formula (2.24) shows that this condition remains valid for any function ®. 
Moreover, since the left-hand side of equation (2.26) is always positive, it is 
clear that the condition for the existence of ‘zero sound” is that ®, be 
positive. 

If the function ®, is large, s is also large. From equation (2.26), we find 


that 
sfx 


as ®,— o. On the other hand, as ®, >0, we have s—1, ie., @>v. 
This is the case of an almost-ideal Fermi gas. It is not hard to see that the 
conclusion that s—> 1 as ® + 0 does not depend on the form of ®. In fact, 
it follows from (2.24) that as ® + 0, we have s > 1 while v differs from zero 
only for small values of 6. According to (2.19), in a “weakly non-ideal” 
Fermi gas, 


2 
2 — Po 


“west 
3m? 


ie, ue d 

TPS V3 V3 

Thus, the velocity of zero sound can exceed the velocity of ordinary sound 
by a factor of 4/3. It should be noted that in the limit of an almost-ideal 
Fermi gas, t increases greatly, and as a result, the frequency range corre- 
sponding to zero sound becomes wider; on the other hand, ordinary sound 
exists only in the region of very low frequencies. 

In the general case of an arbitrary function ®(y), equation (2.24) can no 
longer be solved so simply. If we expand v(0, 7) and ® (x) in series of spherical 
harmonics, we can separate the equations for the amplitudes corresponding 
to spherical harmonics with different azimuthal numbers m (i.e., with different 
factors e'"°). Furthermore, the number m cannot exceed the largest of the 
numbers / in the expansion 


Oy) = > ®,P,(cos x) 


of the function ®(y) in Legendre polynomials. Thus, we arrive at the con- 
clusion that in the general case, several “zero sounds” can occur, with 
anisotropic distribution functions in the plane perpendicular to the direction 
of propagation k. Just as in the simplest case, whether or not such oscilla- 
tions appear depends on the form of the function ®. For example, if 
® = O, + ®, cos x, 

the condition for appearance of oscillations with v ~ e® is that ®, > 6. 
We observe that compression and rarefaction of the liquid does not occur in 
waves of this kind. 

In the case where the function f depends on the spins of the particles, 
special waves, which might be called spin waves, can propagate in the liquid. 
In fact, suppose, for example, that the function F(y) has the form 


FQ) = 90) + ZQQ(6-0’), (2.28) 
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corresponding to exchange interaction of the spins. Then, in addition to 
spin-independent solutions, equation (2.24) is satisfied by a function of the 
form 
v= vo, (2.29) 
where v is an unknown vector. For the function v, we obtain the equation 
(s — cos 8)v = cos 0 fav’ o. (2.30) 
The equations for the components of the vector v differ from the equation 
for a spin-independent v only by the presence of Z instead of ®. Therefore, 
the entire subsequent argument carries through for spin waves. It can be 
shown (see L3) that the zeroth-order term in the expansion of Z in spherical 
harmonics determines the expression for the magnetic susceptibility of the 
Fermi liquid. For liquid He®, this term turns out to be negative, which, in 
all likelihood, means that it is impossible for spin waves to propagate in this 
liquid. 

The case of electrons in a metal is somewhat special. It is obvious that in 
a metal, oscillations cannot occur which are accompanied just by variations 
of the electron density alone, with no changes in the crystal lattice. Such 
oscillations would lead to the appearance of uncompensated electric charge, 
and hence excitation of such oscillations would require very large energies. 
In all probability, this means that in the case of Coulomb forces, the function 
J contains an infinite constant, which is independent of the angle (see also 
Sec. 22). According to (2.26), this implies that s = co. However, this 
argument pertains only to density oscillations. Under certain conditions, 
higher ‘“‘sounds” with v ~ e'"° (where m # 0) can propagate in an electron 
liquid, as well as spin waves which do not involve density changes. 

The possibility of having sound waves propagate at T = 0 means that 
the excitation spectrum of the liquid contains Bose phonon branches, with the 
energy depending linearly on the momentum, i.e., ¢, = up. However, the 
corrections to the thermodynamic quantities due to phonons contain higher 
powers of T (the heat capacity is ~ 7%), which are not taken into account in 
the approximation considered here. 

Later on (see Chap. 4), we shall show how the basic results of the theory 
just presented can be derived from a microscopic analysis of a system of 
fermions with arbitrary short-range interaction forces. 

Landau’s theory, in the form given here, pertains primarily to the properties 
of liquid He® at low temperatures. The presence of Coulomb interactions 
between the particles leads to various special features, some of which will be 
exhibited in Sec. 22, with the help of a simple model. Superfluid (or super- 
conducting) Fermi systems differ even more basically from an ordinary Fermi 
liquid, and Chap. 7 is devoted to a study of the properties of superconductors. 
Finally, we call attention to ferromagnetic Fermi systems, which also differ 
from the model considered here. The properties of Fermi liquids of this 
kind are studied in the paper by Abrikosov and Dzyaloshinski (A2). 
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3. Second Quantization 


In a certain sense, the theory of Bose and Fermi liquids presented above 
is of a phenomenological character, and is based on definite assumptions 
about the spectrum of the temperature excitations. In what follows, we 
shall be concerned with a microscopic justification of this theory. The 
present section contains an exposition of some of the necessary mathematical 
tools, commonly known as the method of second quantization.1® 

Suppose we have a system of N noninteracting particles, which can occupy 
certain states with wave functions ¢,(&), 9(&),..., forming a complete 
orthonormal set; here, & denotes any set of variables characterizing the state 
of a particle (usually, its coordinates and spin projections). Instead of giving 
the complete wave function of the system of particles, we can obviously 
describe the system by specifying the numbers of particles to be found in the 
states 1, 2,.... This means that we go over to a new representation, 
called the second-quantized representation, where the occupation numbers 
N,, No,... act as new variables. Consider first the case of particles 
obeying Bose statistics. As is well known, the complete wave function of a 
system of Bose particles is symmetric with respect to permutations of the 
variables corresponding to different particles. It is not hard to verify that 
the wave function corresponding to the occupation numbers Nj, No,... 
has the form 


Orava = (EA) S order) -Pou(Es GB) 


where the p, index the different states, and the sum is taken over all possible 
permutations of different numbers p;. The factor in front of the sum in 
(3.1) is introduced for normalization purposes, so that 


floret] ae = 1. 


We shall regard ®,,,... as a function of the variables N,. 
Now let F™ be some operator which is symmetric in all the particles and 
has the form 


FO = > f, (3.2) 


a 
where /, is an operator acting only on functions of —,. It is not hard to see 
that if such an operator acts on the function My, y,..., it either carries it into 
the same function or into another function in which the state of one particle 
has been changed. Asa result, the matrix elements of F™ with respect to the 
functions (3.1) have the form! 


18 Tn view of the fact that the method of second quantization (see e.g., L7, Chap. 9) is 
basic in the formalism developed later, we think it advisable to give a brief sketch of the 
method here. 

18 The notation is essentially that used in Sec. 62 of the book L7. 
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FO= > SPN, for diagonal elements, 


(3.3) 
(FON ER = SP VN,N, for nondiagonal elements, 


where 


P = [otOs Pole a. 


As far as the numbers N; are concerned, the effect of the operator F™ can be 
expressed in terms of new operators a; (i = 1,..., ”), where a, decreases by 
one the number of particles in the ith state, and its only nonzero matrix 
element is 
(ani? = VN, (3.4) 

The only nonzero matrix element of a;*, the Hermitian conjugate of the 
operator a,, is obviously 

(a; )Ni-a = (at) = VN; (3.5) 
i.e., aj‘ increases by one the number of particles in the ith state. It is easily 
verified that the operator F® can be written in the form 


FO = > fiPata,. (3.6) 
i,k 


In fact, the matrix elements of this operator coincide with those given by 
(3.3). Formula (3.6) is precisely the expression for F® in the second- 
quantized representation. 

According to (3.4) and (3.5), multiplication of the operators a; and a;* 
gives the diagonal operators 


aja, = Ni, 
aa; = Ni +1. 


Formulas (3.4), (3.5) and (3.7) imply the following commutation relations for 
the operators a;, aj: 


(3.7) 


a, at] = aat — apa; = Six, 
[ 4 pa Kk k Mi tke: (3.8) 
[a;, a.) = [a*, af] = 0. 


A similar representation is possible for symmetric operators of the form 
FO = > 2, (3.9) 
a,b 


where (2 acts on functions of & and &. In the second-quantized 
representation, F has the form 
FO = D> ft atat aan, (3.10) 
i,k,l,m 
where 


te = [ot EsdotEs) feEsdem(Es) des do. 
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The same kind of considerations apply to more complicated operators. If 


H = > HP + > U(r, ry) 
° = (3.11) 
+ > U(r, Th, I.) + a) 


a,b,c 
where 


H® = _ 2 + U(t,), 


is the Hamiltonian of a system of interacting particles located in an external 
field, then, according to the foregoing, H has the following form in the 
second-quantized representation: 


H= > ipa; a, + > UP tn Ag Aig Am +> (3.12) 
ra tienen 


If for the ~, we choose the eigenfunctions of the Hamiltonian H{, the first 
term in (3.12) becomes 


H® = > cata, = > aN. (3.13) 
1 { 


In the case of Fermi statistics, the complete wave function of the system 
must be antisymmetric in all the variables. This implies that in the case of 
noninteracting particles, the occupation numbers can only take the values 
0 or 1, and the wave function has the form 


1 
Prive = Tad, (—DPera(ErPralEa)«-Fou(Ew), ——G.14) 


where all the numbers p,, po,...,py are different. The symbol (—1)? 
means that odd permutations appear in the sum (3.14) with a minus sign. 
For definiteness, the term in (3.14) for which 


Pi <Po2<-:'* <Py (3.15) 
will be chosen with a plus sign. Then the matrix elements of an operator 
F of the type (3.2) have the form?° 

FO= > Su for diagonal elements, 

{ 


3.16 
(FP) = + f§P for nondiagonal elements, G19) 


where the plus or the minus sign is chosen, depending on whether the total 
number of particles in the states between the ith and kth states is even or odd. 
If we introduce the operators a; and a,;* whose only nonzero matrix elements 
are 


(a) = (ar')oy = (— ye “ (3.17) 


20 Again, the notation is essentially that of L7, Sec. 63; 1,0, stands for N, = 1, N, = 0. 
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then, using these operators, we can write the operator F® in the form (3.6). 
Multiplication of the operators a; and a;* gives 


aja, = N,, 


3.18 
aajt =1—N,. eH) 
Therefore, 
{a,, aj} = aja + ata = 1, 
and all the other anticommutators vanish, i.e., 
a, af} = Sue, 
{ io “k } ike: (3.19) 


{a,, a,} = {a;, ag} = 0. 


More complicated operators, in particular the Hamiltonian, can be written 
in terms of the operators a, and a; in the same way as in the case of bosons. 


4. The Dilute Bose Gas 


A simple example of a quantum liquid is a “‘weakly nonideal”’ gas, i.e., a 
gas in which the role of interactions between particles is relatively small. 
As we shall see, this requires that the scattering amplitude of the particles 
should be small compared to the average wavelength 4 = 1/p, which for a 
degenerate gas is of the same order of magnitude as the average distance 
between particles. Under these conditions, because of the smallness of the 
momenta of the colliding particles, we can consider only s-wave scattering 
to a first approximation. If we denote the amplitude of the s-wave scattering 
by a, the amplitude of the p-wave scattering”! will be of order a(a/d)?._ Thus, 
for example, if the s-wave scattering contributes terms of order a/A and higher 
to the total energy, then the p-wave scattering contributes terms of order no 
lower than (a/A)®. It follows that, up to terms of first order, the scatter- 
ing can be regarded asisotropic. To the same approximation, we can neglect 
triple collisions. For a Fermi gas it can be shown that the contribution 
from triple collisions is even less,?* of order (a/})°. 

We shall assume that the interaction between particles is repulsive, i.e., 
that the scattering amplitude is positive. In the case of a Bose gas, this 
assumption is connected with the fact that even for infinitesimal attractive 
forces, a Bose gas cannot stay dilute at low temperatures. In a Fermi gas, 


21 If the range of the forces is characterized by ro, then, according to quantum mechanics 
(see e.g., L7), for } > ro the scattering amplitudes with different angular momenta 
Z will be of order ro(ro/A)*!. 

22 The last statement is a consequence of the fact that the wave function of three 
colliding fermions must be antisymmetric. This requires that the third particle have odd 
orbital angular momentum with respect to the particle among the other two which has 
the same spin projection as itself. Asa result, at least one extra factor of (a/A)? appears. 
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attraction between particles leads to superfluidity, and this case will not be 
considered here. 

We now calculate the energy of the ground state and the energy spectrum 
for a dilute Bose gas (at T = 0).22 The case of a dilute Fermi gas will be 
considered in the next section. For simplicity, we assume that the particles 
of the Bose gas have spin zero. In this case, we can write the interaction 


energy in the form 
U 


Aint _ WV 25,4 p% 5%, 5 (4.1) 


pi +P2=P3 + Pa 

where U has been brought out in front of the summation sign, since the 
interaction between every pair of particles is identical, and the scattering 
amplitude does not depend on angle (s-wave scattering). To a first 
approximation, the quantity U is connected with the scattering amplitude by 
the relation 


U=—. (4.2) 


This formula is easily obtained by the following argument: By definition, the 
amplitude of s-wave scattering is connected with the effective scattering 
cross-section for two identical particles by the formula 


do = (2a)? dQ 
in the center-of-mass system (see L7, Secs. 108, 114). On the other hand, 


the quantity do can be determined by using the Hamiltonian (4.1). Thus, in 
the Born approximation (see L7, Sec. 110), we obtain 
dae (7) eu» dO 
4n 4 
which implies the formula (4.2). 

As shown by Bogoliubov (B5), in the case of the ground state or the 
weakly excited states of a dilute Bose gas, the interaction-energy operator 
(4.1) can be simplified considerably, and as a result, it is possible to diagonal- 
ize the Hamiltonian and obtain the energy spectrum. The basic idea in- 
volved in making this simplification is the following: In the ground state, the 
particles of an ideal Bose gas occupy the lowest level, with zero energy, and are 
often said to be in the condensate (synonymously, the condensed state). Ina 
dilute gas, because of the weakness of the interactions, the ground state will 
differ only slightly from the ground state of an ideal gas, i.e., the number of 
particles (No) in the condensate will still greatly exceed the number of particles 
in other levels, so that N — No « No. The same applies to weakly excited 
states. Since the matrix elements of the Bose operators a; are equal to VM, 
it is clear that we need only take into account interaction of particles in the 


23 The energy spectrum of a dilute Bose gas was first found by Bogoliubov (B5), and 
the energy of the ground state was determined in the work of Huang, Yang and Luttinger 
(H3), and Brueckner and Sawada (B10). Here, we mainly follow the papers B5 and B10. 


SEC. 4 THE DILUTE BOSE GAS 33 


condensate with each other and interaction of “excited” particles with 
particles in the condensate, neglecting interaction of “excited” particles with 
each other. This means that from the whole sum (4.1), it is sufficient to 
retain only the following terms: 


U 
Ant = al Ag Ag Apa, + > (2ag ag apap 
p#0 (4.3) 


+ 2artpagapdy + agat pana) + as asa,a-»)|. 


Since No is a very large number, we are justified in regarding the operators 
Q, ag as c-numbers, replacing them by VN,. In fact, the commutators 
of these operators with each other or with the other operators a;, a,‘ are 
either 0 or I, i.e., in any event are small compared to the matrix elements of 
the operators ao, ag. Thus, we obtain 


Ain = sp [NB + 2No > (a*pa_p + aga,) + No > (agat, + aya-»)]. 
p#0 


2V p#0 
(4.4) 
The total number of particles in the system can be written in the form 
1 
N=No+5 Dd (hap + a%ya-y) (4.5) 


This enables us to express the number Np appearing in (4.4) in terms of N. 
Retaining only terms in Hiy, which are at least of degree 1 in N, and adding 
the kinetic-energy operator, we obtain the following Hamiltonian: 


UN? 1 2 UN 
= >z>7 +5 (E +> Taken + at,a_,) 
p#0 


(4.6) 
+ EM (aay + aya-»)]. 


The second term in the Hamiltonian is not diagonal. To diagonalize it, we 
carry out a linear transformation of the operators a, and aj, writing 


a = (%» + Apx=y), 





1 
V1 — A? 
1 

ay = == (af + Apz-_,). 

Dp V1 = a! Pp Pp v) 

The new operators «, and «, obey the same commutation relations as the 

old operators. Expressing the operators a, and aj in formula (4.6) in terms 
of «, and oe , we obtain 


_ UN? UN\., . UN 
fer oye > allG+ >) AB + Fs] 


(4.7) 








p#0 
1 1 2 UN 
o> 2 al + ya + A) 42> Ap] (et oie 
DBD 
; hs UN 2 +t 
. 2 eo | al(& - V )2dy + V “pl + AD (a3 at, + ape_p). 


(4.8) 
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In order for the nondiagonal terms to vanish, the coefficients A, must satisfy 


the relation 


(E+ Ped, + ANS, 


ah. UN He UN\? ONY) 
de = oy |- Fr yt (E+ >) -F) 
The plus sign in front of the square root is necessary, if the excited states are 


to have positive energy. Substituting this expression for the coefficient 
A, into . 8), we finally obtain 
(2) ‘ 
V 


it = 32, [im + ae MEF) - (FY (Fr + a 


7 UM UME 
+ ; > lé + oy - (+) (ap % + %2pa~p). 


p#0 
The expression (4.9) consists of three terms. The sum of the first two 
terms is a certain constant. The third term represents a diagonal operator, 
which can be written in the form - 


> nye(P), (4.10) 


where n, denotes the occupation number of the operator «. The smallest 
value of the energy is obtained when all the 7, equal zero, and therefore (4.10) 
is the energy of the excitation. This expression has the same form as the 
energy of a system of noninteracting particles, given by (3.13). It follows 
that the weakly excited states of a dilute Bose gas can be described by using 
the model of elementary excitations, with an energy spectrum?* 


UN UN\? 
Pa pall 4.11 
= (E+ SY - () (4.11) 
In the limit of small momenta, this expression becomes 
V4naN/V 
cp) ~ Ane, (4.12) 


which corresponds to the phonon part of the spectrum of the Bose liquid. 
For large momenta, the energy ¢(p) goes into the energy 


p? 
e(p) & Hi (4.13) 
of a free particle, which is also in accord with the results of Sec. 2. 


24 We note that the Born approximation has been used to derive (4.11). However, 
formula (4.11), which can be expressed in terms of the scattering amplitude a by using 
(4.2), is actually valid not only in the Born approximation, but also whenever the condi- 
tion a/A « 1 holds. This will be proved in Chap. 5. The same applies to formulas 
(4.16), (5.20) and (5.21). 
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The sum of the first two terms in the right-hand side of (4.9) obviously 
represents the ground-state energy of the Bose liquid. It is not hard to see 
that for large momenta the sum over p in this expression diverges like > p-?. 


This is connected with the fact that the energy cannot actually be expanded 
in powers of U. In fact, the presence of the constant U causes the energy 
to be infinite, as can be seen directly from (4.9). In the case being considered, 
it is essential that the scattering amplitude a should be finite and indeed 
small, which makes an expansion of the energy with respect to a possible. 

The relation (4.2) between U and the scattering amplitude is not exact, but 
is only valid up to first-order terms. Since we are also interested in higher- 
order terms in the energy, formula (4.2) has to be corrected. Using second- 
order perturbation theory to examine the scattering of two particles of the 
condensate, with a transition to the state p, —p, we find that 
U2 1 4nxa 

>, 


V Sopiim = m ve 


Then, expressing U in terms of a and substituting the resulting expression 
into (4.9), we obtain the following expression for the energy of the ground 
State: 


2na N? = 81?a?/N\? 1 
ES og OE’ nae 
V + me (7) 2am (4.15) 


_! > (F + + me) (1 -/ ear 4naN|mV ‘) 
1 — 
2 oo \2m (p?/2m) + (4xaN/mV) 
The expression (4.15) converges for. large p. Integrating with respect to 
momentum, we obtain 


ae 


where it should be noted that the expansion is in terms of [a(N/V)1/*}°/2. 
Using (4.16), we find that the velocity of sound equals 


V? ®E ~W4naN]/V 
“NaNO om oe 


As must be the case, this expression agrees with the coefficient of p in the 
formula (4.12) for the phonon part of the spectrum. 

It was already stipulated at the beginning of this section that the amplitude 
a must be positive in a Bose gas. This is also clear from formula (4.17), 
since if a were negative, the velocity of sound would be imaginary (corre- 
sponding to an unstable state). 

The momentum distribution of the excitations is given by the usual Bose 
formula 








1 


gor" 


(4.18) 


n= + =_ 
Ny = UH % = 
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The momentum distribution of the particles of the Bose liquid themselves 
can be found by calculating 





Ny = af ap. 
Substituting from formula (4.7), we obtain 


<= _ fy + A2(A, + 1) 
OO rae ey at 


Of course, this expression applies only to the case p # 0. The number of 
particles with zero energy is obtained from the formula 


No=N- > Ny. 


p#0 


(4.19) 


At absolute zero #,, = 0, and hence we find from (4.19) that 


y= ——__Brratim®) (NIV)? 

No = etpyle(p) + (p?/2m) + naNimV)y (4.20) 
Nose 8 ani N 

aN ae (5) (4.21) 


Thus, it is clear that the particles of a nonideal Bose gas do not all have zero 
momentum, even in the ground state. 


5. The Dilute Fermi Gas 


Next, we consider the case of a Fermi gas. We shall determine the ground- 
state energy, the effective mass of the excitations, and the function f, with 
an accuracy up to terms of order (a/A)?, where a is the amplitude of the 
S-wave scattering.”° 

For a Fermi gas, the operator corresponding to the interaction energy 
cannot be written in the form (4.1), as in the boson case. In fact, the sum in 
(4.1) vanishes if we regard the indices as specifying not only momenta 
but also spin projections, because of the anticommutativity of the Fermi 
operators. This is connected with the fact that the Hamiltonian (4.1) does 
not take account of the specific nature of fermion scattering. According to 
quantum mechanics (see L7, Sec. 114), for identical particles with spin 4, 
S-wave scattering can occur only when the spins are antiparallel, and then the 
amplitude is twice what it is when the particles are different. Bearing this 
fact in mind, we can write the interaction energy in the form 


Aint = 


xI¢ 


+ + 
45 5.1/2 Mq,-1/2%,-2.-1/2%1,112, (5.1) 
P1+P2=P3+P4 


25 The ground-state energy was calculated in the papers by Huang and Yang (H2), 
and by Lee and Yang (L10), while the effective mass of the excitations was found by 
Abrikosov and Khalatnikov (A8), and also by Galitski (G1). The function f was 
calculated in the paper A8. 
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or equivalently, 


OF, %p, 58 2p_8 Apia (5.1') 
2V +P2=P3 +P4 
To a first approximation, the quantity U is connected with the amplitude of 
S-wave scattering by the same formula 
4na 


=. (5.2) 


as before. 

We now apply perturbation theory to the operator Hj,,. The first-order 
contribution to the ground-state energy is given by the diagonal matrix 
element of Aint, i.e., by 

U 
EP =F > ni Qus (5:3) 


ik 
where the indices i and k correspond to given momenta and spin projections, 
and the 7, are the occupation numbers for T = 0,26 equal to | for p < py and 
to-0 for p > Po [Po = (3%7N/V)*'3]. The factor Q,, in (5.3) takes account 
of the fact that the particles in states i and k have antiparallel spins. It is 
convenient to choose this factor in the form 


On = me — 6;:9,), (5.4) 


where 4, is the spin operator of the particle in state i. Substituting (5.2) and 
(5.4) into (5.3), we find that 
Ta N? 


a) = 
E ae (5.5) 
To find the second-order correction, we use the perturbation-theory formula 
[Fadel 
EY = 2, ¢ —E-E (5.6) 
Substituting (5.1) into (5.6), we obtain fs following sum: 
g > nn — ny) — n)QiQr (5.7) 


it. (2 + p? — pe — p?)/2m 


Since our aim is to find an expression for the energy in powers of a, just as 
in Sec. 4 we must take account of the fact that the relation (5.2) between U 
and the scattering amplitude is not exact, but only valid up to first-order 
terms in U. If we take account of second-order terms, we obtain 


U Qua 4na 
U + — ——_———— i 
V 2 ae am m 


instead of (5.2). Using (5.2’) to express U in terms of a, and substituting the 


(5.2') 


26 Here the 7, denote occupation numbers for noninteracting particles. It is not hard 
to see that for T = 0 they coincide with the occupation numbers of the quasi-particles 
and differ from N,, the occupation numbers for a system of interacting particles. 
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result into (5.3), we find that terms proportional to a? appear in E™. Natu- 
rally, these terms should be included in the second-order correction. Bearing 
this in mind, we obtain the following expression for the second approxima- 
tion to the energy: 


E® 16a?x? > nn — a) — m)Q;Qe 
meV? . £4, | BP + PF — Pe — pr)/2m (5.7’) 
as nin; Qi; Qua 7 
(pi + p} — pi — p7)/2m 
Unlike (5.7), this expression does not diverge for large p. Hence, just as in 
the case of the Bose gas, renormalization of U eliminates divergence of the 
energy. 

We note that at first glance the relation (5.2’) seems contradictory, since 
its left-hand side depends on the angle between p, and p,, while its right-hand 
side does not. This might be construed as evidence that we have chosen the 
wrong form for the interaction-energy operator. However, actually this 
fact need cause no misgivings, since in (5.2’) we have not taken account of 
terms involving higher angular momenta, which, as already noted, make a 
small contribution to the energy. 

In the expression (5.7’), the term with four n,, which arises in the first 
summand, equals zero, since the numerator is symmetric and the denominator 
antisymmetric under the permutation i, j = k, /, while all the regions of sum- 
mation are the same. The remaining two terms involving products of three 
n, are equal. Thus, we finally obtain 


32a71? nynyn;,Q;;O 
E@® = — 1M, Gis Gar . 5.8 
mV? 2s, PE BP pe Blom G8) 


Going over from summation to integration, we can write this expression in 
the form 


po — — 32abr? 
m?(27)° 
x 1 2 3 4 OO OO Oooronr rn 
Ipi im me Ips ie J (pi + P2 i P3 _ pi)/2m 
(5.9) 
According to Sec. 2, the energy of the excitations is given by the formyla?’ 
bE 
= ae (5.10) 


27 It might appear at first glance that this formula is incorrect, since ¢ is the variational 
derivative of E with respect to the distribution function of the quasi-particles, rather than 
of the particles themselves. However, formula (5.10) really involves the derivative with 
respect to the distribution of noninteracting particles, and not with respect to the true 
distribution of the particles. As already noted (see footnote 26, p. 37), for T = 0 the 
distribution of noninteracting particles coincides with the distribution of the quasi- 
particles of an interacting system. 
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Variation of the expressions (5.3) and (5.8) with respect to n; gives 
_ p? , 2naN 
*(P) = 2m * mV 


16720? d 81 + P2 — P — Ps) 

+= Pi ap. Pa] nee eb PP 5.11 

m(2n)”, ie ae J @ +p —p—ppam OID 

8(Pi + P — Po — Ps) _]. 
(p? + pi — pz — ps)/2m 

Thus, to calculate the energy of the ground state and the effective mass of 

the excitations, we have to evaluate the integrals (5.9) and (5.11). These 

calculations are quite formidable, because of the number of integrations 

involved and the inconvenience of the regions of integration. However, we 

resort to a simpler method, based on the use of the function f. After 
introducing this function 





SE 

Su = Sada 

we can find the effective mass and the velocity of low-frequency sound from 

formulas (2.12) and (2.19) of Sec. 2. Then, from the velocity of sound, we 

can find the energy of the ground state by carrying out a suitable integration. 

In this way, the problem reduces to determining the quantity f. Varying 

the expressions (5.3) and (5.8) first with respect to n,, and then with respect 
to n,, we find the following expression for /: 

64170? 


8ar d(p + Pp’ — Pi — Pa) 
BLL a dp, {dp tc ODE Be Pi Ba), 
f= TF Gov — TBORF yy figg Pt |4 [Qe gee yt pt pnlam 


I dp + Pi — Pp’ ae P2) 1 sp’ + Pi — P — P2) | (5.13) 


(5.12) 


+ as im2 1 n2 . n’2. n2\\om, oy a eT ee Tar 7s 

4(p? + pi — p? — pz)/2m = 4 (p’? + pi — p? — pz)/2m 

To carry out the calculation, we can immediately set |p| = |p’] = po, thereby 
making the integration much simpler than in (5.9) and (5.11). As a result, 
we obtain 


2na 3N\1/3 COS X 1 + sin ty 
fay = FEL +2) (2 + gary am 


2na 3N\1/8 sin 3x, 1 + sin dy 
— Fe-onft + 20) (1 - Sn Se) 


The following special feature of formula (5.14) is worthy of attention: 
When the angle y is near x, the function f has a logarithmic singularity for 
particles with opposite spins, i.e., 


f(Q) « Ud - 4-0’) In= = 


It is clear that, strictly speaking, the approximation used here is not applic- 
able in this case. The singularity of the function f for y = 7 reflects a 





(5.14) 


(5.15) 
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singularity in the scattering amplitude of excitations whose collision angles 
equal zt (see Chap. 4). In this case, the correct expression can be obtained 
by summation of the principal terms of the perturbation series, i.e., the 
terms in which the logarithm appears to the highest power (one less than the 
power of a). If we set the angle y exactly equal to x and write 


\? = p? + p’? — 2p5 # 0, 
the summation leads to the appearance of the factor 
i 


a2) pe , ix (5.16) 
in the expression for f (the ne part in the denominator is written with 
logarithmic accuracy). Since a > 0 by hypothesis, this expression converges 
to zero as A> 0. 

The case a < 0 is also theoretically possible in a Fermi gas. In fact, 
because of the Pauli principle, in this case the gas remains dilute (unlike the 
Bose gas), and at first glance all the formulas remain applicable. But if we 
examine (5.16), it becomes clear that the scattering amplitude has a pole for 
some small imaginary value of A. This is connected with the instability of 
the ground state with respect to the formation of bound pairs of quasi- 
particles with opposite momenta and spins (the Cooper phenomenon), which 
is the basic cause of superconductivity in metals (see Chap. 7). Here, how- 
ever, we confine ourselves to the case a > 0. 

Thus, the expression which we have found for f is not valid for angles 
near. However, since the singularity is logarithmic, it has an effect only in 
the immediate neighborhood of the singular point. Since we are only inter- 
ested in integrated expressions, involving the function f in combination with 
regular functions, this logarithmic singularity is not important. 

Substituting (5.14) into (2.12), we find that the effective mass m* is given by 

=1-Aim2- na (ay (5.17) 
Similarly, from the expression (2.19) for the velocity of sound we obtain 
4/3 2/3 
wap) apt 2a p|! +7 o(>4)" (11 = 2In2)]. 6.18) 
Using this formula, we can easily find the ground-state energy of the Fermi 
liquid. In fact, according to (2.16), 


uv = 


uv = 


N ou 
m oN’ 
so that integrating (5.18) twice, we obtain 


2 1/3 
E = {udn = £04 Tle a (> 


=) (11 = 21n2)]. (5.19) 


The results (5.17) and (5.19) can also be obtained directly, by carrying out 
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the integrations in (5.9) and (5.11). This proves the validity of the basic 
ideas underlying our model of a Fermi liquid. A detailed derivation of these 
ideas will be given in Chap. 4. 

Finally, just as in the case of a Bose gas, we are interested in the momentum 
distribution of the particles, for which we have to calculate the matrix element 


Noi = Ny sis = Pas 24a ts (5.20) 


where V’ is the true wave function of the interacting particles. The result 
of a perturbation-theory calculation of VY up to terms of the second order is 


ee ‘intra ¢ 2 (CH, int) re, int)est 


Boe Dae (E — ENE, — B) 


a 


r#sk#s 


ws i [@laal? (5.21) 
(Hint)rs 2 {0} (Hint)rs 
—(H, AAtint/rs "7 = 
( int) ss 2 (E, _ E,)? > (E, — (E, — E,?? 
(see L7, Sec. 38). Substituting (5.21) into (5.20), and bearing in mind that 
the operator 

8.112%, 1/2 
is diagonal in the representation determined by the functions ‘°°, we find 
that 

AT = |(Aint)xol? Cae — Np, 1a) 

Np.i2 — "para = 2 "(Ee = Ee = E,? (5.22) 
where 7"). is the number of particles with momentum p and spin projection 
4 in the state Y of a noninteracting system, and n,,,. is the corresponding 
quantity for the ground state. As already noted, the distribution n,,,. of 
noninteracting particles coincides with the distribution of excitations for 
T=0. 

Substituting H,,, from (5.1) into (5.22), we obtain 


Nowi2 — Mpa 


12 
1677a? d(p + Pi — Po — Ps) 
— Gain | am | dee | dear pe pF pane 
IP1l<po IP2l>7o IPsl>Po 


for |p| < Po, 


Gane | ae [ dpe f des ce Poppe — papomp 


for |p| > Do. 


[Pil>po IP2l<po IPsl<po 


(5.23) 


Thus, it turns out that the momentum distribution of the particles differs 
from the distribution ,,,,, of the quasi-particles only by terms of the second 
order in a. The integral of (5.23) over all p is zero, corresponding 
to the fact that the number of particles of the liquid equals the number of 
quasi-particles. It is interesting to observe that the function N,.,. has a 
jump for |p| = po. In Chap. 3, it will be shown that this is a general property 
of Fermi liquids. 
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Evaluation of the integrals (5.23) leads to rather formidable expressions, 
which we shall not give in full here.2® Instead, we only give a few limiting 


values: - 
3N 1 
No,1/2 = 1 — 2d’? ( 7) (1 = 3 In 2), 
3 N\2/3 
Np,-0,12 = 1 — 2a (= 7) (j 4+ In 2), 
3N 1 
N55 +0,112 = 20°(= y) ‘(in = 3} (5.24) 


Np. -0,1/2 — ratoara = 1 — 4a°(2 z) In 2, 


Naan (By 
P>Po.1/2 9 \nV D ; 


Thus, for p < po, the function N, is close to 1, and falls off slowly as p is 
increased from 0 to pp. Then N, drops discontinuously to a value of order 
a?(N/V)?!%, and for p > Po, N>p falls off according to the law 


“(ry Gi). 


28 The calculations have been carried out by Belyakov (B4). 
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METHODS OF 
QUANTUM FIELD THEORY 
FOR T=0 


6. The Interaction Representation 


The method of second quantization, as presented in the preceding chapter, 
is not in a satisfactory form for solving a great many problems. In fact, the 
method can only be used when the interaction between particles is weak, in 
which case either perturbation theory is applicable or the Hamiltonian 
simplifies to such an extent that it can easily be diagonalized. However, we 
often have to deal with situations where it is not permissible to consider only 
the first few terms of the perturbation series. In these cases, a method is 
needed which gives comparatively simple and intuitive rules for writing 
down any term of the perturbation series. 

By using appropriate physical conditions, we can quite often pick out from 
the set of all terms of the perturbation series a sequence (usually infinite) 
of so-called “principal terms,” which exceed the other terms in order of 
magnitude. Then the problem reduces tosumming this sequence. However, 
in the general case, where all the terms of the perturbation series are of the 
same order, the theoretical problem consists in finding various general 
relations, e.g., formula (2.1).1 For these purposes, the most convenient 
method is the diagram technique, borrowed from quantum field theory 
(see, e.g., A10) and presented in this chapter. 


1 Formula (2.1), connecting the Fermi momentum pp and the number N of particles in 
the liquid, underlies Landau’s theory of the Fermi liquid. 
43 
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We begin our discussion of the methods of quantum field theory by 
representing the apparatus of second quantization in another form. To 
this end, we introduce the “particle-field” operators 


H(é)= 2 ei(E)a,, 
pre) = D7 @a, 


where a;*, a, are the second-quantization operators with which we are already 
familiar from Chap. 1, and 9,(&) is the wave function of the particle in state i. 
The operators ((€) and *(€) can be interpreted as the operators for 
annihilation and creation, respectively, of a particle at a given point of &-space. 
The results of Sec. 3 imply that these operators obey the commutation rela- 


tions 
PEb*(E) F PEE) = 3 — &), 
PEE’) = VEE) = 0, (6.2) 
p(y) F v*Ep*() = 0, 
where the upper sign corresponds to Bose statistics and the lower sign to 


Fermi statistics. In the new representation, a one-particle operator F 
takes the form 


(6.1) 


FO = [yr ©fruw dé, (6.3) 


while two-particle and more complicated operators can be written similarly. 
It is not hard to write the Hamiltonian in terms of the operators } and (+. 
For example, the Hamiltonian takes the form 


H= | [as Vs (0) Vian) + Uz (Y.00| ih 


+4 [EOC Fb) ded! + --- 


for a system of particles with spin 4, in the absence of a magnetic field. Here, 
it is assumed that the interaction between the particles is spin-independent. 
The subscripts « and @ indicate the spin projections, and the expression is 
assumed to be summed over pairs of identical indices. For a system of 
bosons with spin zero, we have the same Hamiltonian except that the 
operators ), Y*+ have no subscripts. The generalization to more complicated 
cases presents no difficulties. In external appearance, (6.4) is the same as the 
expression for the average energy of a system of N particles in identical states 
d.(r), normalized by the relation 


| \Ya(r)|? dr = N. 


Using this property, we can always easily find the Hamiltonian in the second- 
quantized representation. 
Besides the Hamiltonian, another operator of basic importance is the 


(6.4) 
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operator for the density of particles at a given point. Since this operator has 
the form 


n(r) = > d(r — 4a) 
in the usual representation, here we obtain 
(tr) = [bd a) = ra) balte) dra = $e (hal). (6.5) 


Correspondingly, the operator for the total number of particles has the form 


N = [a(r) de = [be (eal) at. 


Now suppose we have a system of particles with a Hamiltonian H, and 
we want to determine how the state of the system changes in time. Todo this, 
we must solve the Schrédinger equation 


2D 
is = HO, (6.6) 


where ® is the wave function of the system. The solution of equation (6.6) 
can be written in the symbolic form? 

O(t) = e#@,, (6.7) 
where ®, is a function which is independent of time. Using (6.7), we can 
find how the matrix elements of any operator F vary in time: 


Fam(t) = Ox) FO, (1)> = (Dp ne Fe Dm. (6.8) 
The last expression can be interpreted as the matrix element of the operator 
F(t) = eHtFe- txt (6.9) 


with respect to the functions ®,. This corresponds to going over to a new 
representation called the Heisenberg representation. The representation 
considered earlier, in which the operators F [e.g., ((r) and Y*(r)] are time- 
independent, is called the Schrédinger representation. The most important 
property of the Heisenberg representation is that the wave functions ®, do 
not depend on time. Instead, the time dependence is transferred to the 
operators, and according to (6.9), we have 


- = (HF — PH) = i[H, Fi. (6.10) 
In the Schrédinger representation, the state of affairs is just the opposite: 
The operators are time-independent (if we are not concerned with variable 
external fields), while the wave function depends on time. For the Hamil- 


tonian itself, both representations are the same, as can be seen from (6.9). 


2 The operator e~'#' is a symbolic way of writing the series 


1 — int $e td (—iney poe 
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If we consider a stationary state of the system, the wave function Dy, 
satisfies the equation 
HO x, = E,Pun- (6.11) 
In this case, (6.8) gives 


Fant) = (OF FO pn en ~ Em, (6.12) 


Consider, for example, a system of noninteracting particles without spin. 
For ¢,(&) we choose the free-particle functions 


a en, 
where V is the volume. Then the operator } has the form 
1 
r) = —D aye’? 6.13 
WO = Fe 2% (6.13) 


in the Schrédinger representation. Using formula (6.4), we find that the 
Hamiltonian has the form (3.13), i-e., 


H= > Eo(P)Mp; 
p 


where ¢,(p) is the free-particle energy. Therefore, according to (6.9), the 
operator Y(r, t) equals 
1 2 Eo (p’)np-t -t 2 £o(D")npvt i 


U(r, th= Pa 2 e ay e ep 


=—-—— i{p-r —€,(p)t] 
V > Ape ‘0 
DP 


(6.14) 


in the Heisenberg representation. 

It should be noted that in general the Heisenberg operators {(r, 1) do not 
satisfy the commutation rules (6.2) for the corresponding Schrédinger 
operators. However, in the case where the operators der, t) are taken at the 
same instant of time, it follows from (6.9) and (6.2) that their commutation 
rules are the same as the commutation rules for the Schrodinger operators ¢(r). 

In addition to the two representations just considered, there is still another, 
of great importance for our subsequent work. This is a representation of 
an intermediate type, called the interaction representation, whose properties 
underlie the methods of quantum field theory. First we isolate from the 
Hamiltonian the part H,,, corresponding to interaction between particles: 


H= Hy + Hin (6.15) 


Then we carry out the following transformation of the Schrédinger wave 
function of the system: 
®, = etot®, (6.16) 
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Differentiating the function ®, with respect to time, we obtain 


iS = —H,®, + eo(Hy + Hin)® = eMotH,, eo, (6.17) 
and hence r 
0 
I ar = Hin. (t)®,, 


(6.18) 
Hyn(t) = ef o' Hine” Mo". 

The functions ®, determine the interaction representation. Every operator 
F(t) in this representation is obtained from the corresponding Schrédinger 
operator by using the same formula (6.18) as in the case of H,,.(t), and 
hence F(t) satisfies the equation 


FO = tH FO), (6.19) 
i.e., the same equation as a Heisenberg operator for a system of noninter- 
acting particles. Thus, we arrive at the conclusion that in the interaction 
representation all operators have the same form as the Heisenberg operators 
for the corresponding noninteracting system, while the wave function 
satisfies a Schrédinger equation with the Hamiltonian H,,,(¢). The possibility 
of using “free” operators constitutes the great advantage of this representa- 
tion. 

We now determine how the function ®,(t) depends on time in the interaction 
representation. In doing so, since the operators H,,,(¢) do not commute at 
different times, we cannot simply write down the solution of equation (6.17) 
in the form 


©,(t) = const - exp {-i I Aad’) dt’. 


Therefore, we argue as follows: Suppose we know the value of ®, at some 
time %. Then we go from the differential equation (6.17) to an integral 
equation by integrating both sides of (6.17) with respect to time between the 
limits fp and f (t > f9). This gives 


t 
(1) = (60) — if Hil OC) a’ 
‘0 
We write the solution of this equation as a series 


(1) = OP) + OP) + 


in the quantity H,,,, where 
Dt) = D,(to) 


is the zeroth approximation. The first approximation is 
t 
(0) = — Ff Halts) dt (1), 
0 
the second approximation is 


t ta 
O°) = — [ Ana(ts) dts |” Hints) ata (0), 
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etc., and the nth approximation is 
t ty tn-1 
Of (0) = (=i) | Hla) dts | Agelta) dts ++ J" Hint) dai) 
0 0 ‘0 


It follows from the structure of the series for ®,(¢) that the whole result can 
be represented in the form 


Ot) = S(t, to) Pi(to), (6.20) 


where the matrix S(t, fo) is given by the series 


t 
S(t, t) = 1 -i I Hy(ts) dty +++ 
0 
(6.21 


7 t tn-1 
+ (=i | aalts) dty-- f°? Balt) dt 
to to 


It is characteristic of the series (6.21) that the operators H,,, taken at later 
times always appear to the left of the operators taken at earlier times, since 
the inequality | 
t> ty > te >-:+>th > bo 

always holds. 

The expression (6.21) can be made more symmetric. Consider the nth 
term of the series 

(-i)" lg ens Finc(t1)Hint(fe)- + Hine(tn) dt, da: + +dty. 


Co) 


Obviously, this expression does not change if we subject the variables of 
integration to any permutation 


ty, Loy 09 bn —> bpys Lpgs- + +s by, 


Carrying out all such permutations of the variables ¢,,...,t,, adding the 
resulting expressions and dividing by m!, the total number of permutations, 
we can extend the range of integration of each variable from f) to t,. How- 
ever, in doing this, it is important that the operators H,,, in the integral should 
always be arranged from left to right in order of decreasing times. Letting 
T denote the operation which accomplishes this ordering, we can write the 
expression for the nth term of the series (6.21) in the form 





—j) rt t 
(6, 3) = SP fe PP Tella) t) dls 


It is now easy to see that (6.21) can be written as 
t 
S(t, to) = Texp {=i | H(t’) at’. (6.22) 
to 


In fact, we need just expand the exponential in (6.23) in series and use the 
definition of the “ordering operation” T. Obviously, the operator S(t, to) 
has the property 


S(te, ty) S(tr, to) = S(tes to), tg >t > to. (6.23) 
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Formulas (6.16) and (6.18) establish the connection between the Schré- 
dinger representation and the interaction representation. Moreover, 
formula (6.20) allows us to find the connection between the interaction 
representation and the Heisenberg representation. Suppose the wave 
function transforms in the way described by the formula 


Ot) = Q()Ou, (6.24) 
where Q(t) is a unitary operator. Then (6.20) implies that 


A(t) = St, to) Q(to); 
from which, according to (6.24), it follows that 
O(t) = S(t, oP, 
where « is some instant of time, and P is a time-independent operator. To 
determine P, we substitute into (6.24) the formulas (6.16) and (6.7), which 
express ®, and ®, in terms of the Schrodinger function ®. This gives 
efHot = S(t, «)Pet#*. 
Bearing in mind that S(«, «) = 1, we obtain 
P = eHore - tHe, 
At this stage it is convenient to introduce the assumption of the so-called 
“adiabatically turned-on interaction.”® Suppose that at the time t = —0o 


there is no interaction between particles, and that afterwards the interaction 
is “turned on” infinitely slowly. Then P— 1 as «>» —oo, and hence 


®t) = S(t)®z, (6.25) 
where 
S(t) = S(t, — 00). (6.26) 
Using the property (6.23), we find that 
S(t, ty) = S(t2)S~*(h). (6.27) 


According to (6.25), the relation between operators in the interaction 
representation and Heisenberg operators has the form 


F(t) = S~(t)F(t)S(t). (6.28) 


Later on, we shall often encounter chronological products of several 
Heisenberg operators, averaged over the ground state of the system ®2: 
(OY T(A(NBCC(t')- - -)OHD. (6.29) 

In this connection, we shall generalize somewhat the definition of T-ordering for 
Fermi operators, compared to the definition given in deriving formula (6.23), 
but for Bose operators we shall retain the old definition. Thus, by a 
T-product of the Fermi operators A(t;), B(t.), C(ts),..., We now mean the 
product of the operators written from left to right, multiplied by the factor 





3It should be pointed out at once that the ‘adiabatically turned-on interaction” 
used here is a purely formal device, which allows us to obtain the correct result in the 
quickest way, but is hardly necessary (see, e.g., G4). 
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(—1)?, where P is the number of permutations needed to obtain the chrono- 
logical product from A(t,)B(t2)C(ts)---. For example, if F,(t,) and Fo(t2) 
are Fermi operators, while B,(t3) and B,(t,) are Bose operators, we have 


F,(t,)Fo(te) for t, > te, 


T(Fi(ts)Fo(te)) = —F,(t.)Fi(t,;) for ty < te, 

_ B(ts)Fi(ty) for ts > th, 
T(Bi(ts)Fi(ts)) = F,(t,)By(ts) for ts < ty, 
NEGA y Ste ee 


Bi(t4)Bi(tg) for tg < ty. 
Applied to the operators H,,,(t), the new definition of T-ordering coincides with 
the old definition, since Fermi operators always occur in pairs in H,,. Of 
course, all prescriptions involving the operation of 7-ordering are the same 
both for operators in the Heisenberg representation and operators in the 
interaction representation. 

Suppose the arrangement of times in (6.29) is such that 


t>t'>t">.-- 


Using (6.28), we go over to operators in the interaction representation, 
obtaining 
COPS DAMS(OS—(C)BC)S(C’)- - - Od 

= (Di S~*(c0)S(00, NA(S(, ’)Bt’)---PF> (6.30) 
= <O%S~1(c0)T(A()BY')C(2’) - - - S(co)) OF. 

It is clear that the transformation of (6.29) into the form (6.30) is independent 

of the order of the times f¢, t’, t’,..., i.e., that it is valid in any case. 

We still have to determine the quantity 


DY*S~*(co) = [S(c0)OF]*, 
which involves subjecting the ground-state function to the operator S(0o). 
It follows from (6.20) and (6.25) that 
f = @(—oo), —S(co)O2, = D (co). 

Thus, S(0o)®2 is the function ®,(00) obtained from the ground-state function 
®,(— 00) by adiabatically turning on the interaction between the particles. 
As is well known, the ground state of a system, i.e., the state in which the energy 
is a minimum, is necessarily nondegenerate. But, according to the general 
principles of quantum mechanics (see L7, p. 146), a system in a nondegenerate 
stationary state cannot make a transition into another state under the action 
of an infinitely slow perturbation. Therefore, we conclude that the function 
®,(co) = S(co)®2, can differ from ®% only by a phase factor 

S(c0) D2, = et OY, (6.31) 
This implies the final result 

OTA) BC’): - OH 
_ @FT(A()B(Y)C(t’): «+ S(c0))@Y>- (6.32) 
> «DHF S(00) OF, 
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We emphasize that this conclusion is valid only for averages over the 
ground state of the system, since any other energy level of the system is 
multiply degenerate and in general can make a transition to another state as 
a result of collisions between particles. Thus, in averaging over an excited 
state, formula (6.30) is valid, but not (6.32). 

In this chapter, we shall consider systems at absolute zero, i.e., systems 
in the ground state. For simplicity, we shall denote the corresponding 
averages by just <--->, and we shall no longer use boldface letters to denote 
operators in the interaction representation. Cases where Schrédinger 
operators are needed will be pointed out explicitly, and the fact that 
such operators [e.g., }(r)] depend only on the coordinates will be emphasized. 


7. The Green’s Function* 


7.1. Definition. Free-particle Green’s functions. In the method of quan- 
tum field theory, the one-particle Green’s function is one of the most im- 
portant quantities characterizing the microscopic properties of a system.® 
This function is defined by 

Guslx, x’) = KT Gabe (x), (7.1) 
where x or x’ denotes a set of four variables (the coordinates r and the time f), 
while « and 8 denote spin indices. 

From a knowledge of the Green’s function, we can calculate the average 
value of one-particle operators of the type (3.2) over the ground state. In 
fact, according to formula (6.3), we have 


FH = if] lim fBQ)Goox, x)] dt 
teEro 
where the plus sign applies to Bose statistics, and the minus sign to Fermi 
statistics. For example, the particle (number) density and the particle 
current density are equal to 
n(x) = +7 lim Gy,(x, x’), > 
ee 0 


: ie ' 
J) =H m lim (V. as Vv )GaalX, x’), 
r’-r 
t't+0 
respectively. 


* This section is to a large extent based on the work of Galitski and Migdal (G2). 


5 In field theory, the term “‘Green’s function” has a different meaning from its mean- 
ing in the theory of linear differential equations. Although the Green’s function satisfies 
an equation whose right-hand side contains a 5-function, the equation is in general 
nonlinear (see Sec. 10). An exception is the case of free-particle Green’s functions, 
which are actually Green’s functions of linear equations for G(r, t), the Heisenberg 
field operators. The term ‘“‘Green’s function,” at first used only in this case, has since 
been extended to apply to the expression (7.1) for any interacting system. 
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It will be shown later that by using the Green’s function we can find the 
energy as a function of the volume, and hence we can also find the equation 
of state of the system (i.e., the dependence of pressure on density) at 
absolute zero. Moreover, it will be shown that the poles of the Fourier 
transform of the Green’s function (7.1) determine the spectrum of the 
excitations. This enables us to find the thermodynamic functions of the 
system for temperatures which are nonzero (but sufficiently low, of course). 

Another very important fact is that the Green’s function can be calculated 
by using the so-called diagram technique (see Secs. 8 and 9), which has great 
advantages over the ordinary form of perturbation theory. 

This section is devoted to an analysis of the general properties of the 
Green’s function. For simplicity, we shall drop the indices « and 8. This 
entails no error, since in the absence of ferromagnetism and of an external 
magnetic field, G., must be of the form 


Gas = G8 a5, 


and here we consider only this case. 

In the present chapter, we consider properties of systems of fermions, 
since, as is well known, Bose systems at absolute zero have many special 
features, connected with the presence of the condensate (Bose systems will 
be studied in Chap. 5). An exception is the case of phonons, i.e., the 
vibrational quanta of a solid body. Since the number of phonons is not 
specified, there is no condensate in a phonon gas and its properties can be 
studied by the usual methods. 

In the absence of external fields, the Green’s functions of homogeneous 
and spatially infinite systems depend only on the coordinate differences 
r—r’ and the time difference t — t’. Suppose we represent the Green’s 
function as a Fourier integral, writing 


d‘p 


G(x = x’) = [ce, well @—r)— ott] On (7.2) 


(d*p = dp dw). 


Then the function G(p, w) can be found very easily for a system of non- 
interacting particles. In the case of a system of fermions, substituting the 
expression (6.14) for the free-field Heisenberg operators into (7.1), and bearing 
in mind that all levels with |p| < po are occupied, while those with |p| > Do 
are empty, we obtain 


Oy) = — a ttp-r-eon { 1 — Mp for 1>0, 
woe 72 e me { —n, for t <0, (7.3) 
where 


1 for |p| < Po, 
0 for |p| > Do. 


emia” Ss 
Ny = Ap ay = 
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Going over to the momentum representation, we have, according to (7.3), 


Gp, 0) = — 1{6((p] — po) f etemo™ at 
0 


(7.4) 
— (po ~ Ipl) [entero ar}, 
where 
1 for z>0, 
a 0 for z<0O. 
The expression for G(p, w) contains two integrals of the type 
i} ” ebst dt. 
0 
We define an integral of this type as the limit 
an A ne ee (7.5) 


6++0 Jo 6s+0 S+id 


The quantity id in the denominator characterizes the way we bypass the pole 
s = 0 in evaluating integrals containing the function 1/(s + id), and in fact 


| F(s) — =P J AS) ds — inF(0), 


where P denotes the operation of taking the principal value of an integral. 
Thus, we can formally write 





! — ind(s). 


s+i8 
Sometimes the notation 8,(s) is used to denote the quantity 
1 i 
ms +i8 


3.6) = 86) — > (7.6) 


Using (7.4) and (7.5), we obtain 


8(|p| — Po) 8(o — |p|) 
(0) a : 
e , ©) op) ie we ep) = ae 
Noting that the only difference between the formula for G® when |p| < po 
and the formula when |p| > po consists in a change of the sign of 3, we can 
finally write 
1 

© — €o(p) + 15 sgn (|p| — Po) 

Next, we consider a system of phonons, confining ourselves to the simplest 
case, i.e., longitudinal vibrations in an isotropic continuous medium. 
First of all, we define what we mean by the operators of the phonon field. 


GOP, @) = (7.7) 
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Let the displacement of the points of the medium be denoted by q(r, ¢). Then 
the momentum of a unit volume equals pq(r, t), where p is the density. 
According to quantum mechanics, the quantities q and q are operators with 
the commutation rules 


elg(r, 1), 0] = —i8@ — £')8y. (7.8) 


The integral of (7.8) over a small volume dr gives the usual commutation rule 
involving the coordinate and momentum. 

We now expand q in plane waves. In the case under consideration, the 
value of the wave vector k uniquely determines the frequency, which we 
denote’ by w,(k). Thus, we have 


— 1 k {Uk +P — W_ (kt) + 5 —1{IK + P- 9(K)t] 
q(r, t) = wie Ik] {que ° + Ke oT} | (7.9) 


Since we are considering longitudinal waves, the Fourier components of the 
vector q are directed along the wave vector k. Therefore, in (7.9) we have 
written g,k/|k| instead of qy. 
Our next step is to introduce the operators by, related to q, by the 
formula 
Pena 
V 2peo(k) 
Then it follows from (7.8) that the operators b, satisfy the usual commutation 


relations for Bose annihilation and creation operators. The kinetic-energy 
Operator equals 


% (7.10) 


K= é | alr, 1)? ar. (7.11) 


Using the fact that the average kinetic energy of the vibrations equals the 
average potential energy, we obtain the formula 


H = 2K = wok) (ns + 5) (7.12) 

where n, = byt by. 
We might choose the displacement operators q as the operators of the free 
field. However, it is more convenient to define these operators somewhat 


differently, anticipating our study of the interaction between phonons and 
electrons in a metal (see Sec. 9.1). Thus, we write 


: 1 wee 
6(x) = VE ool) {bye F-SoWH 4 Hit e- tlk ro} (7,13) 


This formula applies to longitudinal phonons in the Debye model (see Sec. 1), 
if the summation over k is restricted by the condition |k| < kp. We again 
emphasize that the operators of the phonon field are real, since they cor- 
respond to real displacements of the atoms of the lattice. This property is 
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obviously preserved if we take into account the interaction of phonons with 
themselves and with other particles. 

The Green’s function of the phonons is usually denoted by the letter D. 
The definition of this function is analogous to formula (7.1), i.e., 


D(x, x‘) = —KT($(x)$(x'))>. (7.14) 
Substituting the free-field operators (7.13) into (7.14), and bearing in mind 
that there are no phonons in the ground state, we obtain 


i @ (k) etlk- 1-9 (k)E) for t> 0, 
Da v2 a { entero for p< 0, — (19) 


The Fourier components corresponding to (7.15) are 
o(k) 1 1 
DG, 0) = FB areal 
oie OE 
w? — w(k) + id 
7.2. Analytic properties. We now consider the basic properties of the 
Green’s function of a system of interacting particles. We begin with the 
case of Fermi systems. Going over to Schrédinger operators, we obtain 


(7.16) 


Gr — r,t — 0’) = —iKetY ne HE- HU + Pe-#"’) 
=-j] > COO ott Le 4D, (OFe!t | ('e-#°'H9 > 
s 
= -1D do ys( eM “FHM for 1 > 1, 
GO — rt — 1) =i > Vi boone Ft“ for t<t', 


For a homogeneous system, the coordinate dependence of the matrix ele- 
ments Yan(r) and ,7,(r) is of the form 

Van(T) = Vam(O)e~ !Pam'*, Yim(P) = Vatm(O)etPam"*, 
where Pam = Pn — Pm, Pn is the momentum of the system in the state n, and 
Pm is its momentum in the state m.© Setting pp = 0, we have 


Ge — Ft — 1) = -1 > |bod) Pete “Pee FOM- for > 1 
: (7.17) 
G(r = r,t — 1!) = 1 > |yo(0) Pee -M et - F"-) for cL’ 
c 


® This follows from the fact that according to quantum mechanics (see L7, Sec. 13), the 
spatial-displacement operator equals e6- r, where p is the momentum operator and therefore 


U(r) = e- 1B r LO)etb Fr, 
We note in passing that if {(r) is written in the form 
wy = > apetB-r, 
VVS 
then obviously 


Yan) = 75 (Daman 
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The operator )*(r) increases the number of particles by unity, and hence 
for t > t’ the summation with respect to s is over states with particle numbers 
equal to N + 1. On the other hand, for ¢ < t’ the summation with respect 
to s’ is over states with particle numbers equal to N — 1. 

We now introduce the notation 


E, — EN) = & + ps, (7.18) 
e, = E, — E,(N + 1) (7.19) 
is the excitation energy of the system (which by definition is positive), and where 


wp = EN + 1) — EN) 


where 


is the chemical potential for T = 0. Similarly, we write 
Ey - E.(N) = E, — EN — 1) = [E.(N) 72 E(N = 1)] 
= &y — w', 


(7.18’) 


where in the last formula the quantities «, and w’ pertain to a system of 
N — 1 particles. However, we can assume that 


&, = €, u = vw, 
which only introduces an error of order 1/N. We also introduce the functions 
A(p, E) dE = (27)? > |os(0)|8(p — p.) for E<«, < £E +dE, 


(7.20) 
B(p, E) dE = (2m)? > |¥so(0)|28(p + p.) for E<ey < E+ dE. 


Next, we represent the function G as a Fourier integral :” 


oy te A(p, E) B(p, £) 

Ge, 0) = f° | =F-pet  ofE=a-i ae eh) 
The coefficients A and B in this formula are real and positive. By using the 
representation (7.21), we can investigate the analytic properties of the 
function G(p, w). Separating the real and imaginary parts of the function G, 
we obtain 


A(p, AWE) BO, 2 
_ [-nAQp,w —p) for o> yp, 
EG (BO) ve TB(p,u—) for w <u. (728) 


Thus, the imaginary part of the Green’s function changes sign forw = yp. 
Comparing (7.23) and (7.22), we find the following relation between the 





7 Formulas of this type were first obtained by Lehmann (L11) in a paper on quantum 
field theory. 
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real and imaginary parts of G(p, «): 
_P pe ImGQ@,o) sgn’ -y) ,. 
Re G(p, @) = ze [ Qo egg — doy’. (7.24) 


From formulas (7.21) and (7.20) we can obtain an asymptotic formula for G 
as W —> 00: 


Glp, «) > + J? 4@, 2) + BQ, EME 


= = [en 2, |Yos(0)|23(p — ps) + (27)? 2 Ys-0(0)|23(p + ps]. 


It is not hard to see that the coefficient of 1/w equals the Fourier component 
of the anticommutator 


{P@), b*@)} = $OP*@) + ¥*@)Y® = 8 - 1), 
ie.,equals 1. To verify this, it is sufficient to average the anticommutator over 
the ground state (which does not affect its value), transform the resulting 
average as in (7.17), and then take the Fourier transform with respect to 
r—r’. In this way, we obtain 


G(@p, @) > 4 as @—> ©. (7.21') 


We now examine the properties of G as a function of the complex variable 
w. It follows from (7.24) that the function G(p, @) is not analytic. In fact, 
the relation between the real and imaginary parts which differs from (7.24) by 
having 1 instead of sgn (w’ — w) corresponds to a function which is analytic 
in the upper half-plane, and the relation which has — 1 instead of sgn (w’ — pw) 
corresponds to a function which is analytic in the lower half-plane. Together 
with G, we consider two functions Gp and G,, which are analytic in the upper 
and lower half-planes, respectively, and are defined by the relations 


Re G = Re Gp, = Re Gy, 
Im G; = Im G sgn ( — yp), (7.25) 
Im G, = —ImG sgn ( — p). 
(for real w).2 The formulas (7.25) show that Gp, coincides with G* on the 


real half-line w — p < 0, while G, coincides with G* form — u > 0. Thus, 


we can write 
_ f GQ,o) for o> 4, 
Galp, 0) = G*(p,) for w <u, 


_ { G*(p,@) for w > pz, 
Galp, ©) = G(p,) for <u. 


(7.25') 





® Whether the indices R and A, indicating retarded and advanced quantities, respec- 
tively, are chosen to be subscripts, as here, or superscripts, as in Secs. 17 and 28, is purely 
a matter of typographic convenience. 
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It follows from (7.25’) that Gz is the analytic continuation of G from the 
half-line w > p, and G, is the analytic continuation of G from the half-line 
@ <u. 
In the coordinate representation, the functions Gz and G, are defined as 
follows: 
ny _ { “KOODbtX) + O*(x)G)> for t> 1’, 
Gx(x — x) = { 0 for t<t’, 


7.26 
for t>, (128) 


i 0 

am a { KO*(x)U(x) + GTX) for <7. 

In fact, performing the same operations as used to derive (7.21), we obtain 
= A(p, E) Bp, E) 

Gal.) = J, Feeaes + aE eral (7.27) 

GAP, ©) = GQ, a). 
By comparing the real and imaginary parts of Gz, and G, with formulas 
(7.22) and (7.23), it is easily seen that these functions satisfy the definitions 
(7.25). The functions Gz, and G, are called the retarded and advanced 
Green’s functions, respectively. 

Finally, we consider the case of phonons. The operator of the phonon 
field is real, i.e., 
(x) = xX) + X*Q). 

Moreover, it should be kept in mind that the chemical potential vanishes 
(see Sec. 1) and that there are no particles in the ground state. An argument 
like that given above leads to the formula 


-i> Lxos(0) |2e #2 — Fot-#ofy--F) for t> 7’, 
Dr-r,t-re= = , 
( : -i> |x0s(0) |2e!#s -Eq)t-tg-tk,-(r-r’) for ft < f’. 

s 


Introducing the function (7.28) 
P(k, E) dE = (2m)? >, |xos(0)|?8(k — k,) 


= (2)? > |x0s(0)|?3(k + k,), 


where the summation with respect to s is over states whose energies E, satisfy 
the inequality E < E, — E, < E+ dE, and expanding (7.28) as a Fourier 
integral, we obtain 


© 1 1 
Deo) = fT P) |<—p ag sees 9) 
The imaginary part of this function is always negative, i.e., 
Im D(k, w) = —7P(k, |o}), (7.30) 


and the relation between the real and imaginary parts of (7.29) is given by the 
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same formula as for the function G(p,¢). It follows that the analytic 
properties of the phonon Green’s function are the same as those of the 
Green’s function for a system of fermions with » = 0. Therefore, we can 
construct two analytic functions Dp and D, satisfying the conditions (7.25) 
with = 0. In the coordinate representation, these functions have the form 


Dabx — 2) = {EEE — HENRY fort > 4, 
: 2 < t, (7.31) 

Dax — x) = { ae ee OF 
—KG(X)G(X) — (*)G(%')> for t< rt’, 
7.3. The physical meaning of the poles. As already noted, knowledge 
of the Green’s function allows us to find a great many physical characteristics 
of the system, in particular the spectrum of the elementary excitations. 
Consider a Fermi system which at the initial time t’ is described by the wave 

function 


Polt’) = bs @)@(7'), (7.32) 


where 7 (t’) is the creation operator for a particle with momentum p in the 
interaction representation, i.e., a; eo’, while ®,(t’) is the wave function of 
the ground state of the system of particles in the interaction representation. 
At the time t > t’, the wave function of the system has the form 


FO) = St 045 (Oe). 
The probability amplitude of the state Y’,(r) equals 
CLIOLO = OFOUOSE 15 CPA) 
= OFS OY OSE tbe (C)S(“ORD (7.33) 
= <d,(00¢ (> = iG@,t— 1’) for t—t'>0, 


where we have gone over from the interaction representation to the Heisen- 
berg representation. 
To obtain the function G(p, t), we have to evaluate the integral 


Gp.) = [", G@, ee eo. (7.34) 


Since the function G(p, w) is not analytic, we divide this integral into two 
parts, one from —©o to uv and the other from u wep 


tooo. Inthe first integral, G coincides with the 
analytic function G,, while in the second integral 
G coincides with Gp. As already noted above, 


the function G, has no singularities in the lower 

half-plane. Therefore, we can deform the FIGURE 2 

contour of integration in the first integral (see Fig. 2). Ifthe horizontal part 
of the contour is shifted sufficiently far into the lower half-plane, then, because 
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of the factor e-* in (7.34), the integral over this part of the contour will be 
very small, so that only the integral 
is G,e7t dw 

remains. 
Next, we consider the second integral. In general, the function Gz has 
singularities in the lower half-plane. Suppose that 
wep in the fourth quadrant of the complex variable 


; _ @-—up, the singularity closest to the real axis is 
dwelol-ly a simple pole at the point w = e(p) — iy, where 
_ « e(p) — uw. Wedeform the contour of integra- 


tion in the way shown in Fig. 3. Of course, the 

FIGURE 3 horizontal part of this contour cannot be shifted to 

—ioo. However, by choosing a sufficiently large time t, we can make this 

integral small. Thus, all that remains is the integral along the vertical part 
of the contour and along the part encircling the pole, i.e., 


(a Gpe7 tt dw —jae- ett, 
u 2r 


where a is the residue of Gz at the pole. We shall show below that when 
t > [e(p) — 2)-+, 

the contributions from both integrals along the vertical parts of the contours 

shown in Figs. 2 and 3 are small. Thus, in the limit of large times t, we have 

iG(p, t) ~ ae~ tpt ve, (7.35) 

If in the initial state there were a single free particle with momentum p and 

energy ¢(p), then the quantity analogous to (7.33) would be 

eo (pt —t') 

It follows that the state (7.32) corresponds to a wave packet which behaves 
like a quasi-particle with enrgy e(p) and decays in time according to the law 
e~v¢-), Thus, the energy and attenuation of the quasi-particles is deter- 
mined by the real and imaginary parts of the pole of the function Gz in the 
lower half-plane. Moreover, the amplitude of the wave packet is related to 
the residue of Gp at this pole. 

We now show that the omitted parts of the integrals can be regarded as 
small in the range of momenta such that e(p) ~ vw. Recalling that G, = G#, 
we find that the sum of the integrals along the vertical parts of the contours 
shown in Figs. 2 and 3 equals 

a (Gp — Gte-' ge = 2i jem Im Gp-e7! o 
According to the phenomenological considerations presented in Sec. 2, the 
condition y « e(p) — » holds only when ¢(p) © u.° Therefore, assuming 


° The validity of the assumption that y « e(p) — uw as e(p) — 4-0 can be proved 
rigorously in many specific cases (see e.g., Secs. 21 and 22). 
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that 
1 


t > —— 
e(p) — pu 
we can replace Gp by 
a 


@ — e(p) + 
Introducing a new variable u = i(w — y), we obtain 
_ 2yae~™ ih e- du 
2x Jo y* + [e(p) — » + iu? 
Since ¢ > [e(p) — »]~1, this integral turns out to be 
yae ~ tut 
tt[e(p) — 2]? 
If we assume that f is not too large compared to 1/y, this quantity is much less 
than the result of going around the pole in Fig. 3. 
We can also develop a similar argument for the state with wave function 


o(f) = bp(1)D,(2). (7.36) 
Considering this state at a later time ¢’, we obtain 
PCY = -iG@p,t—t’) for t-t' <0. 
In calculating G(p, t) by formula (7.34), it is the poles of the function 


G,(p, ®) in the upper half-plane that are important, since t < 0. When 
|t| > |e(p) — v|~?, we find in the same way as before that 

—iG(p, t) ~ ae ~ (tv 
where <(p) < u, y < 0, ie., we obtain a wave packet corresponding to a hole 
with e(p) < u. Therefore, the energy and attenuation of the holes are given 
by the poles of the function G,,(p, ) in the upper half-plane. We note that 
the sign of y for “particles” is the opposite of its sign for “holes.” 

The same results also apply to phonons. In this case, it is not hard to see 
from formula (7.29) that each pole of the function D,(k, w) in the lower 
half-plane corresponds to a pole of the function D,(k, w) in the upper half- 
plane, where the two poles in question are symmetrically located with respect 
to the point = 0. Thus, both ways of determining the spectrum of the 
excitations lead to the same result. 

The Green’s function can be used not only to obtain the energy spectrum, 
but also to find the relation between the chemical potential and the number 
of particles per unit volume, as well as the ground-state energy and the 
momentum distribution of the particles. (Of course, with our restrictions, 
all this applies only to fermions.) It follows from the very definition of the 
Green’s function (7.1) that 


N= Gb.) 


= -i lim G,.(x — x’) = —2i lim G(x — x), 
voto otto 
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where Gy, = 8,,G. Going over to the momentum representation for G, 
we obtain 
N 
v 


pas dp dw 
sa "eas tot 7 
= —2i im, [ce, we’ Onyi (7.37) 





Since the integral in (7.37) depends only on p, this gives the dependence of 
Nony. Then, solving for the function u(N) and using the formula 


we can find the ground-state energy. Admittedly, this way of doing things 
is not very convenient in practice. We shall return to the problem of deter- 
mining the ground-state energy in Sec. 9. 

To find the momentum distribution of the particles, it is sufficient to 
calculate the expression 


Nya(P) = N-1a(P) = (Poa, 1/24%p,1;2Po> = (4p.1/2%p,1/2>» 


where ©, = e-'¥o'@® is the Schrédinger wave function of the ground state 
of the system. Comparing this expression with (7.17) [see also footnote 6, 
p. 55], we find that 


Nirl®) = N-sn@) = -2i fim [°, Gaye F2 (7.38) 
t+a+Qq7-@ TT 


From formula (7.38) we can obtain a very interesting property of the 
momentum distribution [see Migdal (M5)]. Defining the Fermi momentum 
Po by the equation e(po) = wu, we examine Nj4)2(p) in the neighborhood of 
|p| = Po. According to the postulates of Sec. 2, the excitations of a Fermi 
liquid are “particles” and “holes” with momenta near po, and the attenua- 
tion of these quasi-particles is small compared to |e(p) — u|. This informa- 
tion can be used to determine the poles of the functions G,and Gz. For 
|p| < Po, the function G, has a pole in the upper half-plane near the real 
axis, while for |p| > po, this pole disappears and Gp acquires a pole in the 
lower half-plane. 

We now represent the integral (7.38) as the sum of two contour integrals 
involving G, and Gp, just as was done for the integral (7.34). We shift the 
horizontal parts of the contours shown in Figs. 2 and 3 into the lower half- 
plane in such a way that their distances from the real axis greatly exceed 
e(p) — u. Then the integrals along these parts of the contours will be 
insensitive to small changes of the momentum p. As for the integrals along 
the vertical parts of the contours, they can be reduced to the integral 


uiL da 
2 i Im Ga(p, ©) 5 


This integral can be divided into a part coming from a region whose distance 
from the point = p exceeds e(p) — py, and a part coming from a region which 
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lies near the pointe = w. The integral over the “distant region” depends 
only slightly on |p|, whereas we can set 
a 
C2® Sap + 

in the integral over the “nearby region” and then convince ourselves that this 
integral is negligibly small (of order y/[e(p) — w]). Therefore, the entire 
difference between the expressions for Ny/2(p) for |p| < po and for |p| > po 
is due to the fact that in the first case the part of the contour going around 
the pole is absent, while in the second case it is present. It follows that 


N1j2(Po _- 0) _ Ni)2(Po + 0) =a. (7.39) 


According to (7.21), the constant a must be positive. Thus, we arrive at the 
conclusion that the momentum distribution of the particles and the momentum 
distribution of the quasi-particles both have a jump at the point |p| = po. 
According to a general assumption of the theory of the Fermi liquid, 
the Fermi momentum py of the quasi-particles is related to the number of 
particles by formula (2.1). (The validity of this assumption will be proved in 
Chap. 4.) Thus, the jump in the momentum distribution of the interacting 
particles takes place at the same point as for noninteracting particles. From 
the fact that 
0 < Map) < 1, 


we can deduce a bound on the size of the jump: 

O<a<il. (7.40) 
An example is afforded by the momentum distribution of the particles in a 
dilute Fermi gas, found in Sec. 5. 


7.4. The Green’s function of a system in an external field. We now 
consider systems in a time-independent external field. In this case, the 
Green’s function depends on the variables t — ft’, r andr’, and instead of 
(7.17), we have 


Ga,r,t—t')=—- ID Yosh Je ~ ~EQt-t) for t> t’, 
s 


(7.41) 
Goa,r,t-—ry= I> VO) sob so(re = Bott) for t< tt’, 


where ¢(r) and Y(r’) are Schrédinger operators. If we proceed as in the case 
where there is no external field, we obtain a formula of the type (7.21), 
involving certain complex functions 4 and B. This inconvenience can be 
avoided by using the symmetric combination 


; Gq, r,t —1) + Gynt — 2). (7.42) 


As far as the w-dependence of its Fourier components is concerned, this 
function has all the properties of the function G in the absence of an external 
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field. All the formulas (7.21)-(7.27) hold for the function (7.42), except that 
here all quantities will depend on the parameters r and r’ instead of the para- 
meter p. 

If we consider noninteracting fermions in an external field, it is convenient 
to choose the operators (r) in the form 


p(n) = > a,9,(r), 


where the 9,(r) are the eigenfunctions of the particle in the field. In this 
case, instead of (7.17), we find 


Gtr, = 1) = 7D eee He” { 


where 


—n, for t>0, 
—n, for t <0, 


1 for e<yp, 
0 for ¢>un, 
and ¢, denotes the energy of a particle in the state ,. Taking the Fourier 
component with respect to time, we obtain 


Ger.) = F MO , 5 ean 


Co OH 18. Str — e108 


ns = 


(7.43) 


We now introduce a quantity analogous to the quantities A and B in (7.20): 
A(t, 1’, E)dE = > ot(")e() for E<e,< E+ dE. 
Ss 
Setting r = r’, we integrate this relation over dV. Then, because of the 


normalization condition for the functions 9,(r) in the right-hand side, we 
simply obtain the number of levels dN in the interval dE, i.e., 


A(t, r, E) dr = ve). 
In terms of the function A, (7.44) can be written as 
A(r, r’, E) 
GE re) = ie Gor Piso p 


It follows that the imaginary part of G(r, r, ) equals 


Im G@, r, o) = { 


(A is real and positive when r = r’). Thus, we finally obtain 


—nrA(r,r,o) for o> yp, 
nrA(r,r,o) for wo <p. 


OE — sgn (E — p) fim G(r, r, E) dr. (7.45) 
8. Basic Principles of the Diagram Technique 


8.1. Transformation from the variable N to the variable u. Before under- 
taking the calculation of the Green’s function, we transform to new 
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variables. Until now, we have considered a system with a given number of 
particles. In what follows, it will be convenient to consider this number to 
be variable and to regard the chemical potential as given. As a matter of 
fact, we have already used this change of variables for the case of phonons, 
where we had » = 0 and the number of particles in the system was not 
specified. However, in the case of Fermi systems, we actually did specify 
the number of particles, and the chemical potential » appearing in any 
formula was regarded as a function of thisnumber. In practical calculations, 
we shall find it more convenient to regard p as an independent variable, going 
over to a given number of particles only in the final result. 

A transformation from one independent variable to another can be carried 
out in the following way: As is well known, the wave functions and energy 
levels of the system can be obtained from the variational principle 

CY*HY) = min, (8.1) 
subject to the condition 

<Y*NW) = const, (8.2) 
where Af and W are the Hamiltonian and the particle-number operator, 
respectively. Instead of (8.1) and (8.2), we can use the method of Lagrange 
multipliers, finding the absolute minimum of the expression 


(Y*(H — pNP), 
where yu is a constant, determined by using the condition (8.2). Thus, 
transforming from a given N to a given uw reduces to replacing the Hamiltonian 


by the operator H — uN. Since the operator N commutes with the Hamil- 
tonian, we easily see that the formula 


b,(x) oe e- tune, (xjetne = ett D(x) (8.3) 


describes the transformation of the operators (x), since the operator by 
decreases the number of particles by one. Similarly, for the operators 


D(x) we have 


bi (x) = e™ DF (x). (8.4) 
The Green’s function is defined as 
G(x, x’) = G(x, x‘ehe-™, (8.5) 


from which it follows that all the conclusions of the preceding section also 
apply to G,, provided we make the substitution 


Ow) > Oy + Y- (8.6) 


Since to calculate the number of particles and their momentum distribution, 
we only need the values of G for t = t’, the corresponding formulas (7.37) 
and (7.38) obviously do not change. The poles of the new Green’s 
function gives the energy of the excitations, referred to the level of the 
chemical potential. As already remarked, for practical calculations it is 
more convenient to use the functions G,. Therefore, as a rule, this will be 
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the definition of the Green’s function which we shall have in mind from now 
on, and the Green’s function will be denoted simply by G. Whenever the 
number of particles is regarded as fixed in analyzing the general properties 
of the function G (as in the preceding section), this will be explicitly stated. 


8.2. Wick’s theorem. We now turn to the calculation of the Green’s 
function. Using formula (6.32) for the transformation to the interaction 
representation, we can represent the perturbation series in a simple and 
concise form. As applied to the Green’s function, formula (6.32) has the 


os (TUX) p * (x')S(00)) 
yn _ aH x) * (x’)S(00))> 
G(x, x) = op (8.7) 
where 
S(00) = Texp{ -i Wee Hint ar}. (8.8) 


We emphasize once again that the )-operators appearing in (8.7) (including 
those appearing in H,,,) obey the equations for noninteracting particles. 

Expanding the quantity S(oo) in the numerator of (8.7) in powers of 
Aint, We obtain 





ey —i)? po po 
Soo) = 1-1 f°, Hage dt + SP f* [Tel ts) Hinat)) dy dt +> 


G(x, x’) = Sata ee eee (8.9) 


i oc 
wap 2, at I= 

x <T(VX)b* (x) Aint(t)- ° *Ayn(tn))>. 
For the time being, we shall not expand the quantity ¢<S(0o)> appearing in 
the denominator of (8.7). Asa rule, the interaction Hamiltonian H,,, is an 
integral over the space variables (and sometimes over the time variables as 
well) of products of a certain number of -operators (specific examples will 
be given below). Thus, every term of the series (8.9) contains an average of a 
chronological product of certain particle-field operators in the interaction 
representation, and hence we ought to begin by considering expressions of 
the type 
<T(ABCD.---XYZ)), 


where A, B, C, D,..., X, Y, Zare field operators in the interaction representa- 
tion. 

Each of the field operators can be decomposed into a sum of two terms. 
One of these terms, which might be called the ‘“‘annihilation operator,” 
gives zero when it acts upon the ground state. In the phonon operator 
(7.13) this operator is the sum involving 6,, and in the Fermi operator (6.14) 
it is the part of the sum with |p| > po. The other term, which might be 
called the “‘creation operator,” has the property that its Hermitian conjugate 
gives zero when it acts upon the ground state. A product 


N(ABCD--- XYZ) 
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of several operators will be called normal if all the “creation operators” 
appear to the left of the “annihilation operators,” and if the sign of the 
product corresponds to the parity of the permutation of the Fermi 
operators. Moreover, the difference 


A°B° = T(AB) — N(AB) 
will be called the “pairing” of the two operators A and B. 


We now show that the 7-product can always be expressed in terms of all 

possible N-products with all possible “‘pairings,”’ i.e., 
T(ABCD.---X YZ) = MABCD---XYZ) + N(A°B°CD.-- XYZ) 

+ MA°BC°D---XYZ) +---+ N(A°B°C?.-- X°Y°Z?), 
This relation is called Wick’s theorem (see e.g., A9). First of all, we note 
that a simultaneous permutation of the operators in both sides of (8.10) does 
not affect the validity of (8.10). Therefore, without loss of generality, we 
can assume that the arguments of the operators in (8.10) are already arranged 
indecreasingtime order. To obtainan N-productfromaT7-product, we haveto 
successively interchange all the creation operators in the 7-product with the 
annihilation operators appearing to their left. In so doing, we obtain a sum 
of N-products of the type written in (8.10). However, this sum contains only 
pairings of operators whose order in the T-product differs from their order in 
the N-product. But since pairings of operators vanish for which both these 
orders are equivalent, we can assume that the right-hand side of (8.10) 
contains normal products with all possible pairings. This proves the rela- 
tion (8.10). 

Using (6.14) and (7.13), we can easily verify that the pairings of two Fermi 
operators {)*(x’) and (x), as well as the pairings of two phonon operators 
(x) and ¢(x’), are c-numbers, while all other pairings are zero. For example, 
we have 


y = °(x')p(x) = Di : { ay ay — Sp: a, + Apap } eflp: rp! +r’ —€9(p)t + Eg (p’)t") 


Ipl>po Ipl<po 


(8.10) 


ep *(r—P’) — 49 (p(t - t’) for t’ >t, 


>Po IPI <Po 


p Fe(x" (x) = > {- Ap: _- ap Op + Ayay } etl: r—p’-r’—eo(p)t + £9 (p'Nt) 
V § Pp’ Ip 
1 


~~ VY ef -r)-tegipt-t) for ft’ < t, 
IPI > Po 


By the definition of the normal product, its average over the ground state 
vanishes, and hence 

A°Be = (T(AB)>. 
Then, taking the average of (8.10) over the ground state, we obtain 
<T(ABCD.---X YZ)> = <T(AB)<T(CD))-- -<T( YZ) 


(8.11) 
+ (T(AC)><T(BD)>- + <T(YZ)> +--- 
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Thus, our average decomposes into a sum of all possible products of averages 
over the ground state of separate pairs of operators. As always, the sign in 
front of each term corresponds to the parity of the permutation of Fermi 
operators. In particular, it follows from formula (8.11) that among the 
operators A, B, C, D,..., there must be an even number of operators of each 
field. Taking account of the definition of the Green’s function (7.1), we 
arrive at the conclusion that the average of a 7-product of any number of 
field operators can be expressed as a sum of products of free Green’s functions. 

8.3. Feynman diagrams. We now return to the original expression (8.9). 
Since H,y, is an integral of pairs of operators ), every term of the sum in 
(8.9) can be transformed according to formula (8.11). The result can be 
represented graphically by using so-called Feynman diagrams. It is best 
to illustrate this technique by a specific example: Suppose the system 
under consideration consists of identical fermions with spin-independent 
interaction forces acting between pairs of particles. Then, according to 
Sec. 6, Ain, has the a 


Hine = [UE (eb (t2)UC — Fa Wb(tadbalts) dt dro. (8.12) 
If we introduce the function 
V(x, — X2) = U(r, — r2)d(ti — te), 
the operator i H,,, at will contain two four-dimensional integrals. 


We now consider the terms of the sum (8.9). The first term is the Green’s 
function for noninteracting particles. The next term is of the form 


1 
A). 
dG = XS(aoy fate, d*x2 


X CT babs (x's (xbd (x2) be(x2)by(%1))> V(x1 — 2). 
According to (8.11), the matrix element in the integrand equals 
KT hal)bF (%1))> (bs (X2)be(%2)> <TH abs (x’))> 
— KT Wal) by (%1))> (be Oa) b(%1)> <Tdo(xa)be (x’))> 
+ KT Walx)bé (%2))> PF Cer b(%1)> <T(Yol(xa)be (x’))> 
— (T(Palx) be (X2))> <bF Orbo(%2)> <TH xs (x’))> 
+ (Thala) s (x'))> CLF Crdby(r)> (be (%2)be(%2)> 
— Tabs x'))> CPF Ar)bo(%2)> (bs (X2)by%1)>, 
which, by the definition of the Green’s function (7.1), can be written as 
IGL(X, Xs) GY (X2, X2)GY(m1, x’) 
—IGY(x, X1)GY(%1, X2)GP(X2, x’) 
+IGQ(X, X2)GO(X4, X1)G(x0, x’) 
—iGQ(x, X2)GO(Xa, X1)GQ(Xy, x’) (8.13) 
—IGQ x, x'\G(x1, x1 )GO(x2, X2) 
+IGRX, x'\GO(xX2, X1)GO(x1, X2). 


SEC. 8.3 BASIC PRINCIPLES OF THE DIAGRAM TECHNIQUE 69 


Thus, the expression under consideration separates into a sum of terms, each 
of which contains three Green’s functions for noninteracting particles. 

Following Feynman, we can associate with each such term a certain dia- 
gram, which is constructed according to the following principle: We use 
points in the plane to represent the set of space-time coordinates and spin 
projections on which the ¢-functions (appearing in a given expression) 
depend. Then the points appearing as arguments in a single function G 
are connected by a solid line, and the points x,, x2 appearing in V(x, — x2) 
are connected by a wavy line. When this is done, 5G corresponds to the 
six diagrams shown in Fig. 4,1° where each diagram has two external points 
x, x’ and two internal points x,, x2. We integrate over the coordinates of the 
internal points, and we also sum over their spin variables. A similar 
correspondence between formulas and diagrams can also be set up for 
perturbation-theory terms of higher order, as well as for other forms of the 
interaction Hamiltonian. Diagrams like these are known as Feynman 
diagrams. 


eS 


(c) Or (a) "98 Qe 


——— fe / 


FIGURE 4 


In this way, a certain analytical expression is associated with each Feynman 
diagram, and calculation of the perturbation series reduces to forming all 
possible Feynman diagrams and calculating the corresponding integrals. 
The rules by which the diagrams and the corresponding formulas are con- 
structed depend on the specific form of the interaction. Nevertheless, in 
every case a certain regularity of behavior is observed, which greatly simplifies 
the calculations. 

All the Feynman diagrams for the function G can be divided into two groups, 
connected diagrams and disconnected diagrams, where by a connected dia- 
gram, we mean one in which all points are connected by lines to the 
external points x and x’. For example, in Fig. 4 the diagrams labeled 
(a), (b), (a’) and (b’) are connected, while those labeled (c) and (d) are dis- 
connected. In the general case where we are dealing with some term or other 
of the perturbation series (8.9), the connected diagrams are those in which 
(x) is paired with a + in A(t), a b in Ajn(tp,) is paired with a 
}* in Hint(tp,), and so on, until finally we arrive in this way at }*(x’) without 


10 For simplicity, the spin variables are not indicated in Fig. 4. 


70 METHODS OF QUANTUM FIELD THEORY FOR T = 0 CHAP. 2 


omitting a single H,,, [see Fig. 5(a)]. The remaining diagrams in which one 
or several operators H,,, are not connected by any pairings to (x) and 
+(x’) are said to be disconnected [see Fig. 5(b)]. 


Q @ 


(a) (b) 
FIGuRE 5 


We now consider the correction to the Green’s function corresponding 
toa disconnected diagram. This correction obviously consists of two factors. 
The first factor contains all the H,,, connected to $(x) and }*(x’), ie., it 
contains the expression corresponding to the connected block in Fig. 5(b) 
attached to the external points x and x’. The second factor describes the 
remaining part of the diagram. Thus, the expression for the correction in 
question equals 


= 1D" fey + dig TOUCHY (2) Hints) Halt) Doon 


[dmg 1+ dty T(Hinaltm 3) *Hinc(ta))>- 


Here, <--->con and <---> denote a definite decomposition into pairs of 
operators }, Y+ in accordance with Wick’s theorem, where <-- ->¢o, empha- 
sizes the fact that in the corresponding expression, the pairings lead to a 
connected diagram. 

It is not hard to see that among all the diagrams, there are some whose 
contribution is exactly the same. In fact, changing the pairing in such a 
way as to simply redistribute the different H,,, among the angular brackets 
€+*+>eon and <---> merely corresponds to relabeling the variables of integra- 
tion and does not change the size of the contribution to G. Obviously, the 
number of such diagrams equals 


n! 
m\(n — m)! 
i.e., the number of decompositions of the operators Hi, into groups of m and 


n — m operators, respectively. The total contribution of all these diagrams 
equals 


(=) EP” fadty- dtm TUODY* (Hin) Hin t))Yeo 


x iS oe fatima «dt, <T(Hint(tm+1)*** H(tq))>- 


We now sum the contributions from all diagrams of any order containing 
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a certain connected part and an arbitrary disconnected part. It is clear that 
the result is 


(=) PY fey tg TOUODY (Hina) Higa te) Yeo 
x [! aa J dtm +1 Hinaltms1 = ; [atm 1 Um +27 (Hint(tm +1) Hint(tm+2)) 


—1)* 
tt SM Pane: din ae THinltn 3): *Hinin es) +++}: 


Returning to the original formula (8.7), we see that if the quantity <S(0o)> 
in the denominator is expanded in powers of H,,,, we obtain precisely the 
same expression as that between brackets in the last equation. Thus, we have 
<T(PO)Y* %')S(20))> = TLODY *(*’)S(20))> con S(00)>, 
and according to (8.7), 
G(x, x’) = —KT(b)b* (X')S())>con- (8.14) 

This rule is valid not only for the Green’s function, but also for calculating 
any expression of the type (6.32), containing an arbitrary number of field 
operators. This conclusion will be important in what follows. In practice, 
the rule just proved allows us to omit the factor ¢.S(0o)> in the denominator 
of formula (8.9) and at the same time ignore the contributions of discon- 
nected diagrams. 

A further simplification is made possible by the fact that identical contri- 
butions are made by all types of pairings in the expression 


-i cy fat ct din < TV)Y* (%')Aine(t1)- i * Ayne(tm))> con 


which differ only by permutations of Hi,,. This allows us to omit the 
factor 1/m! and consider only pairings that lead to topologically nonequiva- 
lent diagrams, i.e., diagrams that cannot be obtained from each other by 
permutation of the operators H,,,. The contribution from each such dia- 
gram no longer contains a factor which depends in an essential way on the 
order m of the diagram. As a result, each diagram can be decomposed into 
elements which can be regarded as separate corrections to the appropriate 
Green’s function. Obviously, a factor of A”, where A is a constant, does not 
depend on m in an essential way, since this factor does not prevent us from 
decomposing the diagram into elements. On the other hand, the appearance 
of a factor 1/m would prevent us from making this decomposition and 
summing over the parts of the diagram separately. 


9. Rules for Constructing Diagrams for Interactions 
of Various Types 


9.1. The diagram technique in coordinate space. Examples. We now 
consider in detail the rules for constructing Feynman diagrams in various 
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special cases. Of basic importance in every Feynman diagram are the lines 
representing Green’s functions of fermions or phonons. We shall represent 
a fermion Green’s function by a solid line and a phonon Green’s function by 
a dashed line. Moreover, we shall often equip a line with an arrow indicating 
its direction. For example, the line in Fig. 6(a) goes from the point with 


FIGURE 6 


coordinates x and spin projection « to the point with coordinates x’ and 
spin projection 8, and this line denotes the Green’s function 


GRO X') = GRO — x’). 
On the other hand, the line in Fig. 6(b) denotes the Green’s function 
GLC’, x) = GLX’ — 2. 


We can omit the arrow on a phonon line (see Fig. 7), 
—-—-—-—-—-—— , since, as we have seen in Sec. 7, D® is an even function 
of x — x’. We integrate over the coordinates of points 
FIGURE 7 where lines meet (the integration is over all space and 
from t = —oo tof = oo), and we also sum over all spin 
variables of such vertices. 
We now study some specific examples: 


A. Two-particle interactions. The simplest Feynman diagrams for two- 
particle interactions have already been considered (see Fig. 4) in our discussion 
of the correspondence between formulas and diagrams. As already ex- 
plained, disconnected diagrams should be discarded together with the 
factor <S(co))~1. Thus, to the first order, the only diagrams left in Fig. 4 
are those labeled (a), (b), (a’) and (b’). However, since we integrate over the 
coordinates x, and x, (while summing over the corresponding spin variables), 
it turns out that diagrams (a) and (a’) are equivalent, and so are diagrams (b) 
and (b’). This compensates the factor of 4 in H,,. (A similar situation 
occurs in the higher-order approximations.) Thus, our prescription consists 
in omitting the factor 4 and considering only topologically nonequivalent 
diagrams [e.g., diagrams (a) and (b)]. 

Next, we note the following fact: As already mentioned, the sign with 
which a diagram appears depends on the parity of the permutation of the 
Fermi operators }. It is not hard to see that a change in sign is connected 
with the formation of a closed loop in the diagram. Therefore, the sign of a 
diagram is determined by the factor (— 1)", where F is the number of closed 
loops. 
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Another situation worthy of mention is the case where the times in both 
arguments of a single function G® are the same. This happens only when 
two operators from a single Hamiltonian Hj,, are paired. Since the order of 
the operators in H7,,, is specified (all the }* appear to the left of all the ), 
such a G® must be interpreted as the limit 


lim G(t,t+8)= lim G(—8 = iXb*(r) U(r). 
b> +0 6++0 


We now state the general rules which are used to calculate the correction of 
order 7: 


1. 


Form all connected, topologically nonequivalent diagrams with 2n 
vertices and two external points, where two solid lines and one wavy 
line meet at each vertex; 


. With each solid line associate a Green’s function G&3(x, x’), where 


x, are the coordinates of the initial point of the line, and x’, B are the 
coordinates of its end point; 


. With each wavy line associate a potential 


Vix — x’) = Ur — r'’)dX(t — 1’); 


Integrate over all the vertex coordinates x(d*x = dr dt), and sum over 
all internal spin variables «; 


. Multiply the resulting expression by i"(— 1)’, where F is the number of 


closed loops; 


. If there are any Green’s functions G™ whose time arguments are the 


same, interpret them as 


lim G(r, — re, —1). 
t++0 


Ak. ti: te dle 
Pe a mA 


FIGuRE 8 


We now illustrate this procedure by calculating the second-order correction. 
The appropriate connected, topologically nonequivalent diagrams are shown 
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in Fig. 8. According to the above rules, the corresponding analytical expres- 
sions are the following: 


= | d*xy d4xq d*xs d4x4 GO (x — x1)G%,,(x1 — x2) 


x GQo(x2 — x’)G,,(0)G%,,(0)V(x1 — x3)V(x2 — x4), ~ 

- J dx, dix, dts dt, GB, — X)GR a — X)GBo% — 0) 
x G43 — X4)GYPo(x%4 — x’)V(xy — x2)V(xg — x4), 

+ [dtxy dtxy dtxy d*xy GQ (x — x)GQya(x1 — X2)G2a(a — Xe) ‘is; 
x GRo(xs — x’)G,,(0) V(x. — x4)V(x2 — Xa), 

f J diy dix, dts dx4 GRA(X — AGM — x2)GBo(% — 9) (gy 
x GP(x3 — XG) 4) V(x — X2)V(x3 — Xa); 

= dts dig dba dg GEA(X — AGRA — XG o(% = 9) Gy 


x Gira(%a — X2)GY,,(0)Vr — x2)V(xX3 — Xa), 

+ J d*xy d4*xq d*xg d*x, GO (x — x1)GP (x1 — x')G%,,(x2 — Xa) (f) 
x OMe y4(%s -= XG rvo(%a pa X2)V(x1— X2)V(xg i? Xa), 

+ fat, d*xX_ d*xg d*x4 GO (x — x1)G2.(%1 — X2)G%,,(x2 — Xa) (g) 
x GIP(x3— x')G% (0) V(x. — X3)V(xX2 — Xa), 

2 | dtr dha dy dix, GBC — *)G2ra(H — X2)GBo(%2 — 0) gy 
x GY4(%3 — Xa)GMo(x4 — x’)V(x1 — X4)V(x2 — Xs), 

— [dtx, dx, dx, dx, GO,(x — xi)GPya(%1 — x2)GQig(2 — Xa) @ 
xX GY rva(%a — Xa)GVo(x4 — x’)V(xX1 — Xa)V(xX2 — 4), 

+ fates *Xy d*Xq d*x4 GY(X — X)GY.(%1 — X2)GY2o(X%2 — B) (i) 
x GQ\4(%3 — X4)GQy.(%4 — X3)V(x1 — X3)V(x2 — 4). 

In the case of two-particle interactions, we can set up our perturbation 
theory in a somewhat different and more symmetric form, which is more 
convenient when the interaction depends on the spins. Such an interaction 
has a Hamiltonian of the form 


Hine = 5 [YECDOE C2)Uaoralts — FadYalaNaCh) dy dra, 1) 


We represent the integral J Aine dt appearing in the operator S in a form 
which is symmetric in all the variables: 


1 
| Fnedt = g [ator dtc, dtxg de dh db) 


x DM vavavalX1s X23 Xa, X4 yg (%4)by,(%3). 
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Since the )-operators anticommute, we can regard I as an antisymmetric 
function with respect to the permutations x1, 1; = Xe, Y2 and Xs, Y3 = X4, Ya. 
The function [ can be obtained from the expression 


Uns vacvava(¥1 — Vo)8(t1 — t2)8(%1 — X3)8(X2 — X4) 


by subtracting a similar expression in which the indices 3 and 4 have been 


permuted.?? 
Using I, we now calculate the first-order correction to the Green’s 


function, ie., 
1 
— 14 . 
8G) = — 1 fate, d*X_ d*xg d*x4 PO, veug(X1, X23 Xa, X4) 


CT (dal bs (be, rv 2) by, 4) bya (%a))>, 


where in the averaging symbol <---> we drop everywhere the label “con” 
(referring to connected diagrams). Since ® is antisymmetric in all its 
arguments, the expression for 5G reduces to a single term 


i J d*x, d*xy d*xg d4x4 G2,(x — x1)G,(%a — X2) 


x G9 n(X4 a RE) ceayy (x1, X2; X35 X4). 
We shall use an open square to represent in our diagrams. a: 
Thus, the first-order diagram has the form shown in Fig. 9. FIGURE 9 
In the second approximation, there are three kinds of 
connected and topologically distinct diagrams (see Fig. 10), and the corre- 
sponding expressions are 
= [dtxy- dbx, GQ (x — x)GQiO%s — x’) 
x Gio y5(%4 = Xs)G YP yo(%7 — X2) GY .(%s = Xe) (a) 
x DD ve. vaval(Xas X23 Xa, Xa Pye, veve(%5> X63 X75 Xe); 
— [dtxy---dtxy GQ. (x — x)GQq(x9 — 6) 
x GYPa(%7 — x) GP a(%4 — X2)Gy6(X%8 — Xe) (b) 
x Pye. rrv0(X6> X03 X71, Xa V Ove, yova (X1 X25 Xa, X4) 
1 
= 5 [ater dbx, G(x — x1), — 8) 
x GY y(%7 — X2)Giea(xs — X’)GY.(%4 — Xe) (c) 
x aves Xe; X3, Xa) v6. vave(X5s Xe; X75 Xe). 


Note that the last term contains the factor 4. 
The calculation of the nth-order correction goes as follows: 


11J.n this notation, the term corresponding to the “transition” x1, ‘y1 — xs, Y3; 
Xa, Y2—> X4, Ya is taken with a plus sign [cf. (9.1)]. This must be kept in mind when 
determining the signs of the diagrams (see below). 
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1. Form all connected, topologically nonequivalent diagrams containing 
n squares (in the present case, all diagrams obtained by permuting 
vertex coordinates of the squares are topologically equivalent) ; 


2. With each line associate a Green’s function G&(x — x’); 
3. With each square associate a function T'), | y,y,(%1, X23 X3, X4)5 


4. Integrate over the coordinates of the vertices of all the squares, and 
sum over the corresponding spin variables; 


5. Multiply the resulting expression by 


: y Sart 


where m is the number of different diagrams in the unsymmetrized 
technique corresponding to the given expression. The sign of each 
expression is also determined by comparison with the unsymmetrized 


technique. 
(a) (b) (c) 


FiGureE 10 


The following example illustrates the last rule: Consider diagram (a) of 
Fig. 10. In the unsymmetrized technique, this diagram corresponds to 
diagrams (e), (f), (g) and (h) of Fig. 8, and hence m = 4. Moreover, 
diagram (c) of Fig. 10 corresponds to just two diagrams of Fig. 8, i.e., dia- 
grams (i) and (j), and hence in this case m = 2, and the corresponding ex- 
pression appears with the coefficient 4.12 

To illustrate how the sign of an expression is chosen, we again use 
diagram (a) of Fig. 10. The quantity [ was obtained by antisymmetrizing 
an expression in which the points 3 and 1, as well as the points 2 and 4, 
coincide. If we now regard these coordinates as the same in the expression 
corresponding to diagram (a) of Fig. 10, we immediately obtain diagram (e) of 
Fig. 8, which contains two loops and appears with the coefficient (i)?._ In 
practical calculations, it is simplest to first write the arguments in all the [1 
and only afterwards write the arguments in the G®, keeping in mind the 
correspondence with one of the diagrams shown in Fig. 8. 


12 In complicated diagrams, this program may be hard to carry out. It is then simpler 
to obtain an analytical expression directly from formula (8.14), using diagrams only to 
suggest various possible kinds of pairings. 
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According to the rules just given, the following expression corresponds to 
the third-order diagram shown in Fig. 11: 
_ © d*x,---d*xy_ GO (x — x;)GO,.(x3 — Xs) 
2 1 12 Vay x Y3Y5 X3 X5 
x Giye(%7 — Xe)G I, p11 — X’)Gy1 o(%4 — X10) 
X GP rye(X12 — Xe)GQya(%8 — Xa Po. vava(%1 X25 Xa, Xa) 
x Bh egg XB: Xe; X17, Xa) Oy. 0. v11¥19(%9s X105 X11, X19). 
Obviously, if we substitute for [ its expression in terms of the potential 
U.p,y(¥1 — To), all the above expressions go over into the corresponding 
expressions of the unsymmetrized theory. 
Expressions involving a spin-independent point interaction, i.e., an inter- 
action with potential 
Uasyo(F1 — Fa) = MaySps5(F1 — Fa), 
take a particularly simple form. In this case, [ becomes 
eit = ABy175 9 yav8 — 9y 4 194279 )(%1 — X2)5(X1 aes X3)S(X3 re X4) 
= Ly vatvarg(%1 — X2)8(%1 — X9)5(%1 — 4), (9.3) 


and only one integration survives among the four 


integrations over the vertices of the open squares in 
Figs. 9 and 10. Therefore, these squares can be 
replaced by points. For example, then the diagrams 


in Figs. 9, 10(c) and 11 take the forms shown in Fig. 


12, and the corresponding expressions are given by Ficure 11 
Lys ya. roe8ra(0) [dtxr G8, (x — x)Gx(x1 — *), (a) 
2 


4, 4 0 (0) 
~ A Lyyy2. rovaHvsy6. Y7¥8 fa X1 d4*xg GY (x _ x) GX = Xo) 


2 
x GY vo(X2 = X1)Gs(Xe = XG y6(%1 — Xe), 


i 
eee Ly iy. roveLvsye. ye H-ver10. viiv12 fate, a*xs d*xs GY (x = x1) 
x Gys(%1 — X2)GYy9(X2 — X3)GY2) o(%3 — x’) (c) 
x GO, (2 — X3)G > ve(Xa = X2)G,.(X2 = x). 


(a) (b) (c) 


FiGure 12 


B. Electron-phonon interactions. With a view to later applications, it will 
be assumed that we are dealing with the isotropic model of a metal, in which 
electrons interact with phonons, and the interaction mechanism is due to the 
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polarization of the medium produced by the lattice vibrations. As a result 
of the polarization, the energy of the electrons is changed by an amount 


—e frmKe — 1’) div P(r’) ar ar’. (9.4) 


Here, n(r) is the electron density at the point r, P is the polarization vector, 
and K(r — r’) is an interaction function. For values of |r — r’| which are 
small compared to the lattice spacing, we have 

Kar - r’) ~ rr) 
For larger distances, K(r — r’) falls off rapidly to zero, because of the 
screening of the polarization charge by electrons. This allows us to replace 
K(r — r') by a?8(r — r’), where a is a constant of the order of the lattice 
spacing. The polarization vector P is proportional to the displacement of 
the medium, i.e., 

P(r) = Cq(), 

where C is a constant of order ZeN/V. (A unit volume contains N/V ions, 
each with charge Ze.) 

Since the energy of the interaction between the electrons and the lattice 
vibrations contains div P = C divq, it follows that the electrons interact 
only with the longitudinal vibrations. According to (9.4), the interaction- 
energy operator can be written in the form 


ea?C fer@um div q(r) dr. 


Since the operators q, are linear combinations of the annihilation and 
creation operators, we might as well define the field operators ¢(r) in such a 
way as to give Hj,, a more convenient form. It is easily seen that if we 
choose (7.13) as our definition of the field operators o(x), the Hamiltonian 
for electron-phonon interaction takes the form 





Hine = 8 [¥E aC) a, 9.5) 
where the (interaction) coupling constant is 
= ea®C 
8 weve 


and up = wo(k)/|k| is the velocity of sound. Replacing all the constants on 
the right by their orders of magnitude, expressed in terms of electron para- 
meters, we obtain 
2 _ 20%, 

or ap (9.6) 
where m is the mass of the electron. With this definition, the constant 7 is 
dimensionless, and comparison with experimental data for metals shows 
that y ~ 1. 
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To find the Green’s functions, we need only take into account even terms 
in the expansion of S(co) in powers of H,,,. Since we can average the electron 
and phonon operators separately, the diagrams for the electron Green’s 
functions turn out to be the same as for two-particle interactions between 
fermions. The only difference is that we must now change all wavy lines to 
dashed lines, corresponding to phonon Green’s functions, while simultane- 
ously making the change 


Vix1 — X2) > g?DO(x, — X2). 
As for the phonon Green’s functions, the first nonvanishing correction 


appears in the second order (with respect to Aj,,), as shown by the 
diagrams in Fig. 13. The corresponding expressions are 


—37i fates d*xo DO(x — X;)D(X%2_ - X)GR (x2 = X2)GO(Xe — x), (a) 
+ g% {dtxy dt, D(x — x1) D%(xy — XEN OCHO. (b) 


The second of these expressions must equal zero. To see this, we note that 
by definition the function D® contains the quantities ¢ which are proportional 
to divq, where q is the displacement vector. It follows that the function 
D(x — x,) is proportional to 

T(p(x) div q(x1)) = div, <T(9(x)q(%))>. 
Since in the expression corresponding to diagram (b) of Fig. 13, the coor- 
dinate r, appears only in D© (x—x,), and 


since, as just shown, this function has the eS: 

form of a divergence, the integral with ~~ Oo e- 
respect to r, transforms into a surface (a) (b) 
integral, and hence vanishes, regardless Ficure 13 


of whether the displacement on the boundary is assumed to be zero or to 
obey periodic boundary conditions. For the same reason, all diagrams 
for the D-function in which the external points are separated [in the sense 
of Fig. 13(b)] lead to vanishing analytical expressions. 

We now state the general rules which are used to calculate the corrections 
of order 27 to the electron and phonon Green’s functions: 


1. Form all connected,'* topologically nonequivalent diagrams with 2n 
vertices ; 


2. With each solid line associate a free-particle Green’s function 
G‘93(x — x’), and with each dashed line associate a function D(x — x’); 


3. Integrate over the coordinates of all vertices, and sum over the cor- 
responding spin variables; 


4. Multiply the resulting expression by g2"(i)"(— 1)*, where Fis the number 
of closed loops formed by fermion G-lines. 


13 Here diagrams of the type shown in Fig. 13(b) are considered to be disconnected. 
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As an example, the expression corresponding to the diagram shown in 
Fig. 14 is 
g [atrrdtxsd*xad*x, D(x = x1)D©(x_g — X3)D(x4 — x’) 
x Git va(%1 — X2)Gio\4(%2 — X4)GYPra(%4 — X3)Giqn1 (Xa — 1). 


C. External fields. As our last example, we 


consider the interaction of particles with an external 
field. Then, according to Sec. 6, the interaction 


Hamiltonian takes the form 


Hine = [bE Vaslt, Obs) ar. 0.7) 


The indices «, 8 on the potential V allow us to take into account the influ- 
ence of an external magnetic field on the spins of the particles. In this case, 


Vias(t, t) = LoFas°H(r, t), 


where uy is the magnetic moment of the particles, and o denotes the Pauli 
matrices. 


FiGureE 14 


oe ee 


(a) (b) (c) 


Ficure 15 


It is not hard to see that in the present case, all the diagrams have the 
simple form shown in Fig. 15, where each cross denotes a potential V..9(x). 
For example, the expression associated with diagram (b) is 


fate, d*x2 GY (x — x1)G (01 — Xe) GP o(X2 = X Wy g(r) Vigvq(X2)- 


The rules for forming diagrams and the corresponding analytical expressions 
are trivial, and the diagrams of all orders have the same multiplicative factor 1. 
The only thing worthy of mention is that since space and time are no longer 
homogeneous, the Green’s functions now depend on x and x’ separately, and 
not just on the difference x — x’. 


9.2. The diagram technique in momentum space. Examples. Using the 
technique just presented, we can easily write down any term of the perturba- 
tion series in integral form. However, evaluation of the resulting integrals is 
very difficult, since G® and D® are discontinuous functions of the time 
argument. Thus, to calculate the corrections to the Green’s functions, we 
would have to carry out integration with respect to time over a set of regions 
whose number would increase “‘catastrophically fast” as the order of the 
approximation is increased. The way out of this situation is to expand all 
quantities in Fourier integrals. We now illustrate this procedure by dis- 
cussing the same examples as in Sec. 9.1. 
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A. Two-particle interactions. Consider the expression corresponding to 
diagram (b) of Fig. 4: 


i fdtx, d*x2GQ) (x = XG. (4 = X2) GP a(X2 = x')V(x4 — Xg). (9.8) 
We expand all quantities in Fourier integrals, using the formulas 


ds 
G(x. — X2) = laa 





GEN pein =, 
dq (9.9) 
Vix, _ Xe) — eo; V(qye!t*1 ~ 72), 
where p,q are the four-dimensional vectors p = (p, »), g = (q, @), and the 
product p(x, — x2) equals 
P(t, — Te) — ot; — ta). 

The expression for the free fermion Green’s function G9(p) has already been 
found in Sec. 7 [i.e., formula (7.7) with w replaced byw + pj]. Substituting 
(9.9) into (9.8), we obtain 
i(2n)-* | d*p, d*p, d*pg d*q d*x, d*xGyy, (P1) Git, (P2) Gy. 0(Ps) V(q) 

x @tPy (E—4y) + IP 2 (Zy — Fg) ptPg(Zq — 2") + ial, — TQ) 


Then integration with respect to x, and x2 gives 
i(2n)~® | d*p, d*pg d*pg d*qGey, (P1) Gy) 14 (P2)Gy2n(Ps) V(q) 


x 8(D1 — Pa — a)8(Pa + 4 — pae™*-0*, 


We now take the Fourier components of (9.10) with respect to x and x’, 
obtaining 


3G (p, p’) = i | dpe d*gG2, (P)G%,(p.)CL3(')V(a) 


x 8(p — po — g)S(p2 + 9 — P’)- 


Comparing this expression with diagram (b) of Fig. 4, we see that each solid 
line now corresponds to a function G(p), each wavy line to a function V(q), 
and each vertex to a 6-function d(2p) = d(Zp) d(2e) expressing con- 
servation of energy and momentum, where the integration is over the 
momenta of the internal lines. Carrying out the integration with respect to 
P2, and bearing in mind that G&R(p) = G(p)d.5, we find that 


SGD, P') = 8GM(D)8(p — p'\2n)*8a5, 


36) = 16% [EE GC - MME). 


(9.10) 


This expression for 3G(p), which represents a correction to the Fourier 
component of the function G(x — x’) with respect to the variable x — x’, 
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can be given a very lucid interpretation in terms of Feynman diagrams. 

In fact, imagine a particle with momentum p, which in the course of its 

motion emits an ‘“‘interaction quantum” with momentum gq, thereby acquiring 

momentum p — q itself. After a certain time, the particle absorbs this 
quantum, getting back momentum p. 

A similar interpretation can be made for the other diagrams. For example, 

the correction 8G°”(p) corresponding to diagram (a) of Fig. 4 has the form 

4 
862 = —2iG(p)V(0) | ae G(p EG), 

where t— +0. The factor e' in the integrand appears at the place where 

a Green’s function with identical arguments appears in the coordinate 

representation. [As already noted, such a 


p function has to be defined as the limit G(—0).] 

g The coefficient 2 is the result of taking the trace 

2 with respect to the spins. The diagrams for 3G 

P PP P and 8G” in the momentum representation are 
{a} (b} shown in Fig. 16. 

Ficure 16 Next, we consider diagrams of any order n, 


containing 2n vertices, 2n + 1 solid lines and n wavy lines. We substitute 
Fourier expansions like (9.8) for G® and V in the appropriate coordinate- 
representation formulas, and then integrate over the 2n coordinates of the 
vertices. This leads to 2n factors of the type (2p) expressing conservation 
of energy and momentum. One of these conservation laws reduces to 
equality of the external momenta, and asa result, all the terms of the expansion 
of G(x, x’) in the perturbation series depend only on the difference x — x’ 
(this is an obvious consequence of the homogeneity of space). Because of 
the presence of the remaining 2n — 1 $-functions, only integrations survive 
among the 3” — 1 integrations over the four-momenta of the internal lines 
(both solid and wavy). 

The general rules for obtaining the expression corresponding to a given 
diagram of order n are as follows: 


1. With each line associate a given four-momentum in such a way that the 
two external lines have the external momentum, and the momenta of the 
internal lines satisfy the conservation laws at each vertex; 


2. With each solid line associate a quantity 


8 
G2(p) = ————_ 8. —_— 
HP) = Seip) + iB sen Ep) 
where . 
E(p) = eo(p) w= Fw, 8 40; 


3. With each wavy line associate a quantity 
V(q) = U@); 
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4. Integrate over the n independent four-momenta; 


5. ‘Multiply the resulting expression by (2m)~*"(i)"(—1)*, where F is the 
number of closed loops. 


P94, 49+ 95 





FIGURE 17 


Using these rules, we can easily write down any correction to the Green’s 
function. For example, the correction corresponding to the diagram shown 
in Fig. 17 equals 


= Bag(G(PY )(2m)-?° [adtqy d*ga d*gs dq, U(qs)U(@2)U(Qs) 
x UGi + ga + 4s)U(gs)G(p — 41)G(p — Gi — 42) 
x G(p — 41 — G2 — 9s)G(p — G1 — G2 — G3 — 4s) 
x Gp — gs) (dtp: G(P)G(Ps + 9s): + Ge + 4s) 


x Gp, + Gi + G2 + 4s). 

Next, we consider the other, symmetrized version of the diagram technique 
for two-particle interactions. On p. 74, we introduced the symmetrized 
quantity PO), vsva(%1, X23 Xa, X4), Which by its very definition depends only 
on the coordinate differences. Therefore, the Fourier components of 
contain d(p; + P2 — ps — p4), and hence from the outset it is convenient to 
define the Fourier components of I as 


(27)*8(p1 + Po — Ps — Pa)E (pi, Po; Ps, Pi: + P2 — Pa) 
= fatx, d*xe d*xz d*x4 TO(x,, Xi Xa, X4)e~ #172 —tPgtg +1Pgy +1P yt, 


The Fourier transform of the first-order correction corresponding to the 
diagram shown in Fig. 9 has the form 


C0 ny? (APL Por . (0) 
HGR)" | 5a VM. oP, Pas Ps PIG Ps)- 


A 





In momentum space, this diagram has the form shown in ? p 
Fig. 18. The general rules for constructing diagrams are —- Ficure 18 
exactly the same as before. In particular, the coefficient associated with the 
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nth-order diagram differs from the corresponding coefficient in the coordinate 
representation only by the factor (2)- 4". 


p 
_ B. Electron-phonon interactions. The following are 
k k the general rules for interpreting a diagram of order 2n 
p-k for an electron or phonon Green’s function: 
Ficure 19 1. With each solid line associate a function 


1 


Us w — E(p) + id sgn E(p) 


where 8 —> +0; 
2. With each dashed (phonon) line associate a function 
we(k 
DONS wo? — a + 18 
where 5 —> +0 [see (7.16)]; 
3. Integrate over the n independent momenta; 
4. Multiply the resulting expression by 
g°"(2n)- *"(i)"(—1)*, 
where F is the number of closed loops. 
For example, the expression corresponding to the second-order diagram 
shown in Fig. 19 is 


21D WHE [FE GWG — B). 
(2x)* 

C. External fields. As already mentioned, space becomes inhomogeneous 
in the presence of an external field, and G(x, x’) ceases to be a function of 
only the difference variable x — x’. Therefore, we introduce the function 
Gas(p, p’), Which is the Fourier transform of G(x, x’) with respect to both 
variables: 





Gass, x) = [EE SE Ganlp, pero, 
Taking the Fourier transform of the expression 
[dx, GQ.(e = x1)O8(1 — Xara), 
corresponding to diagram (a) of Fig. 15, we obtain 
GP) Vase — P'YG(p’), 
where V,4(p) is the Fourier component of V(x): 


4 
Vass) = [5, Vaslpe?™ 


The corresponding diagram in momentum space is shown as diagram (a) of 
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Fig. 20. The expression corresponding to the second-order diagram 
[diagram (b) of Fig. 20] is 


4 
Cp) | EEE Vol — PGP: Vial Ps —P')G%P). 


Thus, we have the following general rules for interpreting the nth-order 
diagram for G(p, p’): 


1. Associate G(p) with the left-hand 
external line and G(p’) with the — »—» 9 —+.—-»—__ 


right-hand external line; e 4 ? a e 
(a) (b) 


2. Let each cross denote the Fourier 
component of the external field with Ficure 20 
respect to the momentum difference of the G-lines appearing immedi- 
ately to the left and to the right of the cross; 


3. Integrate over the momenta of all the G-lines except the two external 
lines, and sum over all the spin variables on which V depends (except the 
external variables); 


4. After performing the integration and summation, multiply the resulting 
expression by (2x)-*-». 


10. Dyson’s Equation. The Vertex Part. Many-Particle 
Green’s Functions 


10.1. Sums of diagrams. Dyson’s equation. In most problems of quan- 
tum statistics, it is usually not permissible to take into account only the first 
few terms of the perturbation series. Instead, we have to sum various 
infinite series of terms, corresponding to so-called “principal diagrams,”’ 
which, because of the conditions of the problem, make contributions of the 
same order of magnitude. A remarkable property of the diagram technique 
for calculating Green’s functions (presented earlier in this chapter) is that 
calculation of the sum of an infinite (or finite) set of terms of the perturbation 
series can characteristically be described in terms of “ graphical summation” 
of diagrams. This means that the diagram representing a certain sum may 
be regarded as made up of elements, each of which is in turn the result of a 
summation. For example, the lines of a diagram may represent sums of 
certain infinite sequences of terms in the perturbation series for the Green’s 
function, and hence may themselves represent “‘sums of diagrams.” Analytical 
expressions are associated with diagrams according to the same rules used to 
calculate the expressions by perturbation theory, e.g., each line representing 
a sum of diagrams is assigned the corresponding analytical expression. 

The possibility of carrying out graphical summation is a consequence of 
the rules given above for calculating corrections to the Green’s function by 
using appropriate diagrams. A moment’s reflection shows that every such 
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correction is constructed, so to speak, from individual “bricks” (Green’s 
functions and vertex operators), with integration over coordinates (or 
momenta) serving as a kind of “mortar” joining the various bricks together. 
Thus, we can construct diagrams not only from “primitive” elements 
(zeroth-order Green’s functions G® and elementary vertices), but also from 
entire “blocks” at a time, where the blocks themselves consist of a large 
number of primitive elements. 

For example, consider diagram (a) of Fig. 21. One way of writing the 
analytical expression corresponding to this diagram is to use the ordinary form 
of the diagram technique. However, the following approach is also possible: 
We first calculate the contribution of the subdiagram surrounded by the 
dashed line in Fig. 21(a). Then we write the expression corresponding to 
diagram (b), but with the upper line (marked in the figure) we associate 
instead of G® a more complicated expression. It is easily verified by direct 
calculation that both approaches give the identical result. 


cee | 
|\2-\b- 
Re ES 
le 
(a) (b) 


FiGure 21 


This procedure is completely general. Thus, from a diagram for G we 
can always delete any part which contains two external lines and is joined 
to the rest of the diagram by two G-lines. Then we can calculate the 
contribution from the deleted part and afterwards write the expression for 
the whole diagram by using an “abbreviated diagram,” in which some 
appropriate line is assigned the whole contribution from the deleted part. 

Any part of a diagram which can be joined to the rest of the diagram by 
two G®-lines (or two D-lines) is called a self-energy part. Moreover, by 
an irreducible self-energy part, we mean a self-energy part which cannot be 
divided into two parts joined by only one G-line. For example, the self- 
energy parts in Figs. 9, 10(a) and 10(c) are irreducible, but the one in Fig. 
10(b) is reducible. Every diagram for a function G or D consists of a basic 
line with irreducible self-energy parts strung along it. Moreover, there can 
be infinitely many such self-energy parts, and they can appear in any order. 

In general, it is impossible to sum all the diagrams for the Green’s functions. 
However, we can carry out a partial summation, and as a result, all that is 
left is a sum involving various irreducible self-energy parts. In fact, consider 
any diagram for a G-function. The diagram begins with a G®-line, and 
some irreducible self-energy part comes next. If we cut these first two ele- 
ments off the diagram, the rest of the diagram again begins with a G-line 
and contains an arbitrary number of arbitrary self-energy parts. Thus, the 
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rest of the diagram again represents the exact G-function. This leads to the 
basic equation 

G=G + GG 
for G, or equivalently, 

Gu} = (G®)-1 — &, (10.1) 
where 

X= 2, + 2X + Ug t--- (10.2) 

is the sum of all the different irreducible self-energy parts. We call & the 
exact irreducible self-energy part or the mass operator. 

The quantity & can be calculated by using diagrams which differ from the 
diagrams for G only by the absence of the two external G-lines (and which 
cannot be divided into two parts joined by only one G-line). However, in 
cases where it is necessary to sum an infinite series, instead of just calculating 
the first few diagrams, it is usually more convenient to express &% in terms 
of another set of diagrams, called the vertex part. This procedure depends 
on the specific nature of the interaction, and will be illustrated by using the 
examples considered in Sec. 9. 


A. Two-particle interactions. In this case, it is most convenient to use 
the symmetrized form of the theory. The first-order term in & corresponds 
to the diagram in Fig. 9, without the external G®-lines. We begin by sepa- 
rating from the higher-order terms all diagrams in which the self-energy part 
is connected to the basic G-line by a single open square I, as in Fig. 10(a). 
It is entirely clear that the set of all such diagrams for > can be obtained from 
the first-order diagram by inserting all possible self-energy parts into the inter- 
nal G-line, which as a result gives a line corresponding to the exact Green’s 
function. Thus, the expression corresponding to the set of all diagrams for 
= which are connected to the basic G-line by a single square equals 


fas 
EB) = 1 [Gays PR ool, pas Pv P)Geu(P2). (10.3) 


From now on, we shall represent the exact Green’s function by a thick line. 
Then the quantity =“ can be represented by the diagram shown in Fig. 22. 


2+ <> 


FIGuRE 22 FIGURE 23 


The simplest diagram which does not appear in the set of diagrams just 
described is the self-energy part in Fig.'10(c). Moreover, although some of 
the more complicated diagrams can be obtained by insertion of self-energy 
parts into internal G-lines, this method does not lead to the diagram shown 
in Fig. 11. Nevertheless, we can derive Fig. 11 from Fig. 10(c) if we first 
separate the I“®-square on the left from the rest of the diagram by cutting the 
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three internal G-lines leaving the square, and then replace the square on the 
right by another diagram, as shown in Fig. 23. It is not hard to see that all 
the diagrams for = which are not included in (10.3) can be obtained from 
Fig. 10(c) by insertion of self-energy parts into internal G-lines and re- 
placement of the square on the right by the set of all diagrams which have 
four external points and cannot be decomposed into disconnected parts.'* 
We call this set the vertex part, denoted by yp, (pi, Pe; Ps, Ps), and we 
represent it in diagrams by a shaded square. It should be noted that just as 
in the case of I“, the four momenta appearing in I must satisfy the conserva- 
tion laws py} + po = Pa + Pa. 

Thus, the second part of & can be represented by the diagram shown in 
Fig. 24, and equals 
TQ = 1 pd'ps d'p2 To 


— 3) ame TstinelP, Pas Pa P + Pr — Pa) (10.4) 


X Gau(p2)Gye(P1)Gey(P + Pr — P2)V uy, ve(P2, P + Pi — P2s Pr; P) 


Substituting & = 2% + X@ into equation (10,1), we obtain 
Fe Ps 
foo — ENG asl) — 1 [GE VS oP. Pai Pas PGre(P2)Gra(P) 


1 pd‘p, d* 
+ 5 [Baye PR ols Pas Pos Pa +P Pa)GrulP2)Gre(Ps) 





x Gey( P+ Pr — Pa) uy, vo(P2, P + Pi — D2 Pr, P)Gop(p) = Sup. —«(10.5) 


This equation, connecting the G-function with the vertex part, is called 
Dyson’s equation, and has been derived here by summation of diagrams. 
Below, we shall give an analytical derivation of Dyson’s equation, and we 
shall examine the vertex part in more detail. 


B. Electron-phonon interactions. The simplest diagram for & in the 
electron Green’s function is shown in Fig. 25(a). In just the same way as 
before, we can easily see that this diagram is the only skeleton diagram, i.e., 


err 


wee 7 NY 
Yo Ty 4 
(ee | i ZB 
(a) (b) 
FIGURE 24 FIGuRE 25 


all the more complicated diagrams can be obtained by insertion of self-energy 
parts into internal G® or D-lines, and by replacement of the vertex on the 
right by the set of all diagrams with three external points, one associated with a 


14 The diagrams shown in Figs. 9 and 10(c), which are basic for constructing more 
complicated diagrams, are sometimes called skeleton diagrams. 
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phonon and two with electrons. We again call this quantity the vertex part, 
denoted by I'(p, p — k; k), and we represent it in diagrams by a shaded 
triangle. 

Thus, in the case of electron-phonon interactions, the exact irreducible 
self-energy part for electrons, denoted by %, is represented by diagram (b) of 
Fig. 25, and equals 


= = ig f a G(p — HDUOT(p - kp; b, (10.6) 


where we have set Gy, = Gd,5. Substituting (10.6) into (10.1), we obtain 
Dyson’s equation for the electron Green’s function: 


4 
[o — EQNG) ~ ig | He5 Ol” — HOW ~ kp: G(P) = 1. (10.7) 
Similarly, the self-energy part for phonons, 
denoted by IT, can be obtained from the skeleton 
diagram shown in Fig. 26(a) by replacing the Cc» 
electron G®-lines by exact G-lines and one 
of the constants g by the vertex part. Then (0) (b) 





Fig. 26(a) goes into Fig. 26(b), which corresponds FIGURE 26 
to 
_ ¢ dp 
1k) = —2ig [ha (PIG - WT,p— ks). (10.8) 


In this case, Dyson’s equation for the phonon Green’s function has the form 
[9(k)]~*[o? — ga aes 


ie) 
+ 2ig fo i G)G(e — WT, p ~ k; DK) = 


C. External fields. We can also write an equation like Dyson’s equation 
for a system of fermions in an external field. Bearing in mind that all the 
diagrams for G are chain-shaped, as in Fig. 15, we conclude that the Fourier 
component of the potential V., plays the role of 2. In this case, Dyson’s 
equation has the form 


lo — E@IGan(0s7') — [FF Vee — PIGrw(Pr P') = Bap (10.10) 


10.2. Vertex parts. Many-particle Green’s functions. Dyson’s equation 
can also be obtained directly from the equations of motion for the Heisenberg 
operators: 

j Me 


= [}.(x), H — Npl, 


3.5 bia ~ v Ua(r) dr + Hint. 


The operators A and N can be regarded as expressions involving either the 
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Schrédinger operators ),(r) or the Heisenberg operators ,(r, t), since 
Hf and N are the same in both representations. Separating Aj,, from 
AT — pW, and using the commutation rules for the operators } and + taken 
at the same time, we obtain 


i v2 
ie = (- Fu) PaG) + eG, Hin 
We now differentiate the G-function with respect to the first time argument: 


5, Gaal ¥) = FTE ACOEGDY. 


U 


Representing 7().(x)b¢ (x’)) in the form 
Ot — t')balxybs (x') — 00 — Dds (*a(x), 





where i ‘ 
or t> 0, 
a 0 for t<0O, 
we find that 
12 Gags, x') = 0¢¢ — 1) Be Fe (xy — 8G — ne) BO 


+ a(t _ t'\(b.(r, ‘der’, t) + vg (r, dar, t)) 
-(7 (2s a(*) Og (x )) + 8(x — x')Sag 


where we have used the commutation rules. The final result is 


ae Rite 24 
(: at + am + 1) Gas x’) = d(x Fy, xBap as KT(Va(x), Hin lbs (x )». 
(10.11) 
Since the form of the right-hand side depends on the specific nature of the 
interdction, we now consider various special cases. 





A. Two-particle interactions. In this case, the operator H,, is given by 
formula (9.2). Carrying out the calculations and writing the result in 
symmetrized form [just as was done in deriving (9.3)], we obtain the follow- 
ing expression for the last term in (10.11): 


=5 5 {atx, d‘xg d*x, T’ ova vaval%, X23 Xa, xs<T(Ut, (Xa) Prg (Xa vy (xa bs (x'))>. 


Thus, the problem reduces to finding the following average of a chronological 
product of four )-operators, a quantity we call a two-particle Green’s function: 


Gp, ve(X1, X23 X3, X4) = (T (Gal x1) (%2)b+ (xa)be (x4). (10.12) 


According to (6.32), G" can be expressed in terms of -operators in the 
interaction representation: 


CT Wal %1)P 5X2) by (x3) be 4)S(00))>- 
ea Cs EEE 


Gus.v6(X1, X23 Xa, X4) = 
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The calculation of (10.13) is completely analogous to that of an ordinary 
Green’s function, and goes as follows: The operator S(co) in the numerator 
is expanded as a power series in H,,,. Using Wick’s theorem, we represent 
each term of this series as a sum of terms containing products of G-functions, 
and then we associate a Feynman diagram with each of the latter terms. 
Unlike the diagrams for the ordinary Green’s function, all these diagrams have 
four external lines. It is not hard to see that just as before, we need only 
take into account connected diagrams, i.e., diagrams which contain no lines 
that are not connected to one of the external lines, provided that at the 
same time we discard the factor <S(co)> appearing in the denominator of 
(10.13). Moreover, it is still true that all expressions depend on the order of 
the diagrams only through factors of the form A”. This makes it possible to 
deal with parts of diagrams separately and carry out partial summations. 

All the connected diagrams for G™ can be divided into two groups. One 
of these groups contains the diagrams in which the points x, and xg, as well 
as the points x, and x,, are connected by a sequence of pairings, while the 
points x, and x,4, say, are isolated from each other. Such diagrams decom- 
pose into two separate parts which are not connected to each other by any 
lines at all. Moreover, we assign to the same group all diagrams in which x, 
is connected to x, and x2 to x3, while x, and xg are not connected. The 
simplest diagrams of this kind are of the zeroth order in Hj,, and are shown 
in Fig. 27. They correspond to the expressions 

GEi(X1 — Xa)GHO(X2 — Xa), (a) 
—GY(x, — x4) G(X. — Xs). (b) 


yee CY? OO 
Qo 40-oY 
(a) (b) 

FIGURE 27 


It is not hard to see that all the more complicated diagrams of this group are 
obtained by inserting self-energy parts into G®-lines, i.e., by replacing thin 
G-lines by thick G-lines. 


i 2 4 
The other group of diagrams consists of the set of 2 4 
all diagrams which cannot be decomposed into p< 
separate parts. The simplest diagram of this type ! 3 F 3 


is of the first order in H,,, and has the form shown —(q) (b) 
in Fig. 28(a). It corresponds to the expression Piecing: 
i [GQ.(r1 — XYORA(2 — x2)GR(xs — xe)G R(X, — x4) 

x Ti Pra. vova(Xis X23 X35 X4) 4x4 dtx2 d*xg d*x4. 


The more complicated diagrams are obtained from Fig. 28(a) by insertion of 
diagrams into the external G-lines and replacement of the square by more 


92 METHODS OF QUANTUM FIELD THEORY FOR T = 0 CHAP. 2 


complicated structures with four external points, e.g., like that shown in 
Fig. 23. Then G® becomes G in the expression just written, and 
becomes I’, where I’ corresponds to the set of all possible diagrams with four 
external points. In other words, Fig. 28(a) goes into Fig. 28(b). It follows 
from these considerations that the quantity GU, 16(x1, X23 Xs, X4) can be 
conveniently written in the form 


Gulp, v6(%1, X23 Xa, X4) = Gay(X1 — X3)Ggo(X2 — X4) — Gao(X1 — X4)Gpy(X2 — Xs) 
+i farx, d*xq d*xg d*x4 Guy, (%1 — X1)Gpy,(%2 — X2) 
x G,,1(%3 = X3)Gy,5(%4 = Xa)V ys10, raved, X23 X35 X4); 
(10.14) 


where the quantity I’ corresponds to the vertex part just introduced. 
The last term in equation (10.11) equals 


i 
4 4, 4 ) . TI : 
2 fa Xe d x3 d X4 TO. avg X25 X3, Xa) GT y4. ¥2B(%35 X45 X25 x’). 


Using (10.14) to expand Gi,,.,,5 and bearing in mind that [ is anti- 
symmetric in the arguments with indices 3 and 4, we find that equation 
(10.11) becomes 


(iz Hit p)Gaalx — x!) — if dx, dixy dx, 
x Be yanakis X23 X35 X4)Gygyg(X3 — X2)Gyqp(%Xq — ’) 
+ feta: --dhieg PP, vous Xai Xa %4) (10.15) 


X Gyave(X4 — X6)Gyays(%a — Xs)Gyayq(%7 — X2)Gygp(%e — X’) 
x | aera vave(%s5 Xe; X75 Xe) = d(x ze x8 ap. 


Because of the homogeneity of space, the quantities [ and G" depend only 
on three coordinate differences. Therefore, the Fourier components of 
these quantities should be defined in the same way as in the case of I, e.g., 


Typ, y(P1, P23 Pa, Pr + P2 — Ps(2m)*3(p: + P2 — Ps — Pa) (10.16) 
= tee 48(X1» Xo} Xe, Xa )e~ 1172 ~ Pate +4Pa%s +4Pa7 G4y, d4x. d4x5 d*x,. 
According to (10.14), the relation between the Fourier components of G™ and 
T is given by the equation 
G&B. (Pi, P23 Ps, Pi + P2 — Ps) = Gar(P1)Gp6(p2)5(p1 — ps)(27)* 
— Gus(P1)Gpy(p2)5(p2 — Ps)(2m)* (10.17) 
+ iG ay, (P1)G py.(P2)Gygv(Ps)Gy.5(P1 + Pe a Ps) 
x Tyive. vsva(P1 Pas Pa» Pi + P2 — Pa)- 


Taking the Fourier transform of equation (10.15), we obtain equation 
(10.5). Inthis way, we have derived Dyson’s equation by an analytical method, 
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where the quantity I‘ is determined by formulas (10.12), (10.17) and (10.16). 
The quantity I’ can be calculated by summation of certain diagrams. 

Examples of such diagrams are shown in Fig. 23, and also in Fig. 29. The 

fact that the rules for associating analytical 

expressions with the diagrams for I are the 

same as in the case of the function G is an (a) 

immediate consequence of the fact that 

the diagrams for I can be regarded as a 


subset of the diagrams for G. This can 
also be easily verified directly by using the (p) (c) 
analytical definition of Cand then arguing 


in complete analogy with the methods of FIGURE 29 
the preceding section. 

In calculating I’, it is usually convenient to first carry out partial sum- 
mation of separate parts. To this end, we introduce the concept of a 
compact diagram, by which we mean a diagram containing no self-energy 
parts. For example, the diagrams in Fig. 23, and diagrams (b) and (c) of 
Fig. 29, are compact, while diagram (a) of Fig. 29 is not compact. All the 
diagrams for I’ can be obtained from compact diagrams by inserting self- 
energy parts into internal G®-lines, ie., by replacing G®-lines by exact 
G-lines. Thus, to calculate [', we need only consider compact diagrams, 
associating exact G-functions with the solid lines in each such diagram. 


B. Electron-phonon interactions. Choosing (9.5) for H;,,, we find that the 
last term in equation (10.11) is 
— ig<TYalx) be (x'V(X))>. 
The quantity 


Gap(%1, X23 Xa) = <T(balxs¥¢ (%2)6(%a))> (10.18) 


can be associated with a set of Feynman diagrams | ' 
with one external phonon line and two external electron 
lines. The simplest of these diagrams is obtained 


in the first-order perturbation-theory approximation °) (b) 
[see diagram (a) of Fig. 30], and corresponds to the 
quantity FIGURE 30 


—83up [dy GC, — YG — x,)D — 2). 


Arguing in the same way as before, we can associate diagram (b) of Fig. 30 
with the quantity G., equal to 


Gap(%1, X23 Xa) = SapG(%1, X25 Xa) (10.19) 
= —Bap [dbx dig dtxs G(r — x1)G(x2 — ¥2)D(xs — xo)P (XL, 25 5). 


The function [' corresponds to the set of all diagrams with three external 
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points (associated with one phonon and two electrons). Thus, I’ represents 
the vertex part for electron-phonon interactions [see diagram (b) of Fig. 30]. 
Because of the homogeneity of space, the quantities and G depend only on 
two coordinate differences. Therefore, for example, the Fourier transform of 
IT can be written in the form 


Tp, p — k; k)(2n)*8(p — p' — k) 


10.20 
- fate, d*X_ d*Xq V'(x4, Xo} Xa)entPts HP's Ht ( ) 


The relation between the Fourier components of I and G is 


G(p, p — k; k) = —G(p)G(p — KD), p — k;k). (10.21) 


Using formulas (10.18) and (10.19) to write an expression for the last term of 
equation (10.11), in the case of electron-phonon interactions, we find an 
equation for G in coordinate space. Using (10.20) to take the Fourier 
transform of this last equation, we obtain Dyson’s equation (10.7). 

All that has been said about the calculation of the vertex part for two- 
particle interactions remains valid in the present case. To calculate I’, we 
have to form all compact diagrams and associate analytical expressions with 

them, according to the same rules used to 
o calculateG. Theneachsolid line willdenotean 
exact G-function and each dashed line an exact 
(a/\ wh (chy D-function. Examples are shown in Fig 31. 
7 ! A few remarks are in order concerning the 
FIGURE 31 meaning of the functions G™ and G(x;, x2; xa), 
which we introduced in deriving Dyson’s equation. These functions, and also 
other averages of chronological products of a large number of field 
operators, are called many-particle Green’s functions, while the functions 
G and D themselves are called one-particle Green’s functions. Many- 
particle Green’s functions, just like one-particle Green’s functions, determine 
the macroscopic properties of systems. In particular, the two-particle 
Green’s function G™ determines the behavior of a system of electrons in an 
external electromagnetic field (see Chap. 7). Since these functions depend 
on a large number of arguments, it is very difficult to study their analytic 
properties. The situation becomes simpler if we can assume that some of 
these arguments are equal. For example, if x; = x3, X2 = x, in the function 
G™, the analytic properties of the Fourier transform of G" with respect to the 
variables x, — x2 are the same as those of the phonon Green’s function 
D({k, ). Since it is usually just these special cases that are of interest, it is 
simplest to determine the analytic properties of the corresponding particular 
Green’s functions without analyzing the general case. 

The poles of the Fourier components of many-particle Green’s functions 
determine the excitation spectrum of the system, just as do the poles of 
G(p) and D(k), all of which occur among the poles of the many-particle 
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Green’s functions. However, in addition to the poles of G(p) and D(k), 
new poles can occur, corresponding to other branches of the excitation 
spectrum. We shall not undertake a general analysis of this problem. A 
specific example will be considered in Chap. 4, Sec. 19, where we shall find 
the equation for the poles of a two-particle Green’s function for a Fermi 
system and show that these poles determine excitations of the Bose type. 

In principle, one might attempt to calculate many-particle Green’s func- 
tions by writing equations analogous to Dyson’s equation, relating these 
functions to higher-order functions. However, this procedure gives no 
useful results in practice, and it is simplest to sum the diagrams directly. 
Then it frequently turns out that a definite sequence of diagrams is most 
important. In such cases, summing the diagrams usually does not involve 
much work. 


10.3. The ground-state energy. We conclude this section by deriving 
some formulas which enable us to obtain the correction to the ground-state 
energy due to interaction between particles. Subtracting the corresponding 
equation for the function G® from equation (10.11), we obtain 


(15 + 5 + u)iGaeGe — x) — CYC — x0] =— KTUAC), Hall? D>. 


Letting rr’, t' > t + 0, and then integrating both sides with respect to r, 
we find that 


: ; .o . V? , 
MWA = —i | dr a (: a + =m + x) [Gaa(x — x’) — GYa(x — x’), 
mae 


where v is the number of )*-operators appearing in Hint. 

Suppose the interaction Hamiltonian is proportional to some constant g 
(such a constant can always be introduced). As a function of pu, the ground- 
state energy (more exactly, the thermodynamic potential Q = E — uN) 
equals 

Q = (A — uN». 


According to a familiar ans formula (see ra we have 
= 
ee My=3 aes. 
-G ( uN) (Fine: 
Integrating this oe between the limits 0 5 g, we obtain 
= (7 & 
Q ~ Oy = fF Hie (10.22) 


where Q, is the potential for noninteracting particles. Substituting into 
(10.22) the expression found above for <H,,,> in terms of the Green’s function, 
we find that 


2-05 = 1)? B fae tim (12 4+ F + ieee — x) — GM — x) 
Beis fewer 2 
(10.23) 
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Setting G(x — x’) = 5.,G(x — x’), going over to the momentum representa- 
tion and using the get for G, we finally obtain 


a By je dgy ae G-(p)[G(p) — G(p)]e, 


where t > +0 and V is the Sicne of the system. 
Another useful formula can be obtained from the relation (see L8) 


(Fa) ane "Gi 


sop [¥20) Vda) a 


Since 


on _ 
am 
it follows that 
ea = || v2 Ges (x — x]ae. 


EEO 


Transforming to Fourier ipeaias we obtain 


Fo = ae | Gaye PGCE (10.24 





where t > +0. 
Finally, this is an appropriate place to recall the formula 





ees [2 Gay DDE, (10.25) 


derived in Sec. 7.3. 


3 


THE DIAGRAM TECHNIQUE 
FOR T # 0 


To a great extent, the discussion and calculations presented in this chapter 
duplicate the corresponding material in the preceding chapter. However, 
we deem it advisable to preserve this parallelism because of the importance 
of these two chapters for our subsequent considerations. At the same time, 
this will enable readers already familiar with the methods of quantum field 
theory, who are interested in studying the diagram technique only for T # 0, 
to begin reading the book at this point. 


11. Temperature Green’s Functions 


11.1 General properties. So far, we have studied the properties of 
many-particle systems at the absolute zero of temperature. For “finite” 
temperatures (i.e., for T # 0), the problem becomes much more complicated. 
The usual “‘classical”” method of statistical physics consists in calculating 
directly the thermodynamic quantities characterizing a system, as functions 
of the system’s temperature and density. In doing this, the answer is 
expressed in terms of the powers of some small parameter, since no problem 
of this type can actually be solved exactly. Applying the usual thermo- 
dynamic perturbation theory (see L8, Sec. 32), we can easily write down the 
first two terms of the perturbation series for the free energy F: 


2 
= (Fo - E/T a _[Vaml? (Fy -EO)/T _ (Fy — EO) /T 
F = Fo t > Vyne*o "+5250 — FOle°?* eFo- Fm 
n nym “Nn m 


1 ee ie 
+ Bal > V ne ~ Fn vn) ewes 
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However, even writing down subsequent terms (not to mention making direct 
calculations) is quite a difficult problem. Moreover, summing an infinite 
sequence of terms of this series is completely hopeless. For this reason, 
use of the diagram technique is particularly attractive when dealing with 
statistical problems at finite temperatures, since this technique works with 
Green’s functions and allows us to form a very intuitive picture of the 
structure and character of any approximation. 

The diagram technique presented in the preceding chapter cannot be 
directly generalized to the case of finite temperatures. However, a diagram 
technique can be constructed for special quantities, the so-called “tempera- 
ture Green’s functions,” which, unlike ordinary Green’s functions, do not 
depend on the time ¢, but rather on a fictitious “imaginary time” <= = it, 
varying in the interval from 0 to i/T [see Matsubara(M1)}. Asin the technique 
for T = 0, in Matsubara’s method it is not the thermodynamic quantities 
themselves that are calculated, but rather the temperature Green’s functions 
G(r, t) just referred to. Any term of the perturbation series for these func- 
tions is described by a corresponding Feynman diagram, and can be calcu- 
lated by the rules of the Feynman technique, i.e., a free-particle temperature 
Green’s function Y(r, t) is associated with every line of the diagram, an 
interaction operator is associated with every vertex of the diagram, and so on. 
The only difference compared to the case T = 0 is that instead of integrating 
with respect to t from — oo to oo at each vertex of the diagram, we integrate 
with respect to t from 0 to 1/T. 

The temperature Green’s function figuring in the diagram technique is 
defined as 
Fap(ti, 713 2, Ta) 

—Sp {e(O+ AN — DIT ofl — uNyry - ad (r)e~ F- unt “HY i (re)} 
for 7, > Te, 

+Sp {eO+ ul - MIT e— a - unt “WY t (rae — uN —™L(r1)} 
for 1, < Tp. 
(11.1) 
Here (,(r), be (r) are the Schrodinger operators of the system, the plus sign 
corresponds to the case of fermions, and the minus sign corresponds to the 
case of bosons. The symbol Sp (for Spur = trace) denotes the operation of 
taking the sum of all diagonal elements of the matrix written after it, where 
the sum extends over both the number of particles in the system and all 
possible states of the system with a given number of particles. Thus, 9 is by 
definition a function of the temperature T and of the chemical potential wu. 
The quantity Q appearing in the exponential in (11.1) is the thermodynamic 

potential written in terms of the variables 7, V and y, i.e., 
dQ = —SdT — PdV — Nadu. 


We recall that the operator 
Sp {eran -Mir, : +} 
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is the ordinary Gibbs statistical average, which we shall often denote by just 
the symbol <--->. Similarly, the temperature Green’s function 2 for 
phonons is defined as 


P(r, 713 Ve, Te) 


ee {e2- iT eA, ~Do(r,je~#G -"2)p(r2)} for 71> Te, 


—Sp {e2- DiTe - AG, — p(po eA —@o(r,)} for +, < Tt. 
(11.2) 
where 9(r) is the Schrédinger operator of the phonon field. 

It is an immediate consequence of the definitions (11.1) and (11.2) that the 
temperature Green’s functions involve t, and t2 only through the “time” 
difference t, — t2. Of course, if the system is also isolated and homo- 
geneous, Y and @ involve r, and rz only through the coordinate differences 
Ty — Qo, €.g., § = G(r; — To, 7; — Te). Moreover, Y(t) is a discontinuous 
function of the variable t, and undergoes a jump at t = 0, where the size 
of the jump can be calculated directly from the definition of . In the case 
of fermions, we have 
AG = Y(t) — H(—A)\r+40 = —SpfeOry- PT h (ribs (ta) + Hs (Ta) halts) ], 
and according to the commutation rules for ) and *, 

AG = —8y,0(F1 — Fe). 
The size of the jump of the 4-function is the same for bosons as for fermions. 

The expressions (11.1) and (11.2) can be written in a form analogous to 
the definition of the Green’s function for T= 0. To do this, we use the 
formulas? 

v.(r, «) ext e(i-uNyt b(ne~F-¥t, 
b.(r, a) = ef -uNyt bi (ne~4-#, (11.3) 
G(r, t) = e**o(r)e~** 
to introduce ‘‘Heisenberg”’ field operators depending on the “time” t. In 
terms of these operators, complicated expressions of the type (11.1) take the 


form . 
Gaol, 13 Te, T2) = —Sp {eOtul- MITT hry, v1) p(T, T2))} 


= —<T (Gat a) p(2F T2))> 
[cf. (7.1) and (7.14)). 


The symbol 7, in (11.4) denotes the operation of T-ordering, with which we 
are already familiar from the preceding chapter (Sec. 6). The operators 
appearing in a 7,-product are arranged from left to right in order of decreasing 
“time” +t. (The symbol denoting the 7,-product is equipped with an 
index + to distinguish it from the temperature 7.) We recall that in the case 


of fermions 
TA(Yih2° . ‘) = Sebi, big a) 


(11.4) 





1 We note at once that & and are no longer Hermitian conjugates of each other. 
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where the )-operators on the right are arranged in chronological order, and 
dp equals +1 or —1, depending on whether or not the permutation 


1,2,--- > hh, ig,-+- 


is even or odd. In particular, we have 
TAYA)Y(2)) = GA)oQ) for >t, 
TAGA)Y(2)) = —$2)H1) for ty < te. 


Similar relations are used to define many-particle Green’s functions in 
Matsubara’s technique. Thus, the two-particle temperature Green’s func- 
tion has the form 


Gs, wo(1, 25 3, 4) = <TeGall)bo(2)41(3)b0(4))>. (11.5) 
The generalization to the case of Green’s functions depending on a larger 
number of variables is obvious. 
In principle, the function Y defines all the thermodynamic properties of the 
system. For example, using the formula 


N=¢ J Gaalt, 73 r,t + 0) dr (11.6) 
(which is an immediate consequence of the definition of Y) and the relation 


N= [sO ar, 


we can calculate the number of particles in the system as a function of its 
chemical potential py, or, solving (11.6) for py, we can calculate the chemical 
potential as a function of the temperature and density n = N/V. Then 
integrating the familiar thermodynamic relation 
a 

x = y(n, T), 
we can find f(x, T), the free energy per unit volume. 

If only two-particle interactions occur in the system, as described by the 
Hamiltonian 


A= — > [ys V0) dr 


= 5 Jez Gdds @2)UG = ra)Yoltadbalts) drs dro, 


then the energy of the system can be expanded in terms of the two-particle 
temperature Green’s function: 


=] 
Eu, T) = (AY = F [V4 Gall, Vl evaee dts 


™=11+0 


— 5 [ Uer, — 12) 9%, pall, 25 3, 4) 





Pg =P2.% =P dry dr,. 
13 =14+0,14=1, +0 
TT =T2+0 
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Later on, we shall give many more formulas relating the temperature Green’s 
functions to thermodynamic quantities. 

The class of problems that can be solved by using temperature Green’s 
functions is not confined just to thermodynamics. The Green’s function 
determines various correlation properties of the system, e.g., those appearing 
in the interaction of condensed matter with neutrons, X-rays, etc. For 
example, the two-particle Green’s function is connected in an obvious way 
with the density correlation function 


F(t, t2) = n(ti)n(Fe) = Cbd beta) bs (Fa)b p(F2)>, 


which determines the elastic scattering of X-rays and neutrons. Moreover, 
below we shall establish the relation between temperature Green’s functions 
and the corresponding time-dependent quantities, thereby making possible 
the study of various transport phenomena. 

Next, we note an important property of the temperature Green’s function 
Y. Asalready remarked, @ is afunction of the “time” difference t, — t2 = T, 
and as such, is defined in the interval from —1/T to 1/T. In the expression 
(11.1) for Y(t < 0), we carry out a cyclic permutation of the operators 
appearing behind the trace sign :? 


Gxr<0)=+Sp {e2 Tet - uly Y(re~ 4-H + QTY +(r.)} (11.7) 
= + Sp {e+ uN - DIT (A - uN + (2 IML(r,)e —(A-uNyt+ (1 IT, *(ra)}. 


Comparing (11.7) with the formula for Y(t > 0), and noting that 


1 1 
O<t+ T < T 
for t < 0, we obtain the relation 
Gees #9 (+ + 3) (11.8) 


connecting ¥ for negative “times”? with its values for + > 0. Similarly, 
of course, we have 


Hr <0) = ae + 7): (11.8") 


Another useful relation follows from the obvious fact that the phonon 
%-function is real [the operators ¢(r) are real!]. We calculate the quantity 
B*(r < 0): 


A(x < 0) = D(x < 0) = —Sp fe" Tolrse*o(ra)e“ Men #7}. 


2 The possibility of making such a permutation follows immediately from the defini- 
tion of the trace of the matrix of a product of several operators: 


Sp(ABC-+-DF)= > AwBuCim-+ + DapF 
4, Ky eee 


= > BuCim++DypFpAn = Sp (BC: ++ DFA). 
1, Keeee 
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Then, comparing this expression with D(t > 0), we arrive at the conclusion 
that the temperature Green’s function for phonons is an even function of t: 


Ar) = A-7). (11.9) 


This result is valid for the Green’s function of any real field. 


11.2 Temperature Green’s functions for free particles. In a perturbation 
theory based on the diagram technique, free-particle Green’s functions 
play an important role. In the absence of interactions, the statistical 
average in (11.1) can be carried out over the states of the individual particles 
separately. The energy levels E, of the system can be written as a sum over 
the energies of the individual particles (in states with a given momentum p 
and spin projection «), and the same is true of the thermodynamic potential Q: 


EY = Dd) Moat), Qo = D MSR. 
pa Pio 
In the case of Fermi statistics, the occupation numbers of the states can only 
take the values 0 and 1, because of the Pauli principle. 
To calculate the free-particle Green’s functions, it is most convenient to 
use the definition (11.1). Substituting into (11.1) the Fourier expansions of 
the operators } and y* 


1 1 eee 
Ye(Fs) = VV > Ap, e'P2 EL ve (Te) = VWF > ay pe 12°F 
Pi P2 
we obtain 


THe > 0) = — 7 Detovncmr 


Pi. P2 


Qq + uN -AydIT Hy - uN (Ay - uM ty + 
x Sp {ef co tu. oT (Ho — ws Apa (Ay — “ak a}. 


Moreover, bearing in mind that in the interaction representation the Hamil- 
tonian 1 has the form 


Ay => > Apsto(P); N = > fees 
pa pa 


we can easily verify the identities 


eo - UM tg, ee Ao ~ uly = Apge~ Ko'P)— ult, 


(11.10) 


e%o- uate —(Ag - aM) Apgeo —uNit 


(it is sufficient to calculate the only nonzero matrix element in the left and 
right-hand sides). Thus we have 


1 
(0) =e 4(p, °P) —Pg *Tg)—lég(p,)— I (Qo +uN-AdIT. + 
G(T > 0) = > eh Pa My Pa Fa) oir a Sp (eGo Fan Roll ge xen}. 
P1.P2 
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Since the product ap,.ap53 has nonzero diagonal matrix elements only for 
Pi = Po, « = B, it follows that 


1 
GB(r — Te, 7 > 0) = — Sa0 7D. ef (Fy — 2) ~ E0(P) “UIE, pe» 
Dp 


The quantity <a,,,a;,> can be expressed in terms of the equilibrium occupa- 
tion numbers n(p), which depend on the temperature and the chemical 
potential. For fermions we have 


(Apadpa» = 1—n(p), —n(p) = feo™-47 + To}, (11.11) 
and for bosons 
{apafpax = 14+ n(p), —n(p) = {eo 4/7 — To? (11.12) 


We now let the volume V of the system approach infinity, going over from 
summation over the momenta to integration, in the usual way. The final 
result is 


GSC, tT> 0) = Bas as fap efP F—leo(p) — uty] F n(p)], (11.13a) 


where the upper sign corresponds to fermions, and the lower sign to bosons. 
To calculate Y for + < 0, it is simplest to use the relation (11.8): 


ABE, + < 0) 


I 
+ 


GR (x, T+ 7) 


(11.13b) 


ll 
I+ 


1 
Sap Qnp fap eP-r—leo(p)— ult y(p), 


The Green’s function for free phonons is calculated similarly. Substi- 
tuting into (11.2) the Fourier expansion of the operator ¢/(r) 


where w,(k) is the energy of the phonon, we find after making the appropriate 
calculations that 


(6,5) = — sry [dk wo(K\(INGQ + Tete 
a Nk)etk 8+ 2000171} 
N(k) = [e%/? — 173, 


According to (11.9), 2 is an even function of vt. 


(11.14) 


where 


12. Perturbation Theory 


12.1. The interaction representation. If the particles making up the 
system are not free, then in the expression for the temperature Green’s 
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function (11.1), we can go over to a special interaction representation, like 
the interaction representation of quantum field theory [Matsubara (M1)]. 
To this end, we introduce a matrix 2&(t), where 0 < t < 1/T, analogous to 
the S-matrix of field theory and defined by the relations 


e~-uNy — e-(Ay UN f(z), 


et ust af -'(r)eMo —ueyt (12.1) 
Moreover, we introduce the particle-field operators 
1,7) = e640 - ut L(r)e- Fo aan 
v(r, 7) y(n) (12.2) 


U(r, 2) = eto -mhre b+ (ye Bo —mide 
in the interaction representation, which for A = A coincide with the 
Heisenberg operators mentioned in Sec. 11. Other operators in the inter- 
action representation are introduced by analogy with (12.2). In particular, 


we have se on 
A(z) = oA —uN)t fe - (Ay - ware 


Aia(*) = e(fy unt Aine Fo —uNyt 
This definition implies that the operators A(t), Min:(t) are obtained from A, 
An, by replacing Y(r), Y*(r) by Yr, t), V(r, 7), respectively. Moreover, we 
note that A(t) and M(t) actually do not depend on 7 (the free-particle 
Hamiltonian commutes with the operator )): 


A(z) = ey - unt Aye 0 —uNyt A, 
N(x) = eo -uM)t Ne-(Ay - uN — JY, 


The matrix 2/(t) satisfies a simple equation, which differs from the cor- 
responding equation (6.27) for the S-matrix by the substitution t—> —it. 
However, we now give a fresh derivation of this equation. Differentiating 
the first of the equations (12.1) with respect to t, we obtain 


—(A — pN)e~ Fut =e (Ao -uidr 20) — (Ay — pN Jem Fo - 4% f(z), 
Multiplying both sides of this equation by eo-""", we have 
ach 
OO) = — Fil). (12.3) 


The solution of equation (12.3) satisfying (0) = 1, which follows from the 
definition of 2, has the form 


f(t) = T, exp { 2 ir Aint(7’) ar'}. (12.4) 


As already noted, the symbol 7, means that all operators must be arranged 
from left to right in order of decreasing t. We can easily verify the validity 
of (12.4) by direct differentiation, taking account of the operation T, just 
mentioned. 
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Besides ef(t), we consider another matrix e/(1,, t2), where t, > T2 is 
defined by 


Sc, %2) = Teexp {—[" Aint) de}, 
A(t) = A(t, 0). 
Obviously, 2/(t,, t2) has the properties 
A(t, t3) = A(t, t2)A(t2, 3) for 11 > te > Ts, 
A(t, T.2) = A(t) ~*(t2) for Ty > To. 


We now go over to the interaction representation in formula (11.1) for the 
Green’s function. Expressing all exponentials containing HW in terms of 
A, and ef, we have 


G(r > 0) = —e® 7 Sp {e-Fo- HIT S(1/T) of — (2, eo -¥ 1 (r,) 
x e7 Ay — uN, A (11) A ~ (reo - Ho + (pe Fo - uN" of (7,)}, 
or, because of (12.1) and (12.5), 
Gt > 0) = —e%7 Sp {eo - 7A (1/T, t1)b(a, 1) A (41, To) (F2,T2) S (T2)}- 
(12.6a) 


(12.5) 


Similarly, for t < 0 we can write Y in the form 
Gr < 0) = + e®!7 Sp {e-40-¥/T F(1/T, t2) 
x U(Fa, Ta) A (ta, Ta)Y(F, 7) A (7a)}. 
The expressions (12.6a) and (12.6b) can be combined into a single formula 
G(x) = —e%'? Sp fe Fo -™ TT (L(y, 71) (2, t2)A(1/T))}, (12.6c) 
which follows at once from (12.5) and the definition of the operation of 
T,-ordering. 


(12.6b) 


We must still transform the quantity e°/7. To do so, we note that 
e-2T = Sp {e~ A unyiTy 
by definition, which immediately implies 
e-2T = Sp {e~ Ao - 4 /T f(1/T)}. 


Thus, we can finally write the expression for Y in the interaction representa- 
tion in the form 


—Sp {e7Fo- TT (U(r, ts) (Fa, T2)A(1/T))} 

Sp {e~ Ao - uM IT f(1/T)} : 
or, introducing the symbol for the Gibbs average over the states of a system 
of noninteracting particles, 


G(T, 713 Te, T2) = 


G(r}, 715 Tes 72) ee <TAV(r, are Ta)A)>0, (12.7) 
where 
(259 = Sp fePoteh-AIT...3, of = A(I1/T). (12.8) 


Repeating step by step all the above calculations, we can obtain expressions 
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for the phonon Green’s function and for many-particle Green’s functions in 
the interaction representation. For the phonon Green’s function, we find 


and for the two-particle Green’s function 


an, 2:3, 4) = — TAOXOIGVON, a 49) 
A >o 
The formulas for Green’s functions depending on a larger number of vari- 
ables differ from (12.7), (12.9) and (12.10) only by the number of -operators 
inside the 7,-product. 
Finally, we give the formula relating the thermodynamic potential Q and 
the matrix &: 
Q = QO) -— Tin <a) . (12.11) 
Here, 9 denotes the potential Q in the absence of any interaction: 
Qo = —T In Sp {e- 0-4/7}, 


12.2. Wick’s theorem. We now turn to our basic problem, i.e., the cal- 
culation of the Green’s function for a system of interacting particles. If 
the interaction between the particles can be regarded as weak, then, using 
the expression for the temperature Green’s function in the interaction rep- 
resentation, we can write the perturbation series with respect to Ain, in an 
exceptionally concise form. The interaction Hamiltonian enters the Green’s 
function only by way of the matrix 2/. Expanding the exponential in the 
right-hand side of (12.4) in a power series in Ajn,(t), we obtain 


Fsh= i Bini(t’) de’ 





Bf [RT de! de” Tae Ail") — (12.12) 
= 2. {- a [r-- pur du,-+ +d, T(Ain(1)+ - * Aint(tn))- 


Then, substituting this expansion into the numerator of formula (12.7), we 
find the perturbation series for the Green’s function 


Gas(F1, 713 Fe, Te) ¥ 
a ion (- D lag a hee yee (12.13) 
On 


x (Tb.(r, 7) a(T2, T2)Aiine(T1)°*- Aine(tn))>o- 
Of course, the first term of (12.13) is just the free Green’s function 


9 = —{T(Y(1)H(2))>o, 


calculated in Sec. 11. We shall not expand the matrix 2 in the expression 
<e#f>q appearing in the denominator of (12.13), since it will turn out that 
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<a> cancels an identical factor in the numerator. Moreover, <e>, is a 
constant, independent of r and +, and can have no effect on our subsequent 
considerations. 

In all real problems, Ain, is a product of a certain number (usually not 
large) of operators ((r, t), U(r, t), and perhaps g(r, t), integrated over the 
space variables. Therefore, the problem of calculating the Green’s function 
by using perturbation theory reduces to calculating the average value of the 
T,-product of a certain number of )-operators, evaluated at various points of 
space and “time” bs 

(TYalt, 7): . Holt’, tv’): -*)o- (12.14) 
We have already encountered a problem of this kind in the preceding chapter, 
while calculating ordinary Green’s functions at the absolute zero of tempera- 
ture. It was shown there that the average of any number of operators reduces 
to a sum of products of all possible averages of pairs of operators, where the 
latter, by definition, equal the free-particle Green’s functions (Wick’s 
theorem). As we shall see in a moment, the same situation prevails in the 
present case. 

To convince ourselves of this, we replace the {-operators in (12.14) by 
their Fourier expansions® -_ respect to r): 


vr, tT) = w3 >» dp (t)etPF~olp)— Ie, 
12.15 
P(r, t) = > ag (z)e7 tPF + leo(P) — ule, 
7 


The operators a,(t) and a,*(t) in (12.15) represent ordinary annihilation and 
creation operators, and actually do not depend on t. However, we preserve 
the argument t to indicate the places the various operators should occupy in 
T,-products. Substituting the expansions (12.15) into (12.14), we obtain 
Es following expression [except for the exponentials in (12.15)]: 


1 
ae V2 V0 (12.16) 

x <T (ap, (71)ap_(T2) °° Ap. (T1)ap, (72) °° “o- 
In the sum over pj, Pe,°*-, Pi, Pa,:**, the only nonzero terms are those 
containing equal numbers of annihilation and creation operators referring 
to the same momenta. In particular, the terms containing only one 
annihilation operator and one creation operator with the same momenta are 
nonzero, as are the terms 


_ 27D ++ CT (dp, (41) @p,(T2)° + py (71)4p,(F2)-**)>0, (12.17) 


Pi #P2 #°° 


3 The validity of (12.15) can be verified most easily by using the definition of the 
operators in the interaction representation and the identities (11.10). 
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and other terms differing from (12.17a) by a permutation of the momenta 
P1, Pe,::: indexing the a*+-operators. When there are several annihilation 
and creation operators with the same momenta (say two), the corresponding 
nonzero terms in the sum have the form 


J DUD, + KFelaoy 41) (09%): + a5, (7g (72) (78) Do 


(12.17b) 

The expressions (12.17a) have a special feature which distinguishes them 
from all the others, i.e., the number of factors 1/V in (12.17a) is the same as 
the number of summations, whereas in all the other expressions this number 
of factors is larger. Suppose, after having carried out the average <---)o, 
we let the volume V of our system approach infinity, while keeping the particle 
density N/V constant.* Inthe limit as V— oo, the sum (12.17a) remains finite, 
and in fact becomes an expression involving integrals (with respect to the 
momenta) of various combinations of Fermi or Bose functions.® On the 
other hand, in expressions of the form (12.17b), besides these integrals 
with respect to the momenta there remains a certain number of extra 
factors 1/V, and hence these expressions vanish as V—> oo. Thus, the only 
terms in the sum (12.16) which remain in the limit as V—> oo are the terms 
of the form (12.17a), where all the annihilation and creation operators are 
indexed by different momenta. This means that in calculating the expression 


<T(ap, (71)4p.(T2) pial ap; (t1)ap, (72) pty Yo: 


we can actually average each pair of operators a, and af separately. Asa 
result, the average value of a T,-product of a large number of operators can 
be expressed as a sum of all possible averages of pairs of operators. For 
example, 


<T(@p, (71) pq (72)4p; (41) 4p; (72) )>0 


= €T,(4p, (t1)ap;(t2))> 0 Tx(@p,(T2)ap;(71))>0  (12.18a) 
F <T (ap, (71) ap; (71) )> 06 Tx (4p. (t2)ap,(72))>o5 


where the minus sign corresponds to Fermi statistics, and the plus sign to 
Bose statistics.® 


* When this is done, the sums are replaced by integrals, according to the rule 
1 1 
74 DS eee > Qnp i eee 
5 We have already encountered the simplest example of this kind in Sec. 11, in cal- 
culating the free Green’s function 9 = —<T7,(H(1)(2))>o. 
® It can be shown that this rule also holds for the average of a 7;-product of several 
@p and ap with the same momenta [as in (12.17b)], excluding the case of the operators ao 


and ag for a Bose system below the condensation temperature (see p. 110). For sim- 
plicity, the proof will not be given here. 
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In the coordinate representation, these results mean that the average of a 
T,-product of a certain number of )-operators decomposes into a sum of 
products of all possible averages involving pairs of operators , ). For 
example, instead of (12.18a), we have 


(TVG, T1)V(Fa, Ta) VM, 75 )b(r2, 72))>o 
= vs ef(Py Py + Pg Pg Py Py — Pa“ Pg)g—[ép(Py)— UIT, — [eg(Pg)— UIT, 


Pj. Po, Py. Pa 


elo“ HIe + 160°P2) “HIS Typ, (71) dpg(T2)Op4(T1)4p4(T2))>0 


x 
1 iat ; ; 
= Vv > eR, -Py — Pg Pg) — [eg (P,)— wIty + [eg (PQ) — uI tS {T (ap, (1) a9;(72))>o 
P1,P2 


x 1 > el(Pg “Pg — Py Py) — [eg (Pg) — UI tg + [6g(9)— HIT} <T.(dp, (72) ap; (71) Yo 
P2. Pi 


me oe! yore 
FD, ems te win -Hotoy male *HetOI-HH (Tea, (13); (44))Do 


Pi. Po 


x . Dy ef Pg “Fz — Pg "hg — [Eg(Pg)— uty + [e9(DQ)— UItg <T (ap, (%2)4p2(72))>o 
= (T(U(r, )U(F2, *2))>0 Tera, TVR, *))D0 
F <TAV(r1, TY, 1) 06 Te(Y(Fa, Ta)b (Fe, T2))>0s 


and similar relations hold for a larger number of operators. 

The averages appearing in the right-hand side of (12.18b) are just free- 
particle temperature Green’s functions (except possibly for sign). Thus, in 
calculating temperature Green’s functions, we encounter the same situation 
as found in the case J = 0. In fact, the Green’s function Y satisfies the 
expansion (12.13), which, except for the factors of i" and the limits of 
t-integration, is identical with the expansion (8.9) for the function G. More- 
over, to calculate the averages (7,(---)>9 appearing in (12.13), we can use 
Wick’s theorem, just as before, which allows us to express these averages in 
terms of averages of pairs of annihilation and creation operators. It should 
be noted that in the present technique, there is no concept of a normal 
product, and Wick’s theorem does not hold for 7,-products themselves, but 
only for average values of these products. 

Using Wick’s theorem to write down any term of the series (12.13), and: 
replacing <7,(,9))o by the free Green’s function 


GHry — Ta, t1 — Te) = —CTe(baltr, 71) Y a(F2s T2))>0s 
we arrive at expressions which have exactly the same structure as the cor- 
responding series for T = 0. This allows us to describe the various approxi- 
mations of the perturbation series by using the same Feynman diagrams as 
used in the preceding chapter, and the only change is in the rules by which 
analytical expressions are associated with elements of the diagrams. In the 


(12.18b) 
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present case, with each line of a diagram we have to associate a free-particle 
temperature Green’s function Y, instead of a’ function G®. Moreover, 
integration with respect to the time ¢ (from — 00 to oo) at every vertex of a 
diagram has to be replaced by integration with respect to the “time” + 
(from 0 to 1/7). 

So far, we have tacitly assumed that as the volume of the system goes to 
infinity (with the density kept constant), all the free-particle Green’s functions 
and the integrals involving them remain finite. In particular, this justifies 
our neglect of terms of the form (12.17b) in the limit as V—> oo. The situa- 
tion changes drastically in the case of Bose systems below the condensation 
temperature 7, or Fermi systems exhibiting superconductivity. In the case 
of a Bose gas with T < T,, the annihilation and creation operators for 
particles in the state of zero momentum are proportional to the square root 
of the volume: 


a ~ at co VNax VV. 


Then the terms of the type (12.17b), with several a) and ag, remain finite as 
V — oo, and moreover do not obey Wick’s theorem (cf. footnote 6, p. 108). 
A similar situation occurs for superconductors. In both cases, we have to 
use a special technique, which will be described in separate chapters (Chaps. 
5 and 7). 

We now return to the case where the usual diagram technique is applicable. 
Just as in the preceding chapter, the diagrams for the Green’s functions have 
two external lines. One of these external lines begins at the point rj, t, 
corresponding to the coordinates of the operator ,(1r, 7,), while the other 
external line terminates at the point r., t2 corresponding to the operator 
Va(F2, tz). As before, the diagrams for the function Y can be divided into 
two groups, i.e., connected diagrams and disconnected diagrams. Using an 
argument exactly analogous to that given for the case T = 0, we can verify 
that the contribution from the disconnected diagrams cancels the denominator 
in formula (12.7). As a result, we find that 


G yg (Fi, 713 Ta, T2) = —<Te(Yalti, 71)V (Fo, t2)P)>cons (12.19) 


where <:-+>con denotes the contribution from connected diagrams only. A 
similar result holds for many-particle Green’s functions, since the derivation 
nowhere uses the fact that the diagrams have two external lines. In other 
words, <2/>, can be omitted in the denominators of the corresponding 
formulas [of the type (12.10)], and we need only take account of connected 
diagrams when calculating averages. 

Just as in the preceding chapter, each diagram appears in the series for 
Y with some coefficient of the form 4", which does not depend in an essential 
way on the order m of the diagram (see p. 71). This fact is very important 
when summing infinite sequences of diagrams. 
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13. The Diagram Technique in Coordinate Space. Examples 


The basic result of the preceding section is our proof of the fact that in 
calculating temperature Green’s functions, we can apply the usual technique 
of Feynman diagrams. The basic elements of every such diagram are the 
lines representing the Green’s functions of free particles or of phonons. Just 
as in Chap. 2, we represent the Green’s function of a particle by a solid line 
(see Fig. 32). The direction of the line is indicated by an arrow, i.e., the line 


i ee —_——_ ——- 
Fy1 Ty, Fr T a, @q Uy Ty Oy 12,72, He 
(a) (b) 
Ty larT2 
(c) 
FiGure 32 


begins at the point with coordinates r,, t, and spin projection «, (the point 
corresponding to the operator | in the definition of the function Y), and 
terminates at the point rg, tz, %2 (corresponding to the operator v). In 
arguments of Green’s functions, the coordinates of initial points are written 
on the left and coordinates of end points are written on the right. Thus, the 
line in Fig. 32(a) represents the Green’s function 


0. . = 0. 
Feats 71312, T2) = GO (Ns — Ta, T1 — Ta)s 
while the line in Fig. 32(b) represents the Green’s function 
GO, (Tas T23 Th, Ti) = Gu, (Te — 1, T2 — 7). 


We use a dashed line to represent the Green’s function of a phonon, as in 
Fig. 32(c). The direction of a phonon line need not be indicated, since as 
we have seen in Sec. 11, 9 is an even function of r, — r. and t, — To. 

As before, we integrate over the coordinates of the “‘vertices,” i.e., the 
points where the lines intersect. The integration with respect to r ranges 
over all space, and the integration with respect to t is between the limits 0 and 
1/T. At the vertices, we also sum over the spin variables. 

The specific form of the diagrams depends on the nature of the interaction 
between the particles. To construct diagrams, we have to use Wick’s 
theorem, according to which averages of T,-products of operators appearing 
in the perturbation series (12.13) for the Green’s function can be rep- 
resented as a sum of products of averages involving pairs of operators. 
These latter averages are related to the free-particle Green’s functions by the 
formulas _ 

<T(balti, 1) p(Fe, T2))> = —GB(M — Fe, t1 — Te), 


(Tb o(t2, Ta)Valti, T1))> = +9 — Fe, t1 — Ta), 
where the plus sign corresponds to fermions, and the minus sign to bosons. 


(13.1) 
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Similarly, the average of a product of two phonon operators can be 
expressed in terms of the function 9: 


<T,(9(11, T1)9(Fe, T2))> = —B — Fe, T1 — T2)- (13.2) 
We now consider different kinds of interactions. 


A. Two-particle interactions. Suppose the particles of the system are 
acted upon by two-particle forces described by a potential U(r, — r.). Then 
the Hamiltonian has the form 


Fin:(t) a ; far 1 de Vets, t)b (re, t)U(T, — Fo) p(Fo, t)ba(F1, 7) (13.3) 


in the interaction representation. Instead of the potential U(r, — r,), it 
is convenient to introduce a potential Yr, — rz, t1 — 2), depending on the 
“time” + and defined by the formula 


W(t — ey t1 — T2) = U(ty — 12)8(t1 — 72). (13.4) 
Using (13.4), we can write the expression (12.4) for the matrix & in the 
symmetric form 


1 os = 
od = T, exp {- > far, dr. at, dt vo(Fi, TY a(Fo, T2) 


x Wry, — Tey t1 — Ta)bp(Fo, Ta) Val, )}: 


Next, we calculate the correction to the Green’s function which is of the 
first order in U, obtaining’ 


1 
GR(x — y) = = | dtz, d*z, 
2! ; oe (13.5) 
x Thal) b pV (21 = Z2) Vy, (Z1)by(Z2)Yy9(Z2)by, (21) )>- 


According to Wick’s theorem, the average <---> in the right-hand side of 
(13.5) can be written as a sum of four terms 


<TC be X)Y o(Y))><by, Za)by, (21) <Yr9 (Za) Vrq(Za)>s (a) 
F(T (Yalx)P o(¥))><Prg(Z2) bv, (Z1)><Yy, (Z1)Yyq(Za)>s (b) 
<T (Yel) Py3 (Z1))><T (hy, (21) V o(Y))><Py4(Z2) Prg(Z2)>s (c) 


F CTA bal*) by, (21) )><Vvq(Za)by, (Z1)><Tr(Yv9(Z2)b oY), (d) 


and of four more terms, obtained from (a)-(d) by making the substitution 
21 —>Z2,Y1—> Ye. The contribution from these last four terms to the 
integral in (13.5) is obviously the same as the contribution from (a)-(d), and 
this simply leads to the disappearance of the factor } in front of the integral. 





7In the rest of this section, we use lightface Latin letters to denote the set of four 
variables, x = (r,t). Thus, (x — y) = (x — y, T1 — Te) and d*x = drdt. 
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Using (13.1) to replace the averages <7,(- - -)> by suitable Green’s functions 
G9, we find that the first-order correction is a sum of the following four terms: 


~GY(x — y) [diz d*z. IM, ONO" Gr — 22) @) 


Y2v2 


£IQ™ — y) (diz, dz, Oe, — 22) I,(Z2 — 2) — 22), 0) 


+ fatz, d*z, G(X — 2)IM(Z1 — YWAPO)V (Zz. — 22), (c) 
= [diz dz, ID,(x — 21) IMg(Z — 222 -— YM — 2). = @) 


It should be noted that the quantity Y(r, — ra, 0) is always evaluated as 
lim 9(r, — rz, —7). 
t>+0 

In constructing diagrams, we represent (z,; — Zz.) by a wavy line. Then 
the expressions (a)-(d) correspond to the diagrams shown in Fig. 33. Dia- 
grams (a) and (b) are disconnected, and 


as shown in the preceding section, they Orr ‘: . 
should not be taken into account when } ‘ 

: : : 
calculating Green’s functions. Thus, aay SF 


the only contribution to the first-order 
correction is made by diagrams (c) and 
(d), and by the “‘topologically equiv- pia 
alent” diagrams differing from them by 
permutation of the vertex coordinates 
Z, and Zz, (recall that all topologically 
equivalent diagrams make the same 
contribution). It should be pointed out that in the case of Fermi statistics, 
the expressions corresponding to diagrams (c) and (d) have opposite signs. 
This fact is associated with the presence of a closed loop in diagram (c). 
For a diagram of arbitrary order, it can be shown that any closed fermion 
loop (not necessarily formed of a single line, as in the present case) leads 
to a factor of — 1 in the corresponding analytical expression. 

We now state the general rules which are used to calculate the correction 
of order n: 


FIGURE 33 


1. Form all connected, topologically nonequivalent diagrams with 2n 
vertices and two external lines, where two solid lines and one wavy line 
meet at each vertex. 


2. With each solid line associate a Green’s function Y%(x — y), where 
x, ® are the coordinates of the initial point of the line, and y, 8 are the 
coordinates of its end point. 


3. With each wavy line associate a generalized potential W(x — y). 
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4. Integrate over all the vertex coordinates z (d*z = dr dt), and sum over 
all internal spin variables «. 

5. Multiply the resulting expression by (—1)"**, where F is the number 
of closed fermion loops. 


6. If there are any Green’s functions (0) whose “time” arguments are 
the same, interpret them as lim 9(r, — rz, —7). 
tT +0 


x 2; 2 VY KY 2 2 24 
(a) (b) 
24 
23 
: 
x Zj 22 23 yy 


x44 44 y 


23 % (e) 


20 


x Z y 
(9) 
4 4 
4 2 Y 
i) 





x2 


{ 
(h) 
4 2 4 
(j) 


1 
x 

(i 
FiGure 34 


For example, consider the second-order correction. All possible con- 
nected, topologically nonequivalent diagrams with four vertices are shown 
in Fig. 34. Using the above rules, we can easily write down the following 
analytical expressions corresponding to these diagrams: 

[ates dtzq d'z5 d*z4 Q(x — 21) WPog(Z1 — 22) PLo(za — ») 
xX Hora) F2¥4O)Y (21 — 23)% (Za — 24), 


4 


fate, d'z_ diz ditzy GD, (x — 21) Pa(Z — 22) Wra(Ze — 20) = 
x Hora(Za — Za) AGa(Z4 — WV (21 — Z2)¥ (Za — 24), 


(a) 
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F [diz dtzq diz d*z4 G(x — 24) y(21 — 22) PQq(Za — 20) 


x Ago(Zs — VFy40)V (21 — Z4)¥ (Za — 2s), o 
[ates d'zy d8zq dtz4 9Q,(x — 2,)9(Z1 — YG Pra(Za — Za) @ 
x Gra(Zs — 22) F440) (z1 — Z2)/ (Zs — Zs); 
fate, d*z2 d*zg d*z, GO. (x — 21) GO. (21 — 22) G%5(Z2 — Za) () 
x Ay(23 — 24) GFon(Ze — WV (21 — 24)V (Za — Zs), 
F fate, d*2, d*zy d*z, GQ (x — 21) G 0. (21 — 22)G05(Z2 — Za) () 
x GEn(Zs — YFG14O)Y (Zi — 23)% (Zo — 24), 
+ fate, d*2Z, d*zg d*z4 GO (x — 23)GO(Z1 — y)Gy,(Z2 — Zs) (s) 
x GYr(Zs — 24)APa(Ze — 22) (Za — 22)V (Za — 24), 
[dtzy diz dz d*z4 GQ, (x — 24) GQa(21 — 22) 9a(Za — Za) re 
x GQy(Ze — Z4)GOo(Ze — YW (Z1 — 23) (Za — 24), 
¥ fata, d*z_ d*zg d*z4 GQ (x — 21)GO.(Z1 — 22) Ga(Ze — Y) (i 
x GO (Z3 — 24)G0r4(Z4 — Z3)¥ (21 — 23)V (Ze — 24), 
+ fate, d*Z_ d*zy d*z4 GY (x — 21)9%,(Z1 — Z2)G0r4(Z2 — 23) () 


X Gap(Zs — VF agygO)¥ (21 — Z2)V (Zs — 24). 


In the case of two-particle interactions, perturbation theory can be cast in 
another, more symmetric form, which is particularly convenient when the 
interaction forces depend not only on the distances between the particles but 
also on their spins. The Hamiltonian for such an interaction has the form 


Fin. (7) = 5 far, dr, bats, aU o(Fo, t)U a5, or(¥1 — T2)by(T2, t)e(F1, 7). (13.6) 


We write the integral 
ur 


Fyy,(t) dt 
appearing in the expression for 2&/ as 
1 put 1T 
gh, dace fp des [drudradrsd, 
x by, (Ti, Ti) by, (Fa, Ta) Wyo. vavg(Fis Tis Fas T23 3) Ta, Fa, Ta) Vy (Tas Ta) yg (F3, Ts), 
which is symmetric in all four variables, or as 


1 = — 
4 fate, d‘z, d‘zg d‘z,4 Dy (Zr) Py (Z2)-7 ro, vav4(Zas Z2; Z3, Za) Vy, (Za)by5 (Za), 
(13.7) 
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where we introduce “four-dimensional” notation. The operators dy, (21) 
and Yyo(Z2) for },,(Z3) and ),,(Z4)] either anticommute or commute, depend- 
ing on the statistics. Therefore, the quantity 7 can be regarded as anti- 
symmetric under the permutations z,y,;=Z2y2. and Zsy3 = Zsy4 in the 
case of fermions, or symmetric under these permutations in the case of 
bosons. Thus, in the case of Fermi statistics, 7 © can be obtained from 


Uysya.vava(lx — F2)8(t1 — 72)8(, — 19)8(t1 — t)0(F2 — T4)8(t2 — ts) (13.8) 


by antisymmetrization in the variables z,y1,Z.y. and ZsYs,Zsy4 While 
in the case of Bose statistics, 7 can be obtained from (13.8) by symmetriza- 
tion in the same variables. 

We now calculate the first-order correction to the Green’s function, 
obtaining 


1 
4 4, 4, ° 
4 faz, d Ze d 23 d 24 FS enenlets 225 235 Z4) 


x <Te(balX)Y 00) Py, (21) Yq (Z2) Yr, (Z4)Pv9(Za))>- 


Applying Wick’s theorem and using the symmetry properties of 7, we 
easily verify that (13.9) is the sum of the following two terms: 


(13.9) 


1 
ae GR(x — y) J d*z, d*zq d*Z3 d*Z4 Gyay,(Z3 — 21) (a) 


0 an , 
x GO (24 - Z2) iia 22; 235 24); 
4 4 an F 
= fate, d*z, d*z, d*z, GO (x — 2) tra. tava(Zas Z23 Z3, Z4) 
(0 
x Gp(Zs — VIG Qra(Zs — Z2)- 


If we represent 7 © by an open square, the expressions (a) and (b) correspond 
to the diagrams shown in Fig. 35. Diagram (a) is disconnected, and its 


(b) 


“YI 23 


(a) (b) 
FiGure 35 


contribution does not have to be taken into account. Thus, in the first-order 
approximation of perturbation theory, we have a single diagram, whose 
contribution is given by the expression (b). 

In the second-order approximation of perturbation theory, there are just 
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three connected, topologically nonequivalent diagrams (see Fig. 36). It is 
easy to see that the expressions corresponding to these diagrams are 
faz, -d2z_ Gay (x — Z)F Pra. vova(Z1» 223 Za, 24) Fyey5(Zq — 25) 
x Hreos(Ze — WFQ re(Zr — 26) (a) 
x Fo vaso ons 26; 275 Ze) GY o(Z3 =a Ze), 
faz: + d2g GNX — Z1)T W ro, vava(Z1s 223 23, Za) Fi o(Za — Y) 
x Go e(Z3 _ 26) Frva(Z7 =i Ze) (b) 
x J re. v718(25» 263 27) Ze) Aors(Ze — 25), 
1 
2 faz, é -dzg Gs = ZF Da, rata (Za> 22; 23, 24) GO (Za — z 5) 


x Ware (Zs ra 26) GO a(Z7 ca 22) (c) 


0 
x J Qye.vave(Z5» 263 275 Zao p(Ze — 


oo b 


Se ) 
FIGURE 36 


The following general rules are used to calculate the nth-order correction 
to the Green’s function: 


1. Form all connected, topologically nonequivalent diagrams containing 
n squares (in the present case, all diagrams obtained by permuting 
vertex coordinates of the squares are topologically equivalent). 


2. With each line associate a Green’s function FRx — y). 
3. With each square associate a function 7 (9, ysv,4(Z1 Z23 Zay Z4)- 


4. Integrate over the coordinates of the vertices of all the squares, and 
sum over the corresponding spin variables. 


5. Multiply the resulting expression by pre- 
cisely the same coefficient (A,, say) as in 
the case of the diagram technique for 
T = 0 (see p. 76). However, it should 
be noted that the simplest way of find- Ficure 37 
ing this coefficient is to use Wick’s theorem directly, expressing 
<T(ex)V9(¥)- + -)> in terms of averages of pairs of operators. 
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Using these rules, we can easily write down the expression corresponding 
to the diagram shown in Fig. 37: 


1 
zt 4 4, 0 0 . 
+ Z fa 210° A429 GQ (x — 21) Oy, vevglZ1, 225 Za5 Z4) 


x Gor6(Zs — Zs)Ayr6(Za — Z6)7 Sere. v2v0(Z5> 263 21, Ze) 
x AMo(Z7 — 29) For10(Z8 — Z10) TF rio. 11171 2(Zo, 2103 211» Z12) 
x GP e(Z12 — YG ve(Z11 — Z2)- 

The rather complicated expressions that come about when using this 
technique® become much simpler in the case of point interactions described 
by the potential 

Uas,yo(T1 — T2) = ASasdpy5(T1 — Fe). 
Then the function 7 © takes the simple form 
J Wye. v0v4 = Br ysSve% — Sy 749278) 8(21 — 22)5(Z1 — 23)8(Z1 — 24) 
= yr ye.vavg8(Z1 — 22)8(Z1 — Z3)5(Z1 — Z4), 
and only one integral survives from the four integrals over the vertex 


coordinates of the squares, thanks to the presence of three 5-functions in 7 ©. 
This allows us to replace the squares simply by points (vertices) in our 


(a) (b) 


FIGuRE 38 


diagrams. For example, diagram (b) of Fig. 35 and diagram (c) of Fig. 36 
take the simple form shown in Fig. 38, and the corresponding corrections 
can be written in the form 


—ALyvarore [42 IQi(X — VALE — FLO), @) 


7 i 
4 0 0 
y Lutatorelrsve.vr¥e fa 21 d*Z2 GY (X — 21) H49r5(Z1 — Za) (b 
x A(Z1 — Za) Ro(Z2 — A)ARa(Ze — Y)- 
The general rules for making calculations based on this diagram technique 
are obvious consequences of our previous considerations. 


B. Interaction between particles and phonons. Interaction between 
particles and phonons (e.g., between particles of a liquid and sound waves, 
or between electrons in a metal and lattice vibrations) is described by the 
Hamiltonian 


Aint) = g [alt halt, eC, +) ar, 


® Of course, this complexity is offset by the symmetry of the expressions. 
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where g is an interaction coupling constant. It is easy to see that the only 
nonzero corrections to the particle Green’s function Y and to the phonon 
Green’s function 2 come from perturbation-theory terms of even order. 
(The expressions for the odd-order corrections contain an odd number of 
phonon operators 9.) Calculating the expressions for corrections to the 
particle Green’s function ¥, we find that they are exactly the same as the 
expressions for the corrections to Y in our previous formulation of perturba- 
tion theory for two-particle interactions, except that the potential (z, — z.) 
is now replaced by g?9(z, — z,). It is natural that the corresponding 
corrections should be described by exactly the same diagrams as in Figs. 33 
and 34, except that now we denote a phonon Green’s function 9 by a 
dashed line instead of by a wavy line. 

The second-order corrections to the phonon Green’s function are described 


(a) 
FiIGurRE 39 


by the two diagrams in Fig. 39. Calculations show that the correction 
corresponding to diagram (a) of Fig. 39 is 
+ g? {diz d*zq B(x — 2)GREr — 22) PQEo — 21) Da — Y), 
while the correction corresponding to diagram (b) of Fig. 39 is 
g? | d*zy D(x — 24)Gaal0) | d*zg (Es — y)Go9(0). 


Just as in Sec. 9, we can convince ourselves that the expression corresponding 
to diagram (b) is zero. The same argument allows us to ignore all diagrams 
whose analytical expressions contain the integral 


f D(z) d'z. 
This category includes all diagrams for 2 which decompose into two 


disconnected parts, where each part contains one external line. We can also 


ignore all diagrams for Y of the type shown in Fig. 
40, i.e., which have a part containing no external lines, 
joined to the rest of the part diagram by one phonon 


line. | 
Examining the higher-order corrections to 9, and 
bearing in mind what has just been said about Y, we Ficure 40 


can state the following general rules for calculating 
the corrections of order 2m to the particle and phonon Green’s functions, 
by using the diagram technique: 
1. Form all connected,® topologically nonequivalent diagrams with 2n 
vertices. 


° Here, diagrams of the types shown in Figs. 39(b) and 40 are considered to be dis- 
connected. 
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2. With each solid line associate a free-particle Green’s function 
Gx — y), and with each dashed line associate a function B(x — y). 


3. Integrate over the coordinates of all vertices (with respect to both 
r and 1), and sum over the corresponding spin variables. 


4. Multiply the resulting expression by 
TTS Pe ee a g?"(—1)"*", where F is the number of 
closed fermion loops. 


For example, the fourth-order correction 
to the phonon Green’s function corresponding to the diagram in Fig. 41 is 


¥ gt fate, d*z_ d*zg d*z4 D(x — 21)G9%,(Z1 — 22) GO, (Za — 21) 


x BZ, — 22) WDra(Za — 24) Frera(Z4 — 23) DO (Zs — Y)- 


14. The Diagram Technique in Momentum Space 


14.1. Transformation to momentum space. The diagram technique in 
coordinate space developed in the preceding section turns out to be quite 
unsuitable for making explicit calculations. It will be recalled that the 
success of field-theory methods at the absolute zero of temperature is chiefly 
due to the highly automatic way in which calculations can be performed. 
For T = 0, this was achieved by expanding all quantities appearing in the 
theory in four-dimensional Fourier integrals. However, in Matsubara’s 
technique (described above), this automatic way of doing things is no longer 
possible, since the variable t varies over a finite interval from 0 to 1/T, so 
that a transformation to a Fourier-integral representation is impossible. 
The application of Matsubara’s technique in the coordinate representation is 
very difficult because of the fact that Y and 9 are discontinuous functions 
of the variable t, and hence all integrals with respect to t involve a large 
number of regions of integration, whose number increases very rapidly with 
n, the order of the approximation. 

We now show that Matsubara’s technique can be greatly simplified by 
expanding all quantities depending on t in Fourier series with respect to + 
[see Abrikosov, Gorkov and Dzyaloshinski (A5), Fradkin (F2)]. The 
temperature Green’s function Y (or ) is a function of the difference variable 
7, — Tz, and as such is defined in the interval [—1/7, 1/T]. Expanding 
G(x) in Fourier series, we obtain 


Gt) = TD es" G(w,), 
: (14.1) 
Glo) = 5 [oo POG(a) de, oy = ne¥. 


Our problem involves going over to a Fourier representation in the ex- 
pressions (given in Sec. 13) for the corrections to the Green’s functions. It is 
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most desirable that the methods used to do this should not introduce any 
extra complications into the formulas, e.g., that no extra factors depending 
on the “‘frequencies”’ w, should appear. 

As we now show, this way of dealing with the case T # 0 leads to only a 
slight modification of the situation for the case T = 0. As proved in Sec. 11, 
the Green’s functions have the general property that their values for + < 0 
are related by simple formulas to their values for + > O [see (11.8) and 
(11.8')].. These formulas imply that the Fourier components Y(w,) [or 
Q(w,)] of the Green’s functions for bosons and phonons are nonzero only for 
“even” frequencies w, = 2nnT, whereas for fermions Y(w,) is nonzero only 
for “odd” frequencies w, = (2n + 1)nT. To see this, we first note that 


1 pur 
Gen) = 5 tae e!nG(x) dr 


= ; fo etetGCe) de + ; Pg CoA) dr. 


Then, substituting (11.8) for Y(t < 0) in the second integral, and making the 
change of variables t’ = t + (1/7), we obtain 
1 pi 1 1 
Gey) = 5.” eer G(x) de FS [> enrG(s - 7) 


= 1 Tz pto,/ ae 10,TG, 
=5(l Fe nit) {. ent G(x) dr, 
which implies the assertion just made. In fact, we always have 


Geom) = j, MT e!ntG(2) dr, (14.2) 
where 
_ f(2n + I)xT for fermions, 
» \2nnT for bosons. 


Next, we substitute the Fourier-series expansion (14.1) into all appropriate 
terms of the perturbation series, simultaneously taking Fourier transforms 
with respect to the space variables. In other words, we write 


G0) = Gass [e? 90) a, 





(14.3) 
Hp) = fe“ G(r) dr, 


so that as far as the space variables are concerned, the transformation is 
carried out in exactly the same way as for T= 0. We note that an even 
number of fermion lines meet at every point whose coordinates are involved 
in an integration. It follows that in evaluating the integral 


1/T 


dr ef2n, (14.4) 
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at each vertex, the sum of “frequencies” 2 w, in the exponent is always 
“even,” i.e., 2@, = 2NrT, where N is an integer. In this case, the integral 
(14.4) equals 

1, Bn cate 1 for w, = 0, 
Tozer “.  \O for ow, #0. 


Thus, the situation here is essentially the same as for T = 0. It will be 
recalled that for T = 0, integration over the space-time coordinates of the 
vertices gives rise to $-functions of frequency and momentum, expressing 
conservation of the energy and momentum of certain virtual processes. For 
T # 0, each $-function of the frequency is replaced by a Kronecker delta 54,,,, 
expressing conservation of the discrete “frequency” w,. As a result of all 
this, in describing the perturbation series in momentum space, we can con- 
tinue to use the same Feynman diagrams as for T= 0. The only essential 
difference (apart from differences in coefficients) is the appearance of sums 
over the discrete frequencies w, instead of integrals over the continuous 
frequency w in the expressions for the matrix elements. 

Before considering specific examples, we derive formulas for the Fourier 
components of the zeroth-order Green’s functions. In Sec. 11, we calculated 
zeroth-order Green’s functions in coordinate space. According to (11.13a) 
after taking the Fourier transform (14.3) with respect to r, we find that the 
Green’s function of a free fermion has the form 


GX(p, t) = —Sap[1 — n(p)Je~ 0 -»*, 
n(p) = {eo)- HT 4 p}-2 
fort > 0. Substituting this expression into (14.2), we obtain 


(14.5) 


GRD, @,) = —Sae[1 — n(p)] ie eto, t-leg(p) ult gy 
=— ae ee [1 — n(p)(e22+ Dt!- lott _ 4} 
IWy, = €o(P) + U > 


where w, = (2n + 1)xT, i.e., 
1 


(0) — ees = . 
GRP, On) = Sup Sree ar @_, = (2n + I)xnT. (14.6) 
Similar calculations give 
1 
(0) ah ee = 
G(p, wn) ea Ee @, = 2nnT, (14.7) 
for bosons, and 
2 
Ge j= — ee eT (14.8) 


we + w3(k) 


for phonons. Thus, the zeroth-order Green’s functions for fermions and 
bosons differ only by the “parity” of the frequencies w,. The functions 
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(14.6)-(14.8) are obtained from the Green’s functions (7.7) and (7.16) by 
making the substitution w — iw,. Later on, we shall show that there is a 
similar relation between the exact Green’s functions for T = 0 and T # 0 
(with certain stipulations, of course). 


14.2. Examples. As we have seen, the calculation of temperature Green’s 
functions can be carried out by using the technique of Feynman diagrams in 
momentum space. In doing so, with each line of a given diagram we 
associate a zeroth-order particle Green’s function Y(p, w,) or a zeroth-order 
phonon Green’s function 9(k, w,), and with each vertex we associate the 
quantity (2 p)ds ~, expressing conservation of momentum and conservation 
of the discrete “frequency” @,. Moreover, we integrate over the momenta 
and sum over the “frequencies” @, of all the internal lines. 

The actual form of the diagrams and of the associated analytical expressions 
depends on the form of the interaction. We begin with the case of two- 
particle interactions. 


A. Two-particle interactions. Consider the correction to the Green’s 
function corresponding to diagram (d) of Fig. 33, which was found in 
Sec. 13 to be 


- fate, d*z, GO = ZF rq(21 > Z2) Ao 5(Ze — y)V (21 — 22). 


Calculating the Fourier components of this expression with respect to the 
coordinates and “time,” we obtain 


1 ur 
89%, o,) = 5 [dx —y) [dlrs — %) 
x GMX — y, T, — Ty)ET PHY FON Ge ty), 


Next, we introduce the Fourier components of the potential Y(z, — zz): 
T 


= iq: r-iw,t 
vr, 7) a (27)8 2, faq ea vq, @,). 
Since 
T os e2nniTt = (1), 
V(@,o,) = U@), 
we have 
39:90, 0,) = — S[ooa] DS _ [etvs die de des 9%, (Pss On) 
aR > Yn D) (2x) Pie Y1 ’ 
@n3. Ona 


(0. 0 
x Fy va(Pa, Wn2) Fr (Ps, Ons)¥ (q, Wna) 
* | A(x — y) dz, dz, d(t, — ty) dry dtg e~'P ~~ MelenGs ty 
x efPi *(X—Zy)+1Dg * (2 — Zq) + Pg + (Za Yeo - 10,1 (tT, — 11) - 10, 9(Ty — Te) 


XK EW Mpa(tg — tyela: (Zy — 2g) —1Wy 4 (ty — T2) 
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Making the change of variables x — y > x, t, — t, > 7 in the integrals over 
Ze and time, we find that 


wT wT pur : ‘ : 
5 [dx day dag” al : dv, dtq ef P+ Pi) X+i(— Dy + Pg +4): 24 +i(—Dg +P3 —)“7y 


HK Ell@y — Oy T+ Hy 1 — Ong — Oy g)Ty +HOqe — Ong + Ong) te Ql(Dy — Pg): y+(—@,1 + O,3)Ty 
-(= ee) (Pp — pi)S(P1 — P2 — 4)3(P2 — Ps + 4) 
KOA Osi tats Ong Shas ewes 
which implies that 
39%(p, o,) = — oP > [aes F207, 0) 


x GF ya(P1, Oni) FO B(D n)V (p — Pi, On — 1): 


Substituting the expressions (14.6) and (14.7) for the zeroth-order Green’s 
functions, we finally obtain 


5 = Pr, @n — Oni). 
SGX = ap 1, Wn nl 
~ fie, — €o(p) + 2}? oar 2 Jam, E ia — &(Pi) + 2 


Similar calculations for the contribution of diagram (c) of Fig. 33 lead to 
the result 


Sap 


T 
+ fap Dety Fae” O 92s + D Gas 


(14.10) 
e'@nit 

x dp, ———-—— 

Pa, Pt ig ni — €o(Pi) + pv 

where t—> +0, and s is the spin of the particle, equal to 4 for fermions and 
0 for bosons. Here we have introduced e!°.* (rt > +0) inside the sum in 
accordance with the stipulation (made in Sec. 13) that a Green’s function in 
coordinate space with identical time arguments is defined as 


G0, 0) = lim YO, —7). 
t7>+0 


The Feynman diagrams corresponding to the expressions (14.9) and (14.10) 
are shown in Figs. 42(a) and 42(b), respectively. The external lines of these 
diagrams are labeled with p,w,, the external momentum and frequency. 
The momenta and frequencies at each vertex satisfy conservation laws, i.e., 
the sum of all momenta and frequencies “entering” a given vertex equals 
the sum of all momenta and frequencies “leaving” the vertex. 

We now consider the diagram for 4p, w,) in the kth-order approximation 
of perturbation theory. Such a diagram has 2k vertices, 2k + 1 solid lines 
and k wavy lines. To calculate the Fourier components, we perform 2k 
integrations over the space and “‘time” coordinates of the vertices, and one 
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integration over the difference coordinates of the external points. This 
leads to 2k + 1 quantities of the type 3(2 p)Ss.,, expressing 2k + 1 con- 
servation laws. It is easy to see that two of these conservation laws express 
the fact that the external lines have momentum p and frequency w,. The 
remaining 2k — 1 conservation laws imply that only k integrations and 
summations actually survive among the 3k — 1 integrations over the 
momenta and summations over the frequencies of the internal lines (both 
solid and wavy). 


By Wy 


P- Py, Wa- Wry 0,0 


P, W, Pi, Wpy P, Wp, BW, P,Wy 


(a) (b) 
FIGURE 42 


The general rules for obtaining the expression corresponding to a given 

diagram for the Green’s function are as follows: 

1. First, associate momenta and frequencies with the lines of the diagram 
in such a way that the external lines have the external momentum and 
frequency, while the momenta and frequencies of the internal lines 
satisfy the conservation laws & p’ = 0, 2 w;, = 0, where the frequencies 
of Bose lines are always even [w, = 277] and those of Fermi lines are 
odd [w, = (2n + 1)rT). 

2. Integrate and sum over the independent momenta and frequencies. 

3. With each solid internal line (of momentum p’ and frequency w,) 


associate a quantity 
1 


fo, — €o(P) + 
and with each wavy line (of momentum q’ and frequency «,) associate 


a quantity : 
¥(q, o,) = U@). 


4. With both external lines (of momentum p and frequency ,) associate 


a quantity 5 
ap 


io, — eo(p) + 27] 
5. Multiply the resulting expression by 
T* 
—)]):———. F( = 1)F 
(—D* Gym Os + DCD, 


where F is the number of closed loops formed by particle lines. 
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Using these rules, it is not hard to write down the correction corresponding 
to an arbitrarily complicated diagram. For example, the correction corre- 
sponding to the diagram shown in Fig. 43 equals 


Sap T° 
+ [io = Eo(p) + pu]? (27)® (2s + D2, jae dp. dps 
x ee se ee 
i(@ — ©,) — &o(P — pi) + B ws — 1) — E0(Ps — Pi) + B 
1 1 1 


° img — €o(P3) + ie — Eo(P2) + B MW, + We) — Eo(Pi + Po) +B 
[Up]? U@ — ps), 


x 


where 
@, = 2nnT, @e, Og = (2n + IxT. 


Next, we consider the other version of the diagram technique for the case of 
two-particle interactions. To go over to the Fourier representation in the 





P,Wy  P—Py,Wy- Way 


P-P3,Wp-Wp3 


FIGurRE 43 


corresponding expressions of Sec. 13, it is convenient to use the following 
formal device: Earlier, we introduced the quantity 7° ,, ,,¥4(Z1, Z23 Za, 24). 
This quantity depends on four “‘times”’ z;, where each 7; varies in the interval 
from 0 to 1/7. We continue the function ~© onto the interval from 


—1/T to 1/T by using relations like (11.8) for the Y-function, i.e., 
F OT, < 0, t23 Ta, T4) = FF OT + r T2} Ta, Ta), 


and similarly for t., ts, t,. Then we define the Fourier components with 
respect to the +, by 


1 wT uT 
Té ik Geo fi ae ey + deg ebOrts + 2 %2 ~ O3t3 MT) OTs Tos Te, Tg). 
Obviously, all four frequencies are “odd” in the case of Fermi statistics, and 
“‘even” in case of Bose statistics. 
Moreover, we note that since 7 (z,, 22; Zs, 24) is by definition a function 
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only of the coordinate and “time” differences, the Fourier components of 
FJ © with respect to the space and time variables contain a 3-function 
3(pi + P2 — Ps — Ps) involving a sum of momenta and a Kronecker delta 
80; +0,-ag-o, involving a sum of frequencies. Therefore, we define the 
Fourier component of 7 © directly as 


2n)? 
oe dp. + P2 — Ps — P4)9o, iiertecas WG @1, Pe, 23 Ps, Ws, Pa, 4) 


wT wT 
=e ur [. fine veda [dry dt, (14.11) 


x Ee KP Py + Pg Pg — Pg Pg — Pg Pg) +404 Ty + Wy Tg — Wg tg — O44) FJ OZ,, 23 Za Za). 


For example, suppose we carry out the Fourier transformation of the 


Py + D2 ~ P, Why +2 — Wy 


Py Wry 
ey 
DP, Wr Dp, Wp DP, Wr Di, Wry p,w, 
FiGure 44 FIGuRE 45 


expression for the first-order correction corresponding to diagram (b) of 
Fig. 35 (see p. 116). Then, after simple calculations, we obtain 
eS Ne 

[iw — eo(p) + 2}? (27)° 
Sane eee 
im, — €o(Pi) +p 
which corresponds to the diagram shown in Fig. 44. Similar calculations 


for the correction corresponding to the diagram shown in Fig. 45 lead to 
the formula 


1 1 T? 
2 [iw = Eo(P) + ul]? (27)® > fap: dp. FW vavalDs Pr + P2 ~ DP; P1, D2) 
@1,02 


x > fap, TF 2 0(P, ©, P1, 1; P:, @1, P, w) 
@1 


1 1 1 
x ee a fn teen ees pe en eR ee, gm ee ne ee ee ee ae ee ee oe 
i@, — €o(P1) + B iwe — €o(P2) +B Mw, + @2 — ©) — Eo(Pi + po — Pp) +B 
x FO \5.71B(P1s Pas Pi + P2 — PsP); 


where we have used the four-dimensional notation p = (p, ,). 

The nth-order diagram for the Y-function contains n squares (vertices) 
and 2n + 1 lines, where the 2” + 1 internal lines obey the conservation laws 
xp’ = 0,2, = 0 at the vertices. It is easy to see that there are a total of 
n independent integrations and summations over the momenta and frequencies 
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of the internal lines. The general rules for calculating the contribution of an 
arbitrary diagram are as follows: 


1. With each internal line associate a quantity 
eee eee 
iw’ — eo(p’) + u 
2. With each external line associate a quantity 
eee Se, 
io — eo(p) + u 
3. With each vertex associate a function 
TFB. v6(P1, P23 Pa, Pi + P2 — Ps): 


4. Integrate and sum over all the independent internal momenta and 
frequencies. 


5. Sum over the indices «, 8,... of the quantities 7 © joined by Y-lines. 
6. Multiply the resulting expression by 
T 
(2n)* 
where A, is the same as in Rule 5, p. 117. 


Ans 


For example, the expression corresponding to Fig. 46 is 


1 1 fhe 
i oeeee ORME ice dp, dps d 
4 [im — eo(p) + pI}? One, 2.) meee 
1 
x FSi. vata(Ps Pa + Pa — P3 Pas Ps) 5 apy Fw 


1 
* Tea — €o(P2) + 
eae eee ee ee, ee eee See 
ims — €(Ps) + U (, + We — Ws) — €o(P1 + Po — Ps) + B 
x J 0¥5.118(Pas P1 + P2 — Pas Pi + Pa — Ps P) 
ee Saath Fs 
i(@, + W2 — ©) — Eo(Pi1 +P2 — P) +B 


JO), vavs(P1> Pas Pas Pi + D2 — Pa) 


In the case of a point interaction, the function 7 © does not depend on the 
momenta and frequencies. 

B. Interaction between particles and phonons. In the case of interaction 
between particles and phonons, only the expressions corresponding to 
diagrams of even order are nonzero. An arbitrary diagram of order 2n has 
3n + | internal (electron and phonon) lines and 2n vertices, corresponding to 


3n —1—(2n- lh) =n 
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Pit P2-P, Wy + Wy2- Wp 











Pitp2-p3, 
Wait Wr2- W3 


P, Wy P2,Wn2 P3,Wn3 P, Wa 


FIGURE 46 


independent integrations. To calculate the contribution made by such a 
diagram, we use the following general rules: 
1. With each solid internal line associate a quantity 
a. 
iw’ — €o(p’) + 
and with the two solid external lines (in the diagrams for corrections to 
the particle Y-function) associate a quantity 


ee 
[io — eo(p) + oP 
2. With each phonon (dashed) line associate a quantity 
_ — oak) __. 
w* + w(k) 
3. Multiply the result by 
T = 
eS One (—1)"@s + 1)°(F 1), 


where g is the coupling constant, F is the number of closed loops, and 
s is the spin of the particles. 


For example, the expression for the second-order correction to the phonon 
9-function corresponding to the diagram shown in Fig. 47 equals 


w3(k) 6 if 
+ oa ae 
1 
x > fa P ia! Spee —o) — ep’ —kK) +e 


The rules given in this section stand in a very close relation to the cor- 
responding rules for calculating corrections to the Green’s function for 
T=0. As is easily verified, the correction to the temperature Green’s 


P, Wn 
p—k, Wy - Wp 


FIGURE 47 
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function Y can be obtained from the expression for the correction to the 
Green’s function G for T = 0 by replacing all the frequencies w in G by iw, 
[where w, = 2nxT for bosons and ow, = (2n + 1)xT for fermions] and 
changing all integrals over w to sums over ,: 


x fdr ITD 


Finally, we examine how to make the passage to the limit T = 0 in the 
technique just developed. As T—>0 the chief role in the sums over the 
frequencies w, is played by large values of n, and therefore these sums can be 
replaced by integrals. Observing that 


Aw = @n41 — @, = 22T, 
1 
DD oan og [ais 


We emphasize that Y(w) evaluated at T = 0 does not coincide with G(w). 
The relation between these two quantities will be established later on. 


we obtain 


15. The Perturbation Series for the Thermodynamic Potential Q 


In certain cases, one finds that it is more convenient to calculate the thermo- 
dynamic potential © directly, instead of first finding the Green’s function 


"OUD & 
8G 


FIGuRE 48 


and then calculating thermodynamic quantities. In terms of the average 
value of the ¢f-matrix, the correction to the thermodynamic potential is 
given by the formula 

AQ = -TIn<a&), 


Pao {- fr" Binal) ax} (15.1) 


[see (12.11)]. It turns out that there is a general way of evaluating the 
logarithm in (15.1), or more specifically, of constructing a diagram technique 
for finding the quantity © directly. The considerations given above make it 
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clear that the diagrams describing the perturbation series for Q have the form 
of closed loops. Typical diagrams are shown in Fig. 48 for the case of two- 
particle interactions and in Fig. 49 for the interaction of particles with 
phonons.?° The expression corresponding to diagram (a) of Fig. 49 actually 
vanishes. 

Among the diagrams corresponding to the perturbation-theory approxima- 
tion of a given order, there are two types of diagrams, connected and dis- 
connected. The latter contain two or more closed loops which are not 
connected to each other by any lines. Connected diagrams come about as 
follows: Suppose we use Wick’s theorem to write an arbitrary term of the 
series for <ef): 





—1)" pur 1T 
CO Po fe dey deg. TiBlnts)**-Bine(ta))>- (15.2) 
Then a connected ce is obtained if we start our pairing with any opera- 
tor appearing in A,,,(t,) and ultimately come back to Ain:(t1) without 
skipping a single A,,, in the process. In any 


other case, we get a disconnected diagram. O- one. ) 
Suppose a disconnected diagram of order sf y 


nconsists of k closed loops. First consider the Y 
case where all & loops contain different numbers (0) (b) 
of vertices. Such a diagram leads to the FiGure 49 
expression 


CD" [dels «de TB): Blne(29))>eon 


x [dee dt T(Aya(t2)- - An (72) con ae (a 5. 3) 
x [ar.. A®<LT (Aint tee Fin (t®) eons 


where 
m, +m, +--- +m, = n(m, # m2 #--- # M,), 

and the symbol <- - ->.o, denotes an average which in each case corresponds 
to a definite connected diagram. We now sumall the topologically equivalent 
diagrams containing k loops of the type just chosen. Obviously, this can be 
done by merely multiplying (15.3) by F,,, the total number of such diagrams. 
This is just the number of ways of assigning n operators H,,, to k different 
“cells,” containing m4, m2,---, m, places, respectively, i.e., 


n! 


ee ee os 
: m,!m,!---m,! 


10 Fig. 48(a) corresponds to the first version of the two-particle theory, and Fig. 48(b) 
corresponds to the second version. 
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As a result, we obtain 
ive fan. : AD <T (Aint) 2 *Ain(t2))>con 
m,! 
x OM fade de To Ala?) + Hin) )Peans** (15.4) 


—1)" 
= = fac. : dX T (Aine( 72? oo *Aine(82))> con: 


Next, we observe that from now on the assumption that each average 
«+++ eon Corresponds to a connected diagram of a given type can actually be 
dropped, and instead we can assume that <---> on represents the sum of all 
connected diagrams with a given number of vertices. Infact, we can conclude 
that the sum of all disconnected diagrams containing k closed loops with 
My, Mo, ..., Mm, vertices, respectively, has the form 


= = 
img Oe 


my—m2 Mr? 


where 
By = LD" fey. deg Te(Blal ts) Fanta) Yeon (155) 


is just the sum of all connected diagrams for <e/> of order m. Moreover, it 
is clear that 
I+ Ey + E. aa (A con- (15.6) 


If some of the numbers m,, m2,... are the same, so that the diagram 
decomposes into p; + pe +---+ p, closed loops, where p, loops contain 
mM, vertices, p. loops contain mg vertices, and so on (m, 4 mz #--- # m,), 
then it can be shown that the expression (15.5) should be replaced by +3 


1 his 1 me me (15.7) 


or equivalently by 
By, (15.8) 


where the numbers p, = 0, 1, 2,... shows how many closed loops of order / 
are contained in the entire disconnected diagram. Summing (15.8) over all 


11 This can be seen by the following argument: In the case where some of the numbers 
m,, M2,... are the same, the number F;,, referred to above equals the number of ways in 
which p; m+ p2 m2 +--+ + py m, = n operators Ain. can be assigned top: + po +++ + Dx 
cells <-++>con, Where pi cells each contain m, places, pe cells each contain me places, 
and soon. Then the number F, equals 

n! 


Fe = Dim, )Papa(ma)P2-- p,m, Dre 
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the p, (the summations over different p, are obviously independent), we find 
that 


1 1 
Pi an | on 
<a ors * po!” 
= aa an > Ele me = e1¢%2 (15.9) 
Pl P P2 P 


= exp (&) + Be +--+). 
Substituting (15.9) into (15.1), we finally obtain 
AQ = —T(B, + S, +--+) = —T(KD) con — 1). (15.10) 


This proves the very important fact that to calculate the correction to the 
thermodynamic potential it is sufficient to calculate only the contribution to 
<ef> of the connected diagrams. As already noted, the diagrams for <2/> 
have the form of closed loops, and can be calculated by essentially the same 
rules as used to calculate Y-functions, except that the coefficient associated 
with a diagram is different. 

In Sec. 12 we saw that the coefficient 1/m! in the perturbation series for the 
G-function (12.13) is cancelled out if we take into account all topologically 
equivalent diagrams, of which there are precisely n! We encounter a differ- 
ent situation in calculating <2>,o,._ In this case, the number of equivalent 
diagrams corresponding to the nth term of the series (12.12) equals (n — 1)!, 
so that the factor 1/n is associated with each diagram (if only topologically 
nonequivalent diagrams are considered to be nonzero).12_ The presence of a 
coefficient which depends in an essential way on the order n makes the 
perturbation series for Q very, inconvenient, especially in cases where it is not 
permissible to consider only a finite number of terms in the series and we have 
to sum infinite sequences of diagrams. 

We now give some examples illustrating the calculation of the corrections 
AQ, restricting ourselves (for brevity) to the case of interaction of particles 
and phonons. In the second-order approximation of perturbation theory, 
only the connected diagram shown in Fig. 49(b) makes a nonzero contri- 
bution. Using Wick’s theorem to calculate this contribution, we find that 


Qy = TE, = £5 Te? [atx dty 9R(x — NIL — NB — 9), 


where we have used four-dimensional notation. The quantity Q, is propor- 
tional to V, the volume of the system, as can easily be seen by introducing a 


12 The equivalent diagrams are obtained by making all possible permutations of 
n — 1 operators Ain: in formula (12.12). One of the operators Ayn, has to be regarded 
as fixed. In calculating Y, the initial point and final point of the external lines [i.e., the 


operators ,(r1, t1) and Volta, 72) in (12.13)] were held fixed. 
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new variable of integration x’ = x — y. Thesame holds true in any approxi- 
mation, which is to be expected, since, as is well known, the potential Q has 
the form 

= —VP(u,T), 
where P(y, T) is the pressure expressed as a function of the chemical potential 
and temperature. Therefore, from now on, we shall write these formulas in 
terms of AP, where 


P = P,(u, T) + AP, 


and Py is the pressure corresponding to a system of free particles. Thus, 
for AP, we have 


AP. = 7 = se farx G2(X) GO — x) B(x). (15.11) 


Transforming to the momentum representation, we obtain 
_1 
F 58° me 


1 wo(k) 
ae. mie = + p i(@, + &2) — €o(p + k) + pwd + oak) 


AP, = (2s + 1) 


The corresponding diagram is shown in Fig. 50. 
Next, consider an arbitrary diagram of order 2”. Such a diagram con- 
tains 3n lines and 2n vertices. However, one of the 2” conservation laws is 
Py 2 ~ P31 Way + Wye ~ W3 


ptk, wy + Wp, 
C > 
Ds Wry 
Pe, Who 
FiGure 50 Ficure 51 


satisfied identically, if the other 2n — 1 conservation laws hold. Thus, in a 
diagram of order 2x there are a total of n + 1 independent integrations. The 
superfluous conservation law leads to the appearance of an extra factor 
3(p = 0), proportional to the volume V of the system, in the diagram for 
<&#>.1% The rules used to associate Green’s functions (and vertex parts for 
other interactions) with separate elements of a diagram remain the same as in 


13 By definition, , Z 
3(p = 0) = ml a = On 
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the case of a diagram for Y. The coefficient associated with a diagram of 
order 2n for the correction AP equals 





5 (=1)**? ail T te =1)F F 
M, = >, — 8" lar] (F D@s + I, 
where F is the number of closed loops formed by single @-lines of particles. 
We can also give expressions for AP in the case of two-particle interactions. 
For interactions of the form (13.7), the second-order correction to the 
pressure corresponding to the diagram shown in Fig. 51 has the form 


1 7° 1 1 
- 73, dp, dp. dp; ——___.—_ —__—-~——_- 
4 (2x)? eo. J Benen iw, — €o(P1) + 2 ie — eo(P2) + 


1 1 
iws — (Ps) + um, + @2 — Ws) — Eo(Pi + Po — Ps) +B 
x FB ve(P1, P2s Pi + P2 — Pas Ps)F 48 pal(P1 + P2 — Pas P33 Pa» P1)- 


16. Dyson’s Equation. Many-Particle Green’s Functions 


16.1. Dyson’s equation. In statistical problems for T 4 0, just as for 
T = 0, it is almost never possible to get along with just the first few terms of 
the perturbation series for the corrections to the Green’s functions. In 
practically any physically well-posed problem, the formal parameter for 
making expansions in the diagram technique is the interaction Hamiltonian 
Ain, which does not turn out to be small. As a result, some infinite sequence 
of terms of the perturbation series makes a first-order contribution to the 
quantity of interest. 

In the preceding chapter, we saw that field-theory methods based on the 
diagram technique can be used to sum infinite series. In this technique, the 
sum of a series can be represented as a diagram whose elements (lines and 
vertices) in turn represent sums of infinite numbers of diagrams. Moreover, 
definite analytical expressions are associated with the elements of such a 
diagram according to the same rules as used for the diagrams dealt with in 
perturbation theory. This fact allows us to construct various equations for 
the Green’s functions. In Chap. 2, we already encountered one such equa- 
tion, Dyson’s equation, which expresses the Green’s function in terms of the 
mass operator. 

In constructing such equations, two properties of the diagram technique 
are vital, i.e., the topological structure of the diagrams and the rules whereby 
a givén expression is associated with a diagram. The diagrams in the 
technique for absolute zero and the diagrams in Matsubara’s technique differ 
only in that integration over frequencies for T = 0 is replaced by summation 
over discrete “frequencies” iw, for T #0. More precisely, any expression 
for a correction to a temperature Green’s function Y, corresponding to a 
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FIGURE 52 


certain diagram, can be obtained from the expression for the Green’s function 
G for T = 0, corresponding to the same diagram, if in the latter expression 
we replace w by iw, and integration by summation, according to the rule 


a [dors iT 


(see the end of Sec. 14). This fact allows us to immediately extend all the 
results of Sec. 10 to the case T # 0, provided we simply change the notation. 
In particular, Dyson’s equation still holds in Matsubara’s technique, and takes 
the form 


T 
Gus(p) = GE(p) — Qn > i apy J y0.1a¥4(P> Pi Pr» P) 
01 
x GD ae ied 
5 5 92.(0) a a. >: Ja dp. J ee Y3V4 (p, Pi + P2—- DP; Pr, P2) 


x Fy 515(P1) Freve(P2) Gravo(P1 + Pa eer P) 
x FT v6¥6,17%9(P15 P2; Pi + P2 — P, P)Frs(P) (16.1) 


for a system of particles with interactions between pairs of particles. Here 
TZ is the exact vertex part, and has the same meaning as in the technique for 
T = 0, i-e., it is the sum of all compact diagrams with four external lines, 
where each external line represents an exact Green’s function Y (examples of 
such diagrams are shown in Fig. 52). Dyson’s equation (16.1) has the 
graphical interpretation shown in Fig. 53, just like the corresponding equa- 
tion of Chap. 2. Here, a thick line indicates and a thin line Y™, while the 
vertex part 7 is indicated by a shaded square. 


FiGure 53 
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Introducing Y5,', the inverse of the matrix Y,,, we can write (16.1) in the 
form 


Fas'(p) = [io — e(p) + )8up 


‘i 
+ Gp > far Fr. Y20(Ps P13 Pas P)Frg14(Pr) 
@1 


- a D>, [4P: dz 7S) vara(Ps Pr + Pa — P3 Pr» Pa) 
2(27)® nee 1 2 ay1.YoY3\hs 1 2 9 Pls 2 


X Grovg(P1)Frgvg(P2) Frgv,(P1 + Po — P) 
x J v4¥5.¥¢8(P1 P23 Pr + D2 — P5P)- (16.2) 


Similarly, in the case of interaction of particles and phonons, the system of 
equations for Y and @ takes the form (see Fig. 54): 


Gin'(P, ®,) = [iw,, a e(p) + 2)Sap 
T , , , 3 , 
+ on a fap GFao(p ? w,) Ap — p, O, — @n) 
xF (DP, P's Wn, @n), (16.3) 
Dk, o,) = —@9 %(k)[o; + w6(k)] 


_ ef Nee aa ey . 
+ on 2, fap F opp ’ On) F pe(P —k, on, - @n) 


x J (p’, Pp’ = k; @,, ®, = @,). 
In (16.3), represents the exact vertex part, and describes the sum of all 


compact diagrams with two external particle lines and one external phonon 
line (see Fig. 55). 


FiGureE 54 


Just as at the absolute zero of temperature, the exact vertex parts for 
T # 0 are related by definite formulas to the many-particle temperature 
Green’s functions. The latter are expressed by formulas (11.1)-(11.4) in 
Matsubara’s technique, which are identical in appearance with the corre- 
sponding expressions for T = 0. Taking into account also that the formula- 
tion of Wick’s theorem is identical in both cases, we immediately arrive at 
the conclusion that diagrams with many external lines can be used to calculate 
the many-particle Green’s functions, with the same rules (in the space r, 7) 
for associating expressions with diagrams as described in Sec. 14. 
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If\ 
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We now discuss the formal method used to go over to the momentum 
representation. For example, consider the two-particle Green’s function 


GE rol 1, 25 3, 4) = <TC b (23) 44>, (16.4) 
where the ) denote the “Heisenberg” operators (11.3). The expression 
(16.4) depends on four “times” 7, t2, tg, t4, each of which varies from 
Oto1/T. Using (11.8) to give the relation between the values of Y"(1, 2; 3, 4) 
for t, < 0 and its values for t, > 0, we extend (16.4) onto the interval 
—1/T < t, <0, and we similarly extend the definition of (16.4) in the 
variables t2, t3 and t4. Next, using (14.2) to calculate the Fourier trans- 
formation of (16.4) with respect to each of the t;, we see at once that the 
frequency corresponding to each “Fermi” variable [i.e., to each Fermi 
operator in (16.4)] can only take “odd” values (2m + 1)x7, while the 
frequency corresponding to each ‘“‘Bose” variable can only take “even” 
values 2nxT. Moreover, any other many-particle Green’s function can be 
treated in the same way. 

As in Sec. 14, it is not hard to see that a Fourier transformation in t can 
be carried out in each of the terms of the perturbation series, and that the 
rules for associating expressions with diagrams are the same as the rules 
given in Sec. 14 for the case of one-particle Green’s functions. The relation 
between the diagram technique for T = 0 and for T # 0 (mentioned at the 
beginning of this section) is also preserved. The expression for the correction 
to Y"(1, 2; 3, 4) is obtained from the expression for G™(1, 2; 3, 4) cor- 
responding to the same diagram by making the substitutions 


® > in, ae do ITD, 
On 


already alluded to. The existence of this connection between the cases 
T = Oand T # Oallows us to repeat word for word everything said in Sec. 10 
concerning diagrams for many-particle functions. The perturbation series 
for Y"(1, 2; 3, 4) can be reduced to the sum of all compact diagrams made up 
of only thick lines, corresponding to exact Green’s functions (1, 2). These 
diagrams coincide with the diagrams for the exact vertex part  , which 
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means that there must be a relation between 9"(1, 2; 3,4) and ”. It is 
not hard to see that this relation has the form?* 


Gep.vo( P15 P23 Ps: Ps) 


= Gay {eer [ gao(os)% ou P2)3o,0,3(Pr — Pa) 





+I 


Gai(D1)G ool P2)B0,095(Ps — p»)| (16.5) 


I+ 


Gas D1)G ou PaF u,v Pr» Pa; Pos Pd) I(Pa) Favs) 


x 8a, $09 -@3 -040(D1 + Pe — Ps — P.)- 


In the case of interaction of particles with phonons, the vertex part 
J (pi, P2) is connected with the Fourier components of the Green’s function 


G uo(1, 23 3) = (TGa(1)} 9(2)5(3))> 
by the relation 
(2m)? 


G u(P1, Po; k) = a ewv(P1)Fvp(P2Ak) (16.6) 


x J (Ps Pi + k)d@1 — Pe + k)Sa, -0, +0 


As was to be expected, the relations (16.5) and (16.6) differ from the corre- 
sponding relations (10.17) and (10.21) only by numerical coefficients. 

It should be emphasized that the method of graphical summation can be 
applied only to diagrams for Y-functions. In the perturbation series for the 
potential Q (considered in Sec. 15), graphical summation cannot be carried 
out due to the presence of the coefficient 1/n, associated with the nth-order 
diagrams. Obviously, such diagrams, unlike those for Y, can no longer be 
decomposed into separate blocks, and the result of summing an infinite 
sequence of diagrams no longer reduces to just replacing thin lines by thick 
lines. In particular, the graphical construction shown in Fig. 56 is 
completely illegitimate. 


16.2. Relation between the Green’s functions and the thermodynamic 
potential 2. We now derive a series of relations between the temperature 
Green’s functions and the thermodynamic potential 2, beginning with the 
case of two-particle interactions. Instead of the potential 7 , we introduce 
the potential A7 ©, whereO < A < 1, and we then differentiate the expression 


Q = Q) — Tin<ed> 





14 The coefficients in (16.5) and (16.6) are most easily verified by calculating both sides 
of the equation to the first-order approximation of perturbation theory. 
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with respect to A. This gives 
= =F fate, d*x2 d*x, d*x4 FR. wo(X1, X23 Xa, X4) 
y ¢ TY aX Dy p(X2)be(xa)br(xa) A" Q) >, 
<A(\)> 
or according to the definition (16.4), 
a =e z fa X1 U*X_ d*xg d*x4 TB. vo(X1, X23 Xa, X4) Gy, ap(X4, X33 Xi) X2). 


ae to the Fourier representation and using (16.5), we obtain 


= a Taw > 2. } del aap > as J ap 


x Tr. vava(Ds Pi; Ps Pr) Frgv,(P; NF v41a(P1, d) 


T? 
+ 2(2n)*,,4 >, [des dp. TO, vav4(P> P1 + P2 — PP Po) 


(16.7) 
x gin. NFrqv5(Pas A)Frgvg(P1 + P2 — Ps A) 


x 9 ae ee Os Pi; DP; Pi + P2 ~~ P)F av, (PD, |; 


where &(p, A) is the Green’s function for 4 # 1. We note that the expres- 
sion in brackets in (16.7) is the same as the right-hand side of Dyson’s equa- 
tion (16.1) with the interaction potential 7.7 , ie., 
aQ = (0)-1 (0), 

Ft Taw L/P AB OMF ral.) — FAP (16.8) 


The relation in which we are interested can be found by integrating (16.8) 
with respect to A and taking into account the condition Q(A = 0) = 


FS aap D/P BOF pal, 9) — FRCP. (169) 


In the case of interaction of particles with phonons, there exist similar 


Ge Q +57, 
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relations expressing Q in terms of an integral of the Y-function of the system 
with respect to the coupling constant g. Calculations identical with those 
used to derive (16.9) lead to the result 


D = 0 V IPE D fa lids — (0) + wll FaalP, 09) — FNP, 0) 








= 9 dg T @? + w2(k) 3 
=O er Ome LAR oR (0s 9) — 911 on) 


(16.10) 


Another useful formula can be obtained from the familiar relation between 
the derivative of Q with respect to m, the mass of the particles, and the 
derivative of A, the total Hamiltonian of the system, with respect to m 


(see e.g., L8): 
aQ _ fon 
(Fre vu \Om/- 


an | dr 20) VC), 


it follows at once from the definition (11.1) of the Y-function that 


Since : 
an _ 
am 


aQ 
om =t m2 i, [ar [V? FaclF, ie —0)),= r’s 
or in Fourier sia aa = 


eQ = Bs 10,7 
== ¥ ranP 2 > fap Fe GaalP, Ones*  (r> +0). (16.11) 


Using the relations (16.9)-(16.11) and the relation (11.6), which in Fourier 
components takes the form 


N= FoR D fap FeuPoniem™ (+ +0), (16.12) 
we can calculate the derivatives of Q with respect to various parameters, 
thereby expressing the thermodynamic potential in terms of the Green’s 
functions. 

Finally, we derive one more formula expressing the potential Q in terms of 
the exact Green’s function Y. As already noted, the presence of the factor 
1/n in the perturbation-theory diagrams for Q makes it impossible to apply 
the method of summation of diagrams to the perturbation series for Q (see 
Sec. 15). Nevertheless, there still exists the interesting possibility of carrying 
out partial summation and writing Q in the form of a sum of infinitely many 
diagrams which consist only of thick lines representing exact Y-functions 
[see Luttinger and Ward (L17)]. To keep the analysis simple, we restrict 





15 In Sec. 17, we shall show how to calculate the sums over w, which appear here. 
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ourselves to the case of two-particle interactions, assuming that the system is 
not ferromagnetic, so that Y,, = 5,,Y. From the perturbation-theory 
diagrams for the potential 2, we choose all compact diagrams, i.e., all 
diagrams which have no internal parts representing corrections to the 9- 
function (see p. 93), and then in these diagrams we replace all thin lines by 
thick lines.1© The sum of all diagrams obtained in this way (with a 
coefficient 1/n for each diagram!) will be denoted by ’. 

By definition, the quantity Q’ is a functional of the exact Green’s function 
Y, By varying each diagram for ©’ in turn with respect to 5G(p), itis not hard 
to see that (except for a factor) we obtain a series representing corrections to 
the exact Green’s function Y(p), provided that in this series we substitute 
3G(p) for the product of the Green’s functions Y(p) and Y(p), correspond- 
ing to the lines on the extreme left and on the extreme right, respectively. 
More precisely, 


3a’ = 2207 > | ae (p) 84(p), (16.13) 


where 2 (p) is the self-energy part of the exact Green’s function Y(p); 
2 (p) is defined just like the self-energy part in the diagram technique for 
T = 0 (see Sec. 10.1) and is related to ¥ by the formula 


G-2 = (9) >, (16.14) 


If by & we mean the sum of the corresponding diagrams consisting of thick 
lines, then (16.14) is nothing other than Dyson’s equation (16.2). 
Next, we form the expression 


O, = 0 2207 D [GBs Mall - F%()E(H)] + Z(H} +O, (16.15) 


which, as we now show, equals 2. To see this, we first note that the quantity 
O, regarded as a functional of Y (or equivalently, as a functional of =) has 
the “‘stationarity property” 


= = 0, (16.16) 


provided that ¥ satisfies Dyson’s equation (16.14). In fact, varying (16.15) 
and taking account of (16.13), we immediately find that 


Dp 
dp 


22VTD {p= @) SH(p) 


= 4p ig eS 
= 2217 [ahs {9 - Gare he 





16 For example, only the first and second of the diagrams shown in Fig. 48(b), p. 130, 
should be selected. 
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which implies (16.16). Then, just as on p. 139, we consider the interaction 
potential 7.7 © instead of the potential 7 , and we calculate 
AQ), 
On 


In so doing, because of (16.16), we do not have to take account of the 
dependence of Y and on 2. Therefore 





where, in calculating @Q’(A)/0A, F(A) should not be differentiated. On the other 
hand, it follows from the structure of the diagrams that the functional Q’(A) 
coincides with Q’ for 4 = 1, if in Q’ we substitute VAG(A) for YA = 1). 
Thus, using (16.13), we find that 


AQ'(% dp X(A 
oe _ 7 42VT > las =) 5 a [Vag] 


which, if we let 29(A)/2A — 0, implies 


a) , VT dp 
ry an + TT 2 lows x (A)F(A). 
Comparing this expression with (16.8) (and recalling the definition of %), 
we conclude that 


AOA) _ aQQ) 





OD (16.17) 
On the other hand, according to the definition (16.15), 
G0) = 20), 


so that, integrating (16.17) and setting 4 = 1, we find that © = Q, as 
asserted. 

Actually, formula (16.15) for Q is valid for arbitrary interactions between 
the particles (and not just for two-particle interactions). In fact, we need only 
take ’ to be a functional with the property (16.13). The existence of such a 
functional can be proved by starting from the argument given in Sec. 19.4 
for the case T = 0 and repeating it step by step for the case of finite tempera- 
tures. However, the construction of 9’ is now quite complicated, and will 
not be given here. 

It should be noted that 


Qo = +2VT > [se [In Y(p)jetnt (t > +0) 





(as proved e.g., in L17), so that (16.15) can also be written in the form 


= 220 Y Fes (ing ~E Geom +O" (r+ +0). (16.18) 
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17. Time-Dependent Green’s Functions for T # 0. Analytic 
Properties of the Green’s Functions 


The time-dependent Green’s functions G introduced in Chap. 2 preserve 
their meaning for finite temperatures. Later on, we shall give various 
examples showing that the functions G determine the transport properties of 
the system, in particular, the electrical resistance and the complex dielectric 
constant ¢ as a function of the frequency of the field. These functions also 
describe the process of inelastic scattering of particles by condensed matter. 

For nonzero temperatures, the one-particle Green’s function should be 
defined as 


Gast — Te, ty — fa; E,, N) = —iKE,, N|T dC tbs (Te, te) )|Ens N», 

(17.1) 
where }, }* are the Heisenberg operators of the system, and the average is 
over the state of the system with energy £, and particle number N. The 
definition (17.1) includes as a special case the definition of G for T = 0, in 
which case the average is over the ground state of the system. The Green’s 
function (17.1) depends on the total energy £ of the system and on the number 
of particles in the system. In quantum statistics, it is more convenient to 
regard all quantities as functions of the temperature and chemical potential 
uw; this is equivalent to transforming from the microcanonical distribution to 
the canonical distribution (see e.g., L8). Averaging (17.1) over the Gibbs 
distribution, we obtain 


Gash — Tat — t23T, yu) = > COUN EDITG (Fy — Poy ti — ta, En, N) 


Nin 

—i Sp {+48 - DIT Th (ry, tr) YS (a, t2))}- 
(17.2) 

Similar formulas are used to define many-particle functions. The phonon 

Green’s function has the form 


D(1, 2) = —i Sp {e@-® '7T,(6(1)$(2))}, (17.3) 

and the two-particle Green’s function is 
G™(1, 2; 3, 4) = Sp {er Mit T(G(1)}(2)*(3)b*(4))}.. (17.4) 
The Fourier components G(p, w) of the Green’s function satisfy a very 
important relation [see Landau (L5)]. To derive this relation, we first note 


that the time dependence of the Heisenberg operators } and d+ is given by 
the expressions 


Pam(F, t) = Yam(retnnt, 
Daim(F, 1) = Piin(r)etonnt, (17.5) 
Onm = E, — Em — U(Nn — Nmn)s 


where N,, always equals N,, + 1. Moreover, in the case where the system 
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under consideration is homogeneous and infinite, the spatial dependence of 


the matrix elements of the operators {(r) and }*(r) has the form 


Vam(r) a Yam(O)e Pam’ % 
bain(T) = Yam(O)e~ Pam '*, (17.6) 
Pam = P, = P,, 


where P,, P,, are the momenta of the system in the states n,m, and the 
quantities },,,(0) and ¥,,(0) no longer depend on the coordinates (see 
footnote 6, p. 55). Substituting (17.5) and (17.6) into (17.1), we obtain 


Gap(t, f > 0) = i D> eOtHNn~Fn!TEhOnmt Pam “*(ha(0) nmi (0) mans 


Gaplt, 1 < 0) = Ei D Cot m Fae HOmat + mn *((0) ami 0) mn: 


Next, we transform from the coordinate representation of the Green’s 
function to its Fourier components: 


G(p, ©) = J G(r, the- PF *#de dt. 


The integration with respect tor gives a 5-function of p + Pam. We integrate 
with respect to ¢ separately over the intervals — oo to 0 and from 0 to o, 
using the formula 


- tor an i 
i ef! dx = m3(a) + 5 


Integrating with respect to ¢ from 0 to 00, we obtain 


(2m)? Y e@ +n -Fn!7(H,(0) )am( Ys (O))mnd(P + Pam) 


n,m 





x [; eo” ind (@ + nn) 


(N, = Nm — 1), whereas the integral from — oo to 0 gives 


+ (2n)? Det Hm -Fm!7(h4(0) ambi (0) mnd(P — Pron) 


x ese + ind(o — om) . 
It follows that 
Gap(P, ©) = —(2n)? >, e*¥Nn—Fn)!7(¥.(0) am(bit (0) man 


1 


On, — @ 





[1 + e-°nn!T] 4 in8 ( — Wn) [1 F enone}. 
(17.7) 


The rest of the argument hinges on the dependence of G., on the spin 
variables. If the system is not ferromagnetic (and this is the only case which 


x dP = Pn) 
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will be considered here), it follows from symmetry considerations that Gy, 
must be proportional to the unit tensor 8,5, i.e., 


Gap —_ Sap, (17.8) 
and 


GP, 0) = 55 Gaal, ©) 





= =n)? S e487 TY |(44(0))anl?8(P — Pa) 





1 + e ®mn T) + ind @®) — W® +e Onn T) 


where s is the spin of the particles. Comparing the two terms in brackets in 
(17.9), we see that there is a definite relation between the real and imaginary 
parts G’ and G” of the Green’s function (see L5). In fact, we have 


_Pre Gpx x 
G'p,0) = =f" —- = coth 5-.dx (17.10) 





in the case of Fermi statistics (where P denotes the operation of taking the 
principal value of an integral), and 


; _ Pre GQ, x) x 
G'(p, @) = ~ { Pe tanh 5 dx (17.11) 


-0o Xx 





in the case of Bose statistics. Moreover, it follows from (17.9) that for 
bosons G” is always negative, whereas for fermions G” changes sign when 
@ = 0, being positive for w < 0 and negative for w > 0. 

The relations (17.10) and (17.11) imply that G is not analytic, regarded as a 
function of the complex variable w. However, the function G is connected 
by simple formulas with two functions G? and G4 (see footnote 8, p. 57) 
which are analytic in the upper and lower half-planes (of the variable w), 
respectively. In terms of the real part G’ and the imaginary part G” of G, 
the function G* is 


G*(p, o) = G'(p, ©) + iG’(p, «) coth +; (17.12) 
for fermions, and 


G*(p, w) = G'(p, w) + iG"(p, o) tanh = IT (17.13) 


T 


for bosons. Similarly, the function G4 is 


G4(p, w) = G'(p, ») — iG’(p, @) coth 


<t 
ule 


GA(p, o) = G'(p, @) — iG’(p, @) tanh ra 
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The functions G* and G® satisfy the dispersion relations 
_ Pr Im G'(x) 
Re Gw) = = [ dx, 


-2 X —@ 


(17.14) 


Re Go) = —E[* MEO 4, 


TJ-27 xX— 
which imply that G* and G4 are analytic, atts to a well-known theorem 
from the theory of functions of a complex variable. 

It is not hard to see that G* is just the so-called retarded Green’s function 


ae eae + b*(2)0D} for 4 > ta, 
G'(1, 2) = 


0 for t, < fo, 
(17.15) 
while G4 is the advanced Green’s function 
0 for t, > fe, 
G4(1, 2) = o x 
i Sp {eO+¥-D71G1)b*(2) + G*(Dd)} = for th < te. 
(17.16) 


In fact, carrying out exactly the same argument for (17.15) as was made for 
G, we obtain 


Gp, 0) = — Qn)? D) fO+HNe- FT| bag (O)|2CL 4 €- One) 
_ (17.17) 





x d(p a Pn) [r= ms mn) = 


which clearly satisfies the relations (17.14). 
We can write formula (17.17) and the analogous formula for G4 in the 
somewhat different form 


® — Wmal’ 


Gp, @) = fr pee 2 75 


ox —-W- 


(i ‘ (17.18) 
4 es PAB Oe 
@'@;0) = | ers + 15 
where 5—> +0 and 9 is the real function 
o(p, @) = —(2n)? >» eA tun, —EWITIL, (0)? 
nm (17.19) 


x al + e7 mn!T)S(p - Pmn)o(@ = Omn): 


Expressions of the type (17.18) were first obtained by Lehmann (L11), as 
applied to the Green’s functions of quantum electrodynamics. 

In particular, using (17.18), we can deduce the behavior of G? and G4 for 
large w. In the first place, noting that the integral 


i p dx 
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is finite, we find that 


On the other hand, we can calculate the integral of p by using the definition 
(17.15) of G®. In fact, because of the commutation rules for the Heisenberg 
operators at t; = t., we have 


G(r, Te; ty = te + 0) = —id, — Fp), 
Gp; ty = t2 + 0) = -i. 
Then, expressing G*(p; t, = t2 + 0) in terms of G*(p, o), ie., 


Gp; t, = t2 + 0) = = [Fao G*(p, we! (a —> +0), 


and substituting the expression (17.18) for G* into this formula, we find that 
-1 


== ~ Ti dx (x, p) ir. de —— = ‘ia o(x, p) dx. 


It follows that 


ie e(x, p) dx = —1, (17.20) 
so that for large w the functions G? and G4 behave like 
1 
Rw GAw -, 
Gi ~ G4x~ i (17.21) 


i.e., like the corresponding functions for noninteracting particles. 

The retarded and advanced potentials satisfy an infinite system of coupled 
equations [see Bogoliubov and Tyablikov (B8), Zubarev (Z1)]. However, 
they cannot be calculated by a diagram technique like that used to calculate 
the temperature Green’s functions Y. Therefore, it is of interest to establish 
the connection between G? and Y. To this end, we construct an integral 
representation for Y, analogous to (17.18). 

According to the definition (11.1), we can write 


Ge, =) = — De ewha Fo Fesamt Hom *ldam(O)]? (17.22) 
fort > 0. Using the formula 
ap, o,) = f = de { dr ext Gp, 2) 
to go over to Fourier components in (17.22), where w, = (2k + 1)xT for 


fermions and w, = 2knT for bosons, we obtain 


— Om, !T 
G(p, o,) = —(2n)? > e2+uN, - E/T, (0)|23(P — Pian) l+e 


Omn — IW, 


(17.23) 
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The function (17.23) can be represented in the form?” 


Gp, 0) = [~ L&D ay, (17.24) 


-© X — 10, 


with the same pe as in (17.19), from which we obtain a relation between 
G for w, > 0 and G¥(w): 


Gw,) = Giw,) for w, > 0. (17.25) 
On the other hand, it follows from (17.24) that 
Gwo,) = G*(—o,). (17.26) 


Thus, from a knowledge of the function G*(w), which is analytic in the 
upper half-plane, we can use (17.25) and (17.26) to construct the temperature 
Green’s function @ for all “frequencies” w,. However, the inverse problem 
of constructing the function G* from a knowledge of Y is of much greater 
interest. Suppose we know @ for all frequencies w,, and suppose we have 
succeeded in constructing a function F(w) which is analytic in the upper 
half-plane and has the property 

F(im,) = Gw,) for ow, > 0. 

Then, using a familiar theorem from the theory of functions of a complex 
variable,?® we see at once that F(w) coincides with G?(w) everywhere in the 
upper half-plane. Thus, the problem of constructing the function G?(w) 
reduces to the problem of continuing 4(w,) analytically from a discrete set of 
points into the entire upper half-plane [see Abrikosov, Gorkov and Dzyal- 
oshinski (A5), Fradkin (F2)]. Although this problem does not have a solu- 
tion in general form, the analytic continuation can be carried out in various 
special cases. In later chapters, we shall encounter examples of this type. 

From a knowledge of the functions G’() and D¥(w), or of the Green’s 
function D,(w) of the electromagnetic field (see Sec. 29), we can determine 
a number of transport properties of the system. Thus, finding the pole 
of the Green’s function G*(w) for an electron in a metal allows us to calculate 
the mean free path of an electron as a function of its energy, while the pole 
of the phonon Green’s function D*(w) gives the absorption coefficient of 
sound. The function D%,(w) determines the complex dielectric constant e(w) 
of the system, and with it the low-frequency conductivity of the metal [by 
using the relation e(w) — 4zic/w as w—> 0]. This makes it clear that the 
technique of temperature Green’s functions, together with the method of 
analytic continuation, allows us to transcend the purely statistical problem 


17 Tt might seem that in the Bose case, the integrand in (17.24) has a singularity at the 
point x = 0 when wm, = 0. However, it follows from (17.19) that in this case p ~ x 
for small x. 

18 The theorem in question states that two analytic functions coincide if they take the 
same values at an infinite sequence of points which have a limit point in the region of 
analyticity. In our case, the infinite sequence of points consists of the uniformly spaced 
points iw,, and the limit point is the point at infinity. 
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of calculating the thermodynamic potential Q; as a matter of fact, while calcu- 
lating Q, we can simultaneously find certain transport properties as well. 

On the other hand, a variety of transport properties (e.g., viscosity, 
thermal conductivity, etc.) are connected with many-particle Green’s func- 
tions, which, in principle, obey relations resembling (17.24). Since these func- 
tions depend ona large number of frequencies (e.g., on three frequencies, in 
the case of a two-particle function), the general relations in question turn out 
to be quite formidable. However, in most cases of practical importance, we 
only need Green’s functions some of whose arguments coincide (examples of 
this kind will be encountered in the chapter on superconductivity). In such 
cases, the required relations do not differ fromthe corresponding relations 
for one-particle functions, and in particular, formulas connecting the 
relevant temperature functions and time-dependent functions can be derived 
without difficulty. 

For example, consider the scattering of slow neutrons in a liquid, which for 
simplicity we assume to consist of bosons with zero spin. As is well known 
(see e.g., L7), the interaction between an incident slow neutron, with radius 
vector r and mass m,, and an atom of the liquid, with radius vector R and 
mass m, is described by the potential energy 


Vr — R) =2n moe ad(r — R), (17.27) 


where a is the scattering amplitude. Summing (17.27) over all the atoms of 
the liquid, we find that the energy of interaction between a slow neutron and 
the liquid as a whole is 


Vin) = 2n moe a> dr — R,). (17.28) 
n k 


In the second-quantized representation for particles of the liquid, V(r) has 
the form 


m+ Ms 


Var) = 2x —_— ab * Md), 


where ) and {* are the field operators of the particles of the liquid in the 
Schrédinger representation. 

The matrix element for a transition involving scattering of the neutron 
accompanied by a transfer of momentum q is proportional to the quantity 


a fe-™*il)* YO|S> ar, 


where / denotes the initial state and f the final state of the liquid. It follows 
that the differential scattering cross-section is 


do ~ a? far dr, en tay “2b * (tbr) | > 
x Cf |)* Fa) h(r2)|S(E, — E, + A), 
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where A is the energy transfer. Summing this expression over the final state 
f, and calculating the Gibbs average over the initial state i, we obtain 


do ~ a > [dry dey eH “EDM -BOIECEIY + (EMEDIA 
i,f 


x <f|¥* (2) br2)|Dd(E, — E; — A). 
Finally, substituting the expressions (17.6) for the operators {(r) and )*(r) 
into (17.29), we obtain 


do ~ a®(2r)? v >. oO FUM EDITED * O)O)|F>|?8(Pri — Q)3(p: — A), 
: (17.30) 


where V is the volume of the system, w,, = E, — E; and p,;; = Py, — P,. 
It is easily seen that to within a constant factor, the expression (17.30) 
coincides with the imaginary part of the Fourier component of the function 


(17.29) 


K(r, — Ye, ty — te) 
= —i Sp {e%+¥8 MITT G+ (ry, ty) V(t, tb * (a, t2)b(o, t2))}, 


Im K(@q, A). 


do x — Va? Theat 


(17.31) 
The function K is a two-particle Green’s function (multiplied by i) with two 
pairs of identical arguments, and its analytic properties are exactly the same 
as those of a one-particle Bose Green’s function G. If we introduce functions 
K® and %, by analogy with G* and Y, then all that was said about G, G? and 
GY applies word for word to the functions K, K® and %, if at the same time 
we replace the operators ((1) and p*(2) by Y*(1)Y(1) and }*(2)d(2) in all 
the formulas from (17.1) to (17.21). Thus, to calculate do, it is sufficient to 
find the temperature Green’s function “% and then construct K*, its analytic 
continuation into the upper half-plane. Afterwards, do can be found by 
using the relation 

Im K*(q, A) 


do x —Va? 7] as pone” (17.31/) 
Sometimes formula (17.31’) is written in a different form, i-e., 
S(q, A) 
do = A po 


where A is a constant, and S(q, A) is the so-called structure function 
S(q, A) = 2 Im K*@q, A). 


It is not hard to verify that the function S(q, w) is the Fourier component of 
the average of the commutator of the density operators: 


{{oO, GID = Ges [lq wert dq de 
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The quantity S(q, @) satisfies a useful relation [see Cohen and Feynman 
(C2), Noziéres and Pines oe valid both for bosons and for fermions: 


iq? 
= = {- wS(q, @) d =. (17.32) 


Here, # = <p(x)> is the density of particles in the system, and m is the mass 
of a free atom. 

To derive (17.32), it is convenient to start from the equation of continuity 
obeyed by the density operator and the particle current-density operator, i.e., 


“e) + div j(x) = 0, (17.33) 


where p(x) = }*(x)b(x), and the current-density operator has the form 
i) = — 55 Vd — (VOY), 


if the interaction between the particles in the liquid does not depend on 
their velocities. Equation (17.33) expresses the law of conservation of matter; 
applying it to the commutator [o(1), e(2)] for t; = t2, we have 


x [e(1), pn -ta = —4ivali(t), PDI, -n- 


Then, using the commutation rules (6.2) for the operators ) and }* with 
identical time arguments, we obtain 


Fr (Ds PMunte = 5 divs (o()V.8(6: — 12) — 5 8(6: — 19)V.0(0). 


Taking the average of this operator equation, and using the spatial homo- 
geneity of the system (which implies V# = 0), we find that 


I fe _ fig’ 
on ik . wS(q, o) dw = a 


in terms of Fourier components. But 


Sq, —o) = —S@, w), 
which proves (17.32). 
It also follows from (17.30) that 


S(q, ©) ae a 
fe, Re deo = e-!-*Xp()0(0)> dr = ACA), 
where S(q) is the correlation function introduced on p. 9 (for q # 0). It 
is convenient to transform this last relation into the form 

1 


= |, S(q, ©) coth + pe = = nS(q). 
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We conclude this chapter by showing how to evaluate sums over w, of the 
type (16.12). First we note that for large w,, the function Y has the form 


1 
Gx (17.34) 


[this is an immediate consequence of (17.24) and (17.20)], and hence the sum 
T > Go, )etn" (17.35) 
On 


diverges for t = 0. Actually, this means that (17.35) has a discontinuity 
for t = 0, as is clear from the definition of Y(t). If we assume that t is 
arbitrarily small but finite, the series (17.35) converges. Using (17.26), we 
can write (17.35) in the form 
2T > cos (w,t) Re F(w,) + 2T os sin (w,t) Im F(w,), 

@n 20 On 20 
where the prime on the summation sign means that the term w, = 0 is taken 
with weight 4. Since Re Y converges to zero faster than 1/w, as w, > 0, 
because of (17.34), we can simply set t = O in the first sum. To evaluate the 
second sum, we observe that the chief contribution to the sum is obtained for 
@,t ~ I, Le., corresponds to large values of w, when t->0. Therefore, the 
sum over w, can be replaced by an integral, i.e., 


1 
TY se fos 
where, of course, we must use the asymptotic value (17.34) for Y(w,). 


This gives 
lim 27 >” sin (@,t) Im G(o,) = — 
0 


t70 On2 





1 ¢ sin xt 1 
Lp SE aco Jaane 


and hence we have the following rule for evaluating the sum (17.35): 


i —to,T 1 
lim T 2, Gog etnt = ar >. Re Yo,) — x sgnt. (17.36) 
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THEORY OF 
THE FERMI LIQUID 


18. Properties of the Vertex Part for Small Momentum Transfer. 
Zero Sound.’ 


Our primary aim in this chapter is to show how the methods of quantum 
field theory can be used to establish the foundations of a theory of the Fermi 
liquid. To this end, we consider a system of fermions at T = 0, with arbitrary 
short-range interaction forces. The properties of the Green’s function in this 
case were considered in Sec. 7, where, in particular, it was shown that excita- 
tions of the “particle” type correspond to a pole of the function G* in the 
lower half-plane near the positive real half-line of the complex variable 
e,” > while the “holes” correspond to a pole of the function G4 in the upper 
half-plane near the half-linee < 0. Since both of these functions are obtained 
by analytic continuation of the G-function from different real half-lines (of 
the variable ¢), it follows that the G-function has the form 
a 
GP. ©) = =TpT — po) + 1S sgn (pl = Po) 
near |p| = po,¢ = 0. Here, 3 +0, a is a coefficient whose meaning was 
explained in Sec. 7 [see (7.40)], po is the Fermi momentum defined by the 
relation (po) = v, and v(|p| — po) is the difference e(p) — p expanded in the 


(18.1) 


1 This section is in large measure based on results obtained by Landau (L6). 
2 For convenience, in this chapter we use ¢ to denote the frequency variable in the 
Green’s function. 
° For the Green’s function with fixed N (defined in Sec. 7), this corresponds to ¢ > uy. 
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neighborhood of |p| = po. The expansion coefficient v is the velocity of the 
excitations at the Fermi surface, equal to p,/m*, where m* is the effective 
mass of the excitations. 

We now consider the properties of the vertex part I, which, together with 
G, plays an essential role in the theory of the Fermi liquid. Let us examine 
the behavior of the vertex part for p, near ps and p. near py. We introduce 
the notation 


(pi Pa; Pi + k, p2 — k) = V(pi, ak), (18.2) 
where the energy-momentum transfer k = (k, w) is a small four-vector, i.e., 
|k| « po, || « w. Consider the simplest diagrams for I’, shown in Fig. 57. 
The expressions corresponding to these diagrams contain integrals of two 
Green’s functions. Although for diagrams (a) and (b) there is nothing 
special about the case k = 0, for diagram (c) the poles of the two Green’s 


gtp-A-k Atk op 
AtR-9 Bok ea - me 4 
(a) (b) (c) 
FiGurRE 57 


functions come together as k > 0. As we shall see below, this leads to the 
appearance of singularities in I’. It should be noted that although the 
diagrams in Fig. 57 formally pertain to the case of two-particle interaction 
forces, diagram (c) will still exhibit special behavior even in the case of 
arbitrary interaction forces. 

Let I denote the set of all possible diagrams for T which do not contain 
“anomalous elements,” i.e., G(p)G(p + k)lines. It is not hard to see that the 
exact I’ is obtained by summing over the “ladder diagrams” shown in 
Fig. 58, where the vertices are I!-functions and all the lines are “anoma- 
lous.” This sum can be expressed as an integral equation 


Pap.e(Pas Pai K) = TRyol(Pr Pa) — f [TRan(Pr NO@) ea 
d‘q ° 
x Gq + kK) ns, 209, Pas Kees (2x)! 


where we have set k = 0 in the function I, since it has no singularities at 
k = 0 (the forces are short-range). 

Next, we consider the integral in (18.3), which consists of a contribution 
from regions far from the point |p| = po,¢ = 0 and a contribution from 
the neighborhood of this point. The latter integral determines the singulari- 
ties of the whole expression. If k is small, we can take the neighborhood of 
|p| = Po, € = 0 to be small, and the only important contribution to the 
corresponding integral will be from the part of the contour going around the 
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poles of the G-functions. Since the arguments of the two G-functions are 
close together, we can assume that all other quantities in the integrand are 
slowly varying with respect tog. Then there is a contribution from the poles 
only when the poles lie on different sides of the real axis. This requires that 
lq] < Po, |q + k| > po or |q| > Po, lq + k| < po. Bearing in mind that k 
is small, we easily see that this implies that |q| ~ po and «~ 0. Thus, in 


FiGureE 58 


the part of the integral with respect to g which comes from the detours around 
the poles, the product G(g)G(q + k) can be replaced by Ad(e)d(|q| — po). 

The coefficient A can be determined by integrating G(q)G(g + k) with 
respect to « and |q|, and is found to be 





2nia® v-k 
—_———— > 
v w-—v-k 


A 


where v is a vector directed along q and equal to v in absolute value. Thus, 
the product G(g)G(g + k) can be written in the form 


2nia?v-k 
G@)Gq +b = = 





8©)8(\q| — Po) + P(g), (18.4) 


where ¢(q) represents the regular part of the product G(g)G(q + &), which is 
important only in the integral over the “‘distant’’ region [hence we set k = 0 
in 9(q)]. 

The limit of the expression (18.4) as k, w — 0 depends in an essential way 
on the ratio of w to |k|, and the same applies tol’. We first examine T° in 
the limit w—> 0, |k|/o +0. Using (18.3) and (18.4), and denoting this 
limit by T°, we obtain 


: d* 
T'25, y6(P1s P2) = P98. v6(P1» Pa) = i [TR (pr, De@lRs, 26(9; D2) ont (18.5) 


With a view to eliminating [ from (18.3) and (18.5), we temporarily write 
these equations in operator form 


re = To — Tyre, 
PT =1® — TCO + of, 


where products are interpreted as integrals, and iD denotes the first term in 
(18.4). The first of the equations (18.6) gives 


Te = (1 + (PP). 


In the second equation, we transpose the term involving ¢ to the left-hand 
side, and then apply the operator (1 + iI )~1, obtaining 


P=7re+Teer, 


(18.6) 
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Writing this equation in explicit form, we find that 
TPa,ve(Pis Pa; kK) = Vp, y0(Pi; Po) 


apz rr, yo 

+ Gayy | Pel MW ns.20@ Pa) = —y RIO (18-7) 

Next, we examine I in the other limiting case, i.e., |k| > 0, w/|k| — 0, this 

time denoting the limit by [. Using (18.7), we find the following relation 
between I’ and T®: 


2 72 
Pép.w(Pv Pa) = V&p,so(Pas Pa) — seas [Ten(Pr MU ne Pa) dQ. (18.8) 


We now investigate the poles of the function ['(p,, p2; k) for small k and w. 
Since 
T(Pi, pa; k) > T (px, po) 


in the neighborhood of the pole, we can neglect the term T° in the right-hand 
side of equation (18.7). It should also be noted that the variable p. and the 
indices B, 5 act as parameters in (18.7). Therefore, near its pole the function 
IT’ can be represented as a product y.,(P1; k)xp6(P2; ) of two functions.” We 
can then cancel the common factor ys0(p2; k) appearing in both sides of 
(18.7). Writing 


n-k 


Vey(n) = =F Xor(P1; Kk), 


where n is a unit vector in the direction of p,, we obtain the following relation 
for Vey: 
Poa” 
(o — on-Wya(n) = 9k OS J Te, yn(M, Dvpe(l) dQ. (18.9) 

Equation (18.9) has the same form as the equation for zero sound and 
spin waves [see (2.24), p. 25]. In the next section, we shall show that this 
is natural, since the poles of [’ determine the acoustic excitation spectrum 
of the Fermi liquid. The quantity a?I® plays the same role in equation 
(18.9) as the function f introduced in our previous treatment of the theory 
of the Fermi liquid (see Sec. 2). The quantity a?I® has no direct physical 
meaning in its own right. However, equation (18.8) relates a7T® to a7I*, 
and as we shall now show, this latter quantity can be interpreted (except 
for a constant factor) as the forward scattering amplitude of two quasi- 
particles with |p,| = |pz| = Do. 

We begin by considering the auxiliary problem of the scattering of two 
particles in the vacuum. Suppose that at time t = —0o, the wave function 
of the system is af,,ap,sPo, where Dy is the vacuum wave function. Then at 
time t = 00, the system goes into the state S(co)aj,,a3,sPo. The scattering 
amplitude for a transition into the state p,, p28 is proportional to 


= Kap, a2p, 59(0)as5¥9p,60» a 8. 10) 


1S8 THEORY OF THE FERMI LIQUID CHAP. 4 


where <--->9 denotes the vacuum average. The operator S(0o) is defined by 
equation (8.8), i.e., when S(co) is expanded in a power series in Ain, it 
represents a sum of integrals of T-products of )-operators. 

According to formula (8.10), each of these 7-products can be written in 
terms of a set of N-products. It is clear that the only terms that matter in our 
matrix element are those containing N-products of four )-operators multi- 
plied by all possible pairings. Since the pairings are c-numbers, they do not 
participate in the averages. In the present case, there are two particles, and 
hence 


N(Y* (Xa) * (Xa) Pr) H(%2)) = Y* (Ka) h* Xa) bOr) HO). 


In calculating the vacuum average (18.10), this N-product leads to the factor 


exp {i(T,-Pi + T2"P2 — Fa°Ps — 4: Pa) 
— ifeo(Pi)f + €o(P2)fe — €o(Pa)ts — o(Ps)ta]}- 
In (18.10), this factor and an expression containing only pairings is integrated 
over the coordinates. As a result, we obtain the set of all diagrams with 
four vertices, where the energy and momentum at each external point are 
connected by the relation « = ¢)(p). This quantity corresponds to the last 
term of the previously introduced two-particle Green’s function (10.17), 
which has no external G®-functions. In the present problem, involving the 
scattering of two particles in the vacuum, these G-functions are just 
exact G-functions. In fact, according to formula (7.3), we have 
Gr,t)=0 for t<0. 

Moreover, in any diagram for corrections to the G-function, we can always 
find at least one pair of lines with opposite directions‘ (i.e., one G® with 
t > 0 and one G® with t < 0), as a result of which any correction to G 
vanishes. For the same reason, the only diagrams for the vertex part which 
are left are those such that dll the G-lines go in the same direction, i.e., 
diagrams of the type shown in Fig. 57(a). 

It follows from all these considerations that the scattering amplitude 
(18.10) equals? 

Pa, 16(P1s P23 Ps» Pa) le =cocno» 

where I’ is the vertex part for the problem being discussed. In the present 
case, formula (9.17), expressing the relation between the two-particle Green’s 
function and the vertex part, takes the form 


Gp, ve(P1, P23 Ps, Pa) = G(p1) G(p2)(2x)* 
x [8(p1 — Ps)Sav5es — 8(P1 — ps)85ySa0] (18.11) 
+ iG (py) G(p2) G (ps3) G (pa) Pap, ve(P1s P23 Pas Pa), 


* Diagrams of the type shown in Fig. 4(a), p. 69 are an exception, but, as already 
noted in Sec. 8, in such diagrams G0) must be regarded as the limit lim G®(—1), 
which in the present case equals zero. a 

5 In all the formulas, we omit a constant factor, which equals 4/m, as shown by 
comparison with perturbation theory (see Chap. 1). 
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where the momenta obey appropriate conservation laws. The quantity G™ 
can be regarded as a two-particle Green’s function (which explains the 
notation). The first term in (18.11) corresponds to free motion of the 
particles, and the second term corresponds to scattering of the particles by 
each other. 

Returning to the case of the Fermi liquid, we compare formulas (10.17) 
and (18.11). According to (18.1), in the region of small ¢ and values of |p| 
near Po, the Green’s functions have a form very close to that of free-particle 
Green’s functions. We have to divide the function G™ by a? before we can 
regard it as a Green’s function for two interacting quasi-particles. Then the 
free term will have exactly the same normalization as in the case of real 
particles with energy <(p). The second term in (10.17) corresponds to scatter- 
ing of quasi-particles. Comparing it with the similar expression for real 
particles, we arrive at the conclusion that the quantity 


aT x5, v(P1> P23 Pas Pa)le, =e) -u (18.12) 
acts as an amplitude for scattering of quasi-particles. In particular, all the 
e, = 0 if |p,] = |pel = po, and then the scattering amplitude for small 
momentum transfer equals a7I'(p;, pz; k) with w = 0, while the forward 
scattering amplitude equals a?I". 

The relation (18.8) connecting a?I’* with the function f = a’I® can be 
solved if we assume that the spin-dependent part of the particle interactions 
is due purely to exchange. Then we can write a?I* in the form 


2 
2 at" = A(m,, ny) + B(M,, n2)o,- 62, (18.13) 
and, according to (2.23), 
2 
a aT = F, 
The equations for ® and Z [cf. (2.28)] separate, i.e., 


A(m, M2) = P(m,, m2) — fom, n’)A(n’, n2) e. 


18.14 
42 (18.14) 


= 
In an isotropic liquid, all the quantities at the Fermi surface depend only on 
cos / (Ny, R.) = cosy. Suppose we expand these quantities in Legendre 
polynomials, e.g., 


B(m, ma) = Z(my, m2) — [Z(my, m')B(a', nz) 


AQ) = >. AP; (cos y)- 


Then we immediately obtain the following relations between the expansion 
coefficients: 


Ax a | eee (18.15) 
l+5 oes 
+i +1 
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19. Effective Mass. Relation Between the Fermi Momentum and 
the Particle Number.°® Excitations of the Bose Type. 
Heat Capacity. 


19.1. Some useful relations. We begin by deriving some relations involv- 
ing the Green’s function. Suppose our system is in an infinitely small field 
$U(t), which is homogeneous in space and slowly varying in time. The cor- 
responding interaction Hamiltonian has the form 


Hig, = FUE ©) BUOY ae. 


Going over to the interaction representation with respect to Ain, and 
expanding the Green’s function in a power series in 5U up to terms of the 
first order, we find that 


8Gaslx, x) = — faty 3UGM TEA EH? 
— THaLObE &)><H OVO) 


where the } are the Heisenberg operators of the interacting particles in the 
absence of the field 8U. Using formula (10.17), we obtain 


8Gao(% x) = Bap [SU(4)G(x — yG(y — x’) dy 
— i [8U(,)G(x — x)G(y — 2) Gos — XG — y) 
x Ty, py(%1, X23 Xg, X4), d+y d*x, d*x_ d*x3 d*x4 


or, transforming to Fourier components, 
SGap = SapG(p) SU(w)G(p + k;) 


= IG(P)GUP + ki) [Po (Ps 45 KIGQ) BUWIG + kSS 


where k, = (0, w). 
Since the field 5U has no effect on the spin of the particles, 3G,,, must be 
proportional to 3,5. Performing the operation 4+ Sp, we obtain 


8G = G(p) 8UG(p + ky) — iG(p)G(p + k1) 
x [Pos oolP. 4: kx)G) BUW)G + ke) SS 
On the other hand, if we add the term 
SU(t) [bE Hale) dr = SU(DN 


to the Hamiltonian, we find that in the limit }U — const, the function G is 





® These results were obtained by Landau and Pitayevski, and were partially published 
in P6. 
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simply multiplied by e-'®%¢-", which corresponds to adding the term — SU 
toe. Thus, 

8G 0G 

30” Ge 


in the limit wm — 0, and we have 


FE = —GD)o[1 - 5 [Pe aol NOM SS) 


where {G?(p)}.. = ¢— [see (18.4)] denotes the limit of G(p)G(p + k,) asw — 0. 
Examining this formula near the pole of G(p), we can write G(p) in the form 
(18.1). Then, dividing by —{G?(p)},,, we obtain our first formula 


FO Fa STW MEM. Ge — (19.1 


de a 
To obtain another important relation, we argue as follows: Suppose the 
particles have infinitely small charge Se, and suppose the system is in a 
magnetic field which is weakly homogeneous in space and constant in time. 
Then the term —Aéde should be added to the momentum operator in the 
Hamiltonian. If the charge Se is very small, the change in the Hamiltonian 
is given by the expression 


— 22 fuze A@dale) dV, 


where p is the momentum operator. The resulting change in the Green’s 
function is obtained in the same way as before, and is found to be 





3G = —G(p) % (p-a)atp + ka) + 4 G(p)G(p + ks) 


- [ Pas, aos 93 ka)G(4) a (q-A)G(q + kz) on 


where kz = (k, 0) [here k is assumed to be small]. On the other hand, in the 
limit k — 0, it follows from the gauge invariance that all functions depending 
on momenta must go over into functions of p — Ade, so that 
OG = 206 
Ade ap 
inthe limit k — 0. Therefore, in the limit Se — 0, k — 0, we obtain a second 
relation for G(p) near the pole: 
Wiest wa Ss oP 
i a m*a (19.2) 


oF ae 5 {Ti aB(P, q4 {PQ} ae 





A third relation can be obtained by considering the change of the Green’s 
function when the system as a whole moves with a small, slowly varying 
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velocity Su(t). In this case, the Hamiltonian of the system is changed by 
addition of the term 


—u-P = —3u- [bE (LA) ar, 


where P is the total momentum operator of the system. The corresponding 
change in the Green’s function is 


3G = —G(p)(p-Bu)(o)G(p + kx) 
+ 5 GPG + bey) [Tan alPs 93 NCQ O)GNGG + ke) Ep 


where k, = (0,w). On the other hand, for w = 0 this reduces to a trans- 
formation to a coordinate system moving with constant velocity du, and 
then the energy changes by the quantity — P-du (according to the usual 
Galilean formula). Moreover, the frequency « becomes ¢ + p-du, so that 
the Green’s function is changed by the quantity (2G/ée)p-du. Thus, in the 
limit o — 0, Su — 0, we find that 


oG-> pp | i fne d'q 
Pa EHP ZF [Mel CMe oar (19.3) 





near the pole. 

Finally, we derive one last relation by considering the change of the 
G-function under the influence of a small field 3U(r) which is constant in time 
and weakly inhomogeneous in space. In this case, the change in G equals 


8G = G(p) 8U(K)G(p + kz) 


= 5 PIG + ka) [Tas aol Ps 45 Gg) BUWIGUG + ka) 5K 


where k, = (k, 0). On the other hand, the equilibrium condition 
uw + 8U = const 


must be satisfied in a constant external field. In the limit k — 0, the chemical 
potential changes by the small constant —SU. Thus, in the limit k— 0, 
SU -> 0, we have 


a = 1 = 5 [Ts ool 2, GD ood (19.4) 





a formula which is valid for arbitrary momenta. 


19.2. Basic relations of the theory of the Fermi liquid. We are now in 
a position to derive the basic relations of the theory of the Fermi liquid, by 
using formulas (19.1) —(19.4) and formula (18.8) connecting * andT'®. We 
note in passing that formula (18.8) holds for arbitrary momenta p, and 
Pez, Which are by no means obliged to lie near the Fermi surface. 
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First of all, we substitute (18.8) into (19. - obtaining 


— Bet Pad [Ta eld LOW od 


m*a 


1 pga 
= 5 Bi, [ts asl. O(—a8 + 4) ao. 
It follows from formula (18.4) that 
{(P(p)}x = {F*(D)}o — 


2ria* 





3(€) 3(Ip] — Po): (19.5) 


We substitute this expression into the first integral in the preceding equation, 
and use formula (19.3). Then, after some cancellation, we find that 
1 1 


=o; + aon | aT, aa(x) cos x dQ. (19.6) 


for |p| = po,¢ = 0. It is easy to see that this formula coincides with (2.12), if 


als, ap = Spo Spo f(x, 5, 9’). 


Next, we prove formula (2.1). Consider the expression (18.1) for the 
Green’s function G near the pole, i.e., for |p| > po, —> 0. The coefficients 
aand v in (18.1), as well as the momentum po, depend on the chemical poten- 
tial». Differentiating G with respect to u, we easily see that the terms com- 
ing from differentiation of a and v are small near the pole [~(|p| — po)/u 
or ¢/u] compared to the term coming from differentiation of pp. Thus we 
have 


which implies 





Substituting (19.4) into this formula, and using (18.8) to express [*, we 
obtain 


2 Ho 1 5 (TGs alt, MOM ok 


1 vd 
—5 Gita, [TMs aul. (2 He - 1) a0. 


Then, substituting the expression (19.5) for {G7}, into this last equation, and 
using formula (19.1), we find after some cancellation that 


oe — [1+ PR [atl ty. ul. 9) dO] (19.7) 
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The total number of particles in the system is given by (7.37). Differentia- 
tion of this formula with respect to p gives” 


we ae aG(p) d*p oG- a 2 
=a Su On 7 [ye Con ee 
mrs (19.4) into this formula, and using ae to express I" in terms 
of I'°, we obtain 


any) V) 











= 21 [PW a oe 


+ [MM %, «oP, HOM ik a 


v dDo d‘p 


— BEE, [WT Ms aol. D2 Fe - 1) 5, 0. 








Then, substituting (19.5) into this last — and using (19.1), we find that 


a(N/V) . 
Che 7 IPO Gai oe ony 


+ [POLE a0 NOD wo or 


8naps _ 8rps(a — 1) dpo 


(2n)5v Qn” du 


= 8 [ PED 5 [Pe alo 2 2 


According to (19.1), the first two terms in the es a are just 


0G d‘p dp 

3 Cn) ON Gay 

but this expression equals zero, since, according to (7.11), G vanishes as 
¢—> +00. (This is also obvious from the fact that the expression in question 
equals the change in the number of particles in the system if we change the 
origin from which the energy is measured.) In the last of the remaining 
terms, we use (19.7) to express J aT dQ, obtaining 


AN/V) _ 8x5 apo. 





~2i = -2i [[G(@ = «) - Ge = - 








di aa (19.8) 
Integrating with respect to y, we finally find that 

N_ 87 _ Po 

V3 Qn 


Using (19.7), we can verify the expression (2.19) for the velocity of sound. 
We need only observe that because of (19.8), formulas (19.7) and (2.18) 
coincide. 





7 Here, for brevity, we omit the factor et (t > +0) in the integrand. 
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19.3. Excitations of the Bose type. We now consider the case of 
acoustic excitations. To this end, we carry out an analysis similar to 
formulas (7.32)-(7.33), examining the time variation of the state which at the 
time t = ft’ is described by the wave function 


i 1 
Volt) = 7D boall Mitena(’)O(0). (19.9) 


Here |k| « po, and the ,,. are the operators of a particle with momentum p 
in the interaction representation. Handling all the operators in the same 
sequence as in (7.32)-(7.33), we obtain the probability amplitude 


(YIOVOD = Fe Da. Sh en0( Monn. Vor alt 140, tall? 


dp, dpa 
2n)* (2x)° 


sei, t’” Pe; t; Pi + k, t'" Pz — kL Dopp 


d*p, d*pe —_iea—p) AO 
a II : = pack oS fo(t-t) 2, 
Jos, ap(Pi1; P23 Pi + k, p2 — k) (2x)? (nyt é on 





where k = (k,w). Substituting formula (10.17) for G™ into this expression, 
we find that 


cHaOFOD = | [2 [omen + 55 





i [G(o)G(Pr + Pep, a0(Pr Paik) (19.10) 
a aps d*P2 ~tott-1) 2, 
x GPdG(Ps — BE GEE ewe OS 


The expression in brackets in (19.10), which we denote by iaIl, can be 
transformed by using formulas (18.4), (18.7) and (19.1), with the aim of 
eliminating terms containing integrations remote from the point |p| = po, 
¢ = 0. This is done in the same spirit as in all the previous derivations 
given in this section. Using (18.7) to express the vertex part [' in terms of 


T°, and using (19.1) to replace the integral of the type fre , we find that the 
function IT equals 


_ 276 v-k 
~ (2n)8v le — a a 


pe_\? V1 
+ (ee, [Joe Pas, ap(P1s P2; k) se do dQ. 


We can easily verify directly et II can be written in the form 


tig [Mona 
where II, ,, satisfies the equation 
(w — v-k)IT,.,(k, n, ) 
_ Pov-k 1 
(27)8v 2 


19.11 
aT Sn, o(D, p’)ITsn(k, n’, w) dQ’ = (v-k)8u,. 


166 THEORY OF THE FERMI LIQUID CHAP. 4 


As in Sec. 7, it follows from formula (19.10) that the value of <Y4(1)¥(1)> 
as tf > 00 is determined by the poles of the function II in the lower half-plane 
(regarded as a function of the complex variable w). The equation for the 
poles is obtained from (19.11) by replacing the right-hand side by zero. 
Comparing the resulting equation with (18.9), we see that the quantity IJ, 
corresponds tov. Since we are interested in the quantity Sp, if TI, dQ, and 
not in the quantity ITI, itself, we only consider the solutions of (18.9) which 
are isotropic in the plane perpendicular to the vectork. In the same way, by 
choosing other functions V(t), we can obtain equations for all the components 
of the quantity v,,, with respect to both angles and spins. 

Thus, we have shown that in a Fermi liquid there can exist excitations 
whose spectrum is determined by the poles of the function I’, i.e., by equation 
(18.9). These excitations obey Bose statistics, since they correspond to 
operators which are bilinear in the Fermi operators [see (19.9)]. As shown 
in Sec. 2, such excitations correspond to various branches of the zero-sound 
spectrum. This explains the physical meaning of the poles of the function 
T in the region of small energy and momentum transfer, and proves the 
identity of equations (18.9) and (2.24). It follows from formula (19.9) that 
an acoustic excitation can be regarded as a bound pair consisting of a 
quasi-particle and a hole with neighboring values of the momentum. 


19.4. Another derivation of the relation between the Fermi momentum and 
the particle number.® In order to give another derivation of formula (2.1), 
we begin by writing formula (7.37) for the sae in the form 


Ma 2if [z In G(p) — G(p) ade" 3 e a yi 


where & is the exact irreducible self-energy part [G = (e — § —X)~3]. In 
the expression on the right, the integral of the second term in brackets 
vanishes. To see this, we first prove that X(p) can be regarded as the vari- 
ational derivative with respect to G(p) of some functional X: 


Pits +0), (19.12) 





8X = I ¥(p) 8G(p) 2, i xe (19.13) 
Suppose we calculate the variational derivative 
82(p). 
3G(q) 


To this end, we consider the diagrams making up 4, and in each such diagram 
we vary all the G-lines in turn. For example, consider the self-energy part 
shown in Fig. 10(c), p. 76. If we direct our attention to each of the three 
G-lines in turn, each time denoting the corresponding energy and momentum 
by e, and q, it is not hard to see that the result will equal the G-function in 


® The derivation given in this section is mainly due to Luttinger and Ward (L17). 
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question multiplied by a sum of two diagrams, which simply represent the 
second approximation to the function (p, g) introduced in Sec. 18, i.e., to 
the part of the function ['(p, g) which does not contain ‘anomalous elements” 
with two identical G-functions. Applying this procedure to all the diagrams 
making up &, we obtain 


at 
8U(p) = —3 [Taal p,9) 86) Oy 
which implies 


= } = £7 ao(P, q)- (19.14) 


This quantity is symmetric with respect to the permutation p = q, which, as 
is well known, is a sufficient condition for the existence of the functional X. 

The functional X can be represented as a set of diagrams containing only 
exact G-lines. It is clear from formula (19.13) that these diagrams are 
obtained from the diagrams for & (skeleton diagrams with exact G-lines) 
if we use an exact G-line to “‘close’’ every such diagram. To obtain 
formula (19.13) with the correct normalization, we have to introduce a 
numerical coefficient, depending on the type of diagram (for example, if 
there is only one type of interaction, this coefficient equals I/n, where n is the 
number of vertices®). The diagrams making up X do not change if all the 
frequencies in the G-lines are shifted by a small amount Se, since the limits 
of the integrations over frequency are —oo and oo, and the 38-functions 
assigned to the vertices contain just as many ¢, with plus signs as with minus 
signs. It follows vs 

= [eX py) 2B = 5, 
mH de (2r)4 

Returning to the expression (19.12), we can write the integral of the second 

term in brackets in the ee 


—2i | G(P) 5: £E(pel# ae 
= -2if GED) Be fe + 2 fE(p) iene 


where the second term on the right vanishes. As for the first term, according 
to formula (7.21) 




















Gp, 2) % G%p, 6) x 4, 


as ¢—> 00, i.e., X(p) cannot grow in proportion to ¢, and G(p)X(p) > Oas 
e—> oo. Thus, we have finally proved that the integral of the second term 
in brackets in (19.12) vanishes, and hence 


Nee [ is fet d‘p j 
5 = 2i {= In G(p)e om (19.15) 








° Compare with the quantity ’ on p. 142. 
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As already noted in Sec. 7, the G-function is not analytic, but the function 
G,(e), which equals G(e) for « > 0 and G*(e) for < < 0, is analytic in the 
upper half-plane. It can also be shown that the function Gp has no zeros 
in the upper half-plane.?° It follows that 

















N_4.f2 @ a aD dp ey n LEP) 
7 2i Pox = In G,(p)e* On omy + 2i Ony a! " Ge(p) 
aa. 4 dp 8, Gp) _ 1 n GP) | 

Ir (2x)° ze! "G*(p) ny! " G(p) |- 





(in the integral involving Gp, the contour can be shifted to the region 
Im ¢ = o, and then the integral vanishes). 
Letting ¢ denote the phase of the G-function, we have 


7 = ~2 [loo - o(--on] gE 


We now examine how the phase of the G-function changes in going from 
¢ =0 to e = —oo. As we know from Sec. 7, Im G > 0 fore < 0, and 
Im G = 0 at the pointe = 0. Moreover, as > — 0, Im G falls off more 
rapidly than Re G, with Re G © I/e < 0. Since Im G does not change sign, 
the point (Re G, Im G) in the complex G-plane (for a given ¢) moves around 
only in the upper half-plane, i.e., the phase can only vary from Otoz. Since 


ImG _ 
ReG 
as e—> —0o, we have o(—00) =z. The value of the phase for « = 0 is 
determined by the sign of Re G(p, 0) = G@p, 0), ie., p(0) = 0 if G(p, 0) > 0 
and 9(0) = x if G(p, 0) < 0. 
Thus, from formula (19.15) we obtain 
N _ dp 
vO 3 ee (27)8 (18) 
The region G(p, 0) > 0 is bounded by a surface on which the function G 
either vanishes or becomes infinite. The case where G(p, 0) vanishes (2 — 00) 
probably corresponds to superconductivity (see Sec. 34), whereas G(p, 0) 
can become infinite at the Fermi surface for an ordinary Fermi liquid. 
In the neighborhood of the Fermi surface (the Fermi sphere |p| = po, in the 
present case), 


0 


a 
G(p, 0) + ~e 


where a > 0, i.e., the region G(p, 0) > O corresponds to & < 0 (the interior of 
the Fermi sphere). Finally, evaluating the integral in (19.16), we obtain 
formula (2.1). 





10 This is proved in the same way as it is proved that the complex dielectric constant 
e(w) has no zeros in the upper half-plane of the variable w (see L9, Sec. 62). 
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19.5. Heat capacity. So far, we have considered the Fermi liquid at 
T =0. However, it is also of interest to investigate the properties of the 
Fermi liquid at nonzero temperatures. In the case of low temperatures, it 
is quite natural to expect that all quantities will be determined by the values 
of certain basic characteristics of the Fermi liquid at T = 0. As an example 
illustrating this point, we now calculate the heat capacity, using a method of 
isolating the “temperature correction” which can also be helpful in making 
other calculations. 

Our starting point is the expression (16.12) for the total number of particles 
in the system, as a function of » and T: 


Nv, T) _ jer 
“we? ar > (a ny 7. ee (19.17) 
From a knowledge of this function, we can determine the entropy by using 
the thermodynamic relation 
oN os 
@) =). (010 


Consider the Y-function appearing in formula (19.17). If we bear in mind 
that it is an exact Y-function, obtained by summation of all possible 
diagrams which contain sums over frequencies, it becomes clear that the 
dependence of Y(p, <) on temperature involves more than its dependence on 
the discrete variable ¢« = (2n + 1)n7. Therefore, we write YT; p,¢) 
instead of Y(p, ce). As we know from Chap. 3, the formula 


G-(T; p, e) = (¥)-*(p, ©) — X(T; p, €) (19.19) 
connects the Y-function and the self-energy part &. It should be noted that 


the function Y(p, c) depends on the temperature only through the variable ec. 
If we let T—> 0, while holding « = const, the relation (19.19) takes the form 


G-*0; p, ©) = (F)-*(p, c) — 20; p, £). (19.20) 
From (19.19) and (19.20), we find that 
G-(T; p, ©) = 9-7(0; p, ©) — [X(73 p, ©) — 200; p, e)], (19.21) 


where the quantity X(0; p, <) differs from X(T; p,¢) in that all sums over 
frequencies are replaced by integrals, according to the prescription 


TS ge [Pde 


The calculation of the difference X&(7) — X(0) at low temperatures goes as 
follows: We consider two identical diagrams for X(7) and X(0), say =,(7) and 
%,(0), regarding these diagrams as made up of exact Y-lines. Supposeall sums 
are replaced by integrals in 2,(T). This diagram already differs from X,(0) 
because of the presence of the functions Y(T) which differ from the functions 
Y(0) figuring in &,(0), and to a first approximation, we need only take 
account of the difference of one of the functions Y(T) from &(0), setting all 
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the others equal to (0). A second contribution to the difference &,(T) — 
% (0) is due to the presence of sums instead of integrals. The difference between 
a sum and an integral matters only if the corresponding frequency is small, 
of order T. The frequency regions which are important to a first approxima- 
tion are those such that one of the Y-lines has a frequency of order T while 
all the others have much larger frequencies. Therefore, we can single out the 
G-line with the small frequency, replacing sums by integrals and functions 
G(T) by functions Y(0) everywhere else. 

Thus, we have to vary the diagram with respect to all the Y-lines appear- 
ing in it. The required calculation is completely analogous to that made in 
Sec. 19.4. Applying this procedure to all the diagrams making up X, we 
obtain 


X(T; p, ©) — on P, ©) 


= 3 lea One SFB, as(05P,£545 €1) [ATs 4,6) — 9054, €)] 


1 dq its , 
+5 5 [7 aoe fae,] lam SJ YB 49(0; p, €3 gq, &1)F(0; q, &). 
Using formula (19.21) and solving the resulting equation for X(T) — X(0) [to 
do this, it suffices to form an equation for 7 similar to (18.3)], we find that 
X(T; p, €) — &(0; p, €) 
1 ! aq ee : 
5 [> = = fe] Jans J ap, 0503 P, §; q, €:)9(0; q, £1), 


which, together with (19.21), gives the first approximation to ¥(T): 
G(T; p, ©) = 90; p, 8) + 5 9°03 p.©) 


(19.22) 


1 de 
% [7s Foe fee] J Gps-7 0. «005 esa €1)4(0; q, €1). 


Substituting this expression into (19.19) and subtracting M(p, 0)/V from the 
result, we can obviously write 


7 IMG, T) - Mw, 0) 
= alr > a [a] 20; p, J+e [ac ook (0; p, 6) [75 = x Je] 


dl 1 
x Sams F es, ap 05 Py €3 4, £1) 9(0; q, &1) = [rs - x Jae] (19.23) 


de de 
x [ak me GO; p, j[t +5 m7 5 = Cpe 7 #0. «0(05P. 854, €,)97°(0; q, «| 


to within terms of the first order. In the last equality, we have used the 
symmetry property 


TF «6, (Ps ©3 4, 1) = 7 ap, «6G, £13 Ps &)- 
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This expression can be written in a somewhat different form. In just the 
same way as we derived formula (19.4), we can deduce a corresponding 
formula in the “temperature technique”’: 


Oop e 1 dq nie oe : 
Ou Gg \T; P, e) =1 + 2 TD ea J as, an(T3 P, €; 4, €1) F(T; q, €3). 
In the limit T > 0, with « = const, we obtain 


or 


ae 0; Pp, e) =] +3 as Tat «a0; Pp, €; q, £,)F70; q, €). 


(19.24) 
Substitution of (19.24) into (19.23) un 


plM@ 7) — Mu, ON = 27'S - 5 [ae] [GBs FO: v.dg— 9-10; p) 


= -2r> - Qn = | Jaen Ou. tw 20; Be). 
(19.25) 


Differentiating (19.25) with respect to Gj 
the temperature, while holding u 
constant, and comparing the result , 
with (19.18), we find that os 
a 
a) mr lasem 400;»,2)]. : 
(19.26) ao 
(b) 


The rest of the calculation goes as 
follows: Using the relation between the Ficure 59 
temperature Green’s function and the 
retarded and advanced Green’s functions, we write the expression (19.26) for 
the a as a sum of two contour integrals 


ral J anit] C1 [tanh 5 In Ga(P, €) de 


+ = i | tanh | In G,(p, ©) ae) 


- ae mnGuprerd 





=2{ oR (2x)8 sarl J C1 | 
+f e| - | In G,(p, c)de), 


where n; is the Fermi distribution function, and the contours C, and Cz are 
shown in Fig. 59(a). The function Gz has no zeros in the upper half-plane, 
and G, has no zeros in the lower half-plane (see footnote 10, p. 168). Using 
this property, as well as the analyticity of Gz and G, in the appropriate 
half-planes and the fact that @n,;/ée falls off rapidly as e > +00, we can 
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“unfold” the contours C, and C, along the real axis, as shown in Fig. 59(b), 
si obtaining 





én,(e) 
ee lm (2x)? sur *(-3 in G,(p, ¢) — In G,Q, €)] ae. 


ace the usual rule for evaluating integrals involving the Fermi distribu- 
tion,'! we find that 


S27 1 7 ap [ci _12GR 264 
2 “ee 


V3-«O2xi J 2x) de |e-o 


_ 2n°T 1 Pp 1 OGr 
2 a oe Sams ‘ema a [oi ae aes 

The last equality stems from the fact that Gf = G, on the real axis. It is 

not hard to see that the integral with respect to p comes mostly from the 

region near the Fermi surface. Making the substitution 





— Ga (19.27) 





a 
Gr® e—-F+id 
we obtain 
S _ Pom* 
p= 73 T. (19.28) 


It is clear that here the heat capacity equals the entropy. 

We observe that in our calculation of the temperature correction, all that 
mattered was the neighborhood of the point § = 0, « = 0, i.e., the real poles 
of the function Gp (or G) for T = 0. It seems that this is the general state 
of affairs for arbitrary temperature corrections. In other words, to a first 
approximation, the temperature corrections must always be determined by 
the poles of the functions G (or [) for T = 0, ie., by the spectrum of the 
elementary excitations. 


20. Singularities of the Vertex Part When the Total Momentum 
of the Colliding Particles is Small ** 


In addition to the singularity when the energy-momentum transfer is small, 
the vertex part has another singularity, which, as we shall see later in Chap. 7, 
is of interest in the theory of superconductivity. Suppose the energies ¢,, e2 
and the sum of the momenta p; + pg = S are small. Then it is not hard to 
see that of the three diagrams shown in Fig. 57, diagram (a) represents a 
special case in that the two G-functions in the integrand have poles which lie 
close together. We deal with this vertex part in the same way as in Sec. 18. 





* EP sO de = - fm -Fr[F] 


12 This section is based on unpublished work of Abrikosov, Gorkov, Khalatnikov 
and Landau. 
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We write 


Ta, 6( Pi, P33 8) = T'ap,y(P1s — Pi + 53 Ps, —Ps + 5), 


and we let I denote the sum of all “‘nonanomalous” diagrams. InI, scan 
be set equal to zero. To obtain the complete I’, we have to sum all “‘ladder 
diagrams” of the type shown in Fig. 58. Before doing this, we differentiate 
I with respect to the fourth component of s, which we denote by 4. Each 
ladder diagram then leads to a sum of terms, where one “rung”’ is differentia- 
ted in each term. If the differentiated rung is held fixed, it is easily seen that 
all diagrams can be divided into two independent ladders, one going to the 
left and the other to the right, where the sum of each ladder is the exact 
vertex part. In this way, we obtain the equation 


a 
Hp Leal Prs Ps 8) (20.1) 


j a d* 
= 5 [Pesenlris 43 GQ) [5 G(—4 + 9] Pen rola 703 9) oer 


Near |q| = po, € = 0, the expression 
a 
GQ) x G-4q + 5) 
in the integrand of (20.1) has the form 
a? 
fe — u(lal — po) + i8 sgn (Iq — po)] 
1 
x Wn a ee ee ee MC Ce RR Oe Oe 
[e — A + vo(lq — s| — po) — id sgn (lq — s| — po)]? 
It is clear from (20.2) that the integral with respect to 
d'q _, pidlqldQ de 
(2x)* (2x)* 
comes mostly from the neighborhood of the point |q| = po,e = 0. Assuming 
that the function I in the integrand is not rapidly varying in this region, we 


can regard Tas a constant when integrating with respect to d|q| and de. 
Then we need only integrate the expression (20.2), obtaining 


(20.2) 


(2) 
On Pop, vo( Pas Ps; 5) 
ap? (20.3) 
_ 0 : . 
= 2(2n)8v [Pes, en(P1> q> SV en, 109s Ps; 5) eS (v-s)? + is dQ. 

We now take the gradient of I with respect to s. In differentiating the 
second of the G-functions, it must not be forgotten that v-s not only appears 
directly in the denominator, but also determines the sign of the imaginary 
part. Therefore, near |q| = po, ¢ = 0, the expression 


G(q)V.G(—4 + 5) 


174 THEORY OF THE FERMI LIQUID CHAP. 4 


has the form 
a ee, eee 
fe — v(|q| — po) + i8 sgn (|q| — po)) 
Sa ee sn Se ee 
; 2 
{e — A+ vo(\q| — po) — v-s — 8 sgn [ia ls 3) 


4 2xia®e — 8-8 — o(lal — Po)lv, 
A — v-s + id sgn (v-s) 


The integral of this expression with respect to d|q|de leads to the following 
relation involving I’: 


Val ‘xp, 16(P1> P33 5) 


_ __ 473 v(v-s) (20.4) 
= 2(2n)8v [Pas. en(P1, q> SP en, 64s Pa; 5) 2 — (v-s)? ae id dQ. 


Combining equations (20.3) and (20.4), we obtain 


ro) 
a5 + s- Vs) Dus, v6(P1s P33 S) 
a’ (20.5) 
= On) [Pes, en(Pis q; ST en, v6(4> Ps; 5) dQ. 


If we neglect magnetic interactions, the forces between the particles depend 
only on the relative orientation of the spins. Then, if we assume that the 
total spin is conserved when the particles interact, equation (20.5) separates 
into two independent equations. One of these equations corresponds to 
interaction between two particles with opposite spins (e.g., « = 4, 8 = —4), 
and the other to interaction between two particles with parallel spins. These 
equations are completely identical, the only difference coming from the 
initial conditions (i.e., from ), Therefore, from now on we write just I, 
with the understanding that I’ denotes either of the two different components, 

We now make the assumption (to be justified later) that ['(p,, p.; s) does 
not depend on the angles /(p,, s) and /(ps,s). Then this quantity can be 
expanded in Legendre polynomials depending on cos 0, where 0 is the angle 
between p, and ps3: 


T'(p1, Ps; 8) = > TP, (cos 8). (20.6) 


We note that 4, en(P1, P33 5) is antisymmetric or symmetric with respect to the 
spins depending on whether the spins are antiparallel or parallel. Permuting 
the momenta of the original particles corresponds to replacing cos 0 by 
—cos 6. Since I'y5.2,(P1, Po Ps, Ps) Must be antisymmetric with respect 
to the permutation p,, « = pz, 8, only odd harmonics appear in the expansion 
(20.6) when the spins are parallel, and only even harmonics appear when the 
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spins are antiparallel. The equations (20.5) for the individual I’, separate 
and take the form 
7) _ 4xa*p3 T? 
Ox * s-V,)F; ~ Qn) 7+ 1 

[the factor of 2 comes from taking the sum over the spins in (20.5)]. The 
solution of equation (20.7) is 
_ Q2r)%v(2/ + 1) 1 : 

2ra*pp In (Als|) + F,(A/|s|) 
where f,(x) is an arbitrary function. 

Using (20.3) and (20.4), we can obtain limiting expressions for f(x) as 
x—>OQand x— oo. Consider equation (20.3) in the limit |s}| > 0. Expand- 
ing I’ in spherical harmonics, we find that 
aY, = 4ra*p 
dd (2n)°o(2) + 1) 


The solution of this equation is 


(20.7) 


P,Q, |s|) = (20.8) 


F3 T?. (20.9) 


_ (n+ 1) 1 





TQ, 0) = grate «ile (20.10) 
where c, is a constant. Thus, 
x 
Si(x) > In Gye 
as x—> oo. Similarly, letting 4—> 0 in equation (20.4), we obtain 
3 
1,00, |s|) = sep) (20.11) 


4na®p—In(vs|/ch) 
and hence 


v? 
F(x) > In (chy?x 


as x->0. The constants ci and cj have the dimension of energy and can be 
complex. For example, if the constant ci is of the order of the Fermi 
energy, it follows from (20.10) that [\(A, 0) goes to zero like [In (c}/A)]~! as 
2X0. However, the special case where this constant is small can also 
occur, and then I',(A, 0) has a pole for some value of 4 (usually complex). 
The significance of this fact is intimately connected with the phenomenon of 
superconductivity, and will be explained in Chap. 7. 

With this investigation of I’ in the case where the total momentum of the 
colliding particles is small, we conclude our microscopic analysis of the 
isotropic Fermi liquid with arbitrary short-range interactions between the 
particles. At present, only one isotropic Fermi liquid is known, i.e., liquid 
He®. The class of anisotropic Fermi liquids, i.e., electrons in metals, is 
much larger. However, in addition to its anisotropy, the “electron liquid” 
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in metals has such specific features as long-range Coulomb forces, inter- 
action with lattice vibrations, etc. Some of these complications will 
be considered in the next two sections, where we consider first the isotropic 
model of electron-phonon interactions and then the degenerate plasma. 

There is no question that a general study of the electron Fermi liquid is 
one of the most important problems which ought to be solved by using the 
methods of quantum field theory. In particular, a deeper study of the 
phenomenon of superconductivity is needed, since so far superconductivity 
has only been studied by using the simplest model (see Chap. 7). 


21. Electron-Phonon Interactions?* 


We now use the isotropic model to study the interaction of electrons and 
phononsinametal. In this model, superconductivity will occur at sufficiently 
low temperatures, i.e., at temperatures below a critical temperature T, (see 
Chap. 7). We assume that the temperature T of the metal lies in the range 


T, « T « wp, (21.1) 


where wp is the Debye frequency of the phonons. Of course, our model 
differs drastically from the actual state of affairs in a normal metal, since not 
only are real metals anisotropic, but there is also Coulomb interaction 
between the electrons. At the end of the section, we shall discuss the 
qualitative changes that arise because of this Coulomb interaction. 


21.1. The vertex part. In Sec. 16 we derived Dyson’s equations for the 
electron and phonon Green’s functions in the temperature technique. We now 
begin by considering the vertex part 7 which appears in these equations. It 
will be shown that 7” differs from its zeroth-order approximation, equal to 
g, by small quantities of order V/m/M, where m and M are the masses of the 
electron and nucleus, respectively. Suppose we calculate the first-order 
correction to .7 shown in Fig. 55, p. 138, assuming that an electron has 
momentum of order po, while the momentum k and energy w of a phonon are 
such that?* 

kSkp~ Do @ < Wp. 


These are just the values of the energy and momenta which will be most 
important in what follows. 
According to Sec. 14, the contribution of the first-order diagram equals 


d 
Fp + apg) = ~8T DS, | Bris I — PIIMD + DIM») 
€1 
(21.2) 
13 Our treatment is based on the work of Migdal (M6) and Eliashberg (E4). 


14 In this section, the phonon four-momentum in the temperature technique is denoted 
by g = (k, ), and the quantity |k| is written simply as k. 
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where Y and DY are given by the formulas 


1 
(Op) = =" 
ID) = a ea (21.3) 
with 
= (Qn + 1)nT Dy eee 
& ¢ + )r ’ €o(P) om Ue mM 
and 2(k) 
co) — — —@o(k) 
Bq) = a? + o2(k) (21.4) 


We shall assume that the phonon spectrum is bounded, ie., thatk < kp ~ po, 
and that 2 vanishes for larger momenta. Physically, this restriction means 
that there are no vibrations with wavelengths less than the interatomic 
distances. 

For |p, — p| ~ po and |e — €,| « wp, the function 9 in the integrand 
of (21.2) can be replaced by a constant: 


Q = -1. 


In the region |e — ¢,| > @p, the function B® falls off like (e — €,)~%. 
This allows us to evaluate the integral for 7: 





Four Ff GP Kp, + )F%CD). C15) 


le-eil<@p Ip-pil<kp 


The summation over ¢, gives a factor 


where w is the velocity of sound. As a result, 7 “ is of order 


5 sere 
FO wn oe |m m 
SoNM *"N 


(see Sec. 9), where v = po/m and 7 ~ 1, provided that the integration with 
respect to p, does not introduce factors of orderw5?. In this regard, the only 
suspicious case is when the energy-momentum transfer is small, i.e., when 
k & po and w «wp. In this case, the poles of the two Y-functions in the 
integral for 7 approach each other, and it is easy to see that the integral 
over the momenta comes mainly from the region near |p| = po, while the 
summation over the energies comes mainly from the regione « py. Then 
Y can be replaced by 


1 
ic — v(|p| — Po) 
The situation here is very reminiscent of the situation considered in Sec. 18, 
but there is an important difference. As in Sec. 18, the product of the two 


G-functions has a sharp maximum near |p,| = po for small e,. The sum 
and integral of the product of the two Y-functions taken between infinite 


GO — (21.6) 
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limits is formally divergent, and hence depends in an essential way on the 
order of integration. InSec. 18, we integrated first with respect to frequencies 
and then with respect to & = v(|p| — po). This was done because the integral 
with respect to « actually extends over the infinite interval, while the integral 
with respect to & is essentially confined to the region |E| « p. Inthe present 
case, according to (21.3), the presence of the 9-function in the integral makes 
the integral convergent. Therefore, we can first sum over frequencies and 
afterwards integrate with respect to &, or vice versa; actually, it is more 
convenient to first integrate with respect to &, and then sum overe,. Asa 
result, we obtain 
Dé iw 
~ ann |r — io 

This quantity fails to be small only when w > vk, and as we shall see below, 
this case is not important for our subsequent considerations. 

The estimate just made is not changed by taking account of higher-order 


diagrams, and hence = 
m 
F = {1 + 0(/™)]. Q1.7) 


21.2. The phonon Green’s function. We now find the phonon Green’s func- 
tion, using the second of Dyson’s equations (16.3). Let 


| Kg) = 247 S [P90 - 4) 21.8) 
= (27) 


be the irreducible self-energy part appearing 
in this equation. We now make an analytic 
continuation of A into the region of real 
frequencies. Suppose the phonon frequency 
@ = 2nnT is positive. Then the sum over « in 





Ficure 60 (21.8) can be represented in the form of a 
contour integral 
A (q) = =f de tanh — oT + oop Gra(P, e)Gra(p ~ k, a iw), 


where the contour of integration is shown in Fig. 60. The Green’s functions 
have singularities on the horizontal lines 

Ime = 0, Im (c — iw) = 0. 
Therefore, the function Gp,(c) in the integrand should be interpreted as G,(c) 
for Ime > 0 and as G,(e) for Ime < 0. Since the integral along the large 
circle vanishes, only the integrals along the lines Ime = 0 and Ime = w 
remain. In the latter integral, we make the change of variables 

e—iw—->e, 

using the fact that 
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Moreover, we observe that 


: Gp(e) = Gi). 
As a result, we obtain 


= B5 [”, ae [dp Um GalP, 6,09 — ke — io) 


+ Im G,(p — k, c) G,(p, ¢ + iw)] tanh aa 


(21.9) 


We can now easily carry out the analytic continuation into the region of 
real w, thereby obtaining the retarded function II,. Separating the real and 
imaginary of II, we find that 











Re II, = of on <; {dtp Um Ga(p, ¢) Re Ga(p — ke — 0) 
+ Im G,(p — k, ce) Re G2(p, « + )] tanh oF 
ae (21.10) 
Im Ip = ~ Gen [atp Im Ga(p, ¢) Im Gy(p — k, e — ) 
x (tanh 5 aT 7 tanh = aT °). 
Below, we shall show that the function Gp has the form 
G ! (21.11) 


* e = Ep) — 2a ©) 
where X depends only one. Fore < wp, 
x (ce) x —be, 
where 5 is a constant of order unity, while for « > wp, 
x (e) © const ~ wp. 
We begin by considering the case of long-wavelength phonons, where 
k & po. In this case, we can make the approximation 


E(p — k) © &(p) — v-k. 
E(p) = eo(p) — » & v(|p| — po), 


since the important contribution to the integral comes from the region 
& ~ vk. (This approximation will not be used in the case of phonons with 
k ~ po, to be considered later.) Then, after substituting for the function 
Gp, we can carry out the integration with respect to — in the equations 
(21.10). The integral for Re II, is formally divergent, and therefore we make 
use of the fact that the integration with respect to & is between finite limits, 
which we denote by ~ L, and Ly. These limits are of order. ~ vpo, and hence 
are much larger than Z. It follows that 


We can also set 


is gpaiPaes 4 = 
Rell, = — Gye, Jaa PI. de tanh =. 


{ O(L, — e)O(e + Ly) O(L. — v-k — e)O(e + L, + v-k) 
—o+vk—-ZLe—-o) +L) O-VK—-LeE+o) +5) J 
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where, as usual, P denotes the operation of taking the principal value of an 


integral, and 
for x > 0, 


1 
GO): 46 for x <0. 


Since & (e) S wp, the regions making the main contribution to the integral 
with respect to « are the neighborhoods of « = —L, and ¢ = Lg, where 
X(e + Wp) X U(e). Taking account of this fact and the condition 
@ ~ uk « vk, we obtain 
eee 2 ~ — SBo 
Rell, = — eee fan dQ. > _ “Pe, (21.12) 
The integral (21.10) for Im IT, is convergent, and hence we can regard the 


limits of integration with respect to & as being infinite. Asa result, we find 
that 





2 2 6 
Im Il, = — Bayi [42 J, de IV — © HEE -ZE-o)] 


x (tanh 5 = — tanh © =" =), 


The main contribution to this integral comes from the values « ~ T if 
@ <« T, and from the valuese ~ wifw >> T. In the case under consideration, 


@~ uk K wp (k K Po ~ Kp), 


so that ¢ « wp under all circumstances. It follows that 

x (e) = —be 
in the argument of the 8-function, where b is a constant (see below), and 
therefore, the 5-function becomes 


s[v-k — (1 + do). 
The integration with respect to « gives 2w, and hence 


_ _ &°pom w 
We note that both Re IT, and Im II, turn out to be the same as in the first 
approximation of perturbation theory, i.e., as in the case where ¥ is replaced 
by Y® in (21.8). In the case of Re IIp, this is explained by the fact that the 
region of integration corresponds to large frequencies, where the self-energy 
= does not depend on frequency; in the case of Im II, this is due to the fact 
that (ec) is a linear function fore « wp. 

Next, we consider the case k ~ kp ~ po, where vk > wp always holds. 
Since X < wp, the G-functions in (21.10) can be replaced by free G-functions. 
Moreover, since w ~ wp > T, we can substitute sgn e for tanh (e/27), and we 
can set w = 0 in the integral for Re II,. However, the substitution 
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is not permissible. As a result, we obtain 


227 


Rell, = — EX [ap{Re GP'Ip — k, E@)] sen Ee) 


+ Re G[p, E(p — k)] sgn E(p — w)} 


Zee 
(27)° 


dp ea! ee (21.14) 
&(p+1/2k)>0 E@ + $k) = E(p a $k) 
&(p- 1/2k)<0 


_ &°MPo n( ke ) 
Qn? “\2po)” 





where 
1-x 
2x 


As for Im IT z, we retain only the w in tanh [(e — w)/27], thereby obtaining 


1+ x] 


ne) 1-—x 


In 














Im Tl, = E55 [ap SEE) ~ Ep — W] = £22" S 0 2p5 — b. (21.15) 


The expressions just found include formulas ~ 12) and (21.13) [valid 
for k « po] as special cases, and therefore can be regarded as universal. 
Making the analytic continuation of the temperature Dyson’s equation, we 
find that 


Dj*(k, w) = (DP) * — Tp 


= ae” - 089) ~ alse) = 4 illeey  (2P0 — i)]} U1) 


where the constant 





has been introduced instead of g?. 
The pole of the function Dp determines the true energy and attenuation 
of the phonons, i.e., 


(8) = oott),/1 — na(E) (21.17) 


and 
x 5 im 





yi(k) = O(2po — &). (21.18) 


According to (21.17), 
o(k) & wolk)V/T = oy 
fork « po. Atk = 2po, the derivative dw(k)/dk has a logarithmic singularity 


do(k) _ w(2p0) 7 420 
ae ae Ts In Do — (21.19) 


and at the same point the attenuation drops discontinuously tozero. Itshould 





182 THEORY OF THE FERMI LIQUID CHAP. 4 


be noted that this behavior of w(k) and y,(k) is a result of the approximation 
made in deriving the formula for II. For example, these singularities dis- 
appear if we do not neglect w in the G®-functions appearing in (21.10), and in 
particular, 


Y1 ~ arc tan (k > 2po), 


Po eS ~ Oe ) 
i.e., Y: drops to zero gradually and not discontinuously.1* Obviously, the 
corrections to the formulas derived above become important in the region 


@ @ 
|k — 2pol ~ — ~ — « po. 


To make an exact calculation of the behavior of w(k) and y,(x) in this region, 
not only must we take account of w in the formula (21.10), but we must also 
not replace G by G®. It should be noted that here the difference between 7 
and gbecomesimportant. Asa result of all this, the calculation becomes very 
complicated. 

It is clear from (21.18) and (21.17) that the attenuation ,() is relatively 
weak in the case where x is not too close to 4, and in fact 


yilk) _ Tv we(k) TU n — oy 
o(k) 2 poku(k) ~ 2v1 — 2y (ma —2n)-4. (21.20) 


It should be noted that Dz(k, w), the phonon function appearing in (21.16), 
can be written in the following form: 











08) 
Dilt, 0) = DlsT a EAD ~oFe EAB! 2120 


This shows that the function D,(k, w) differs from Dk, ) by a constant 
factor and a change of proper’ frequency. 


21.3. The electron Green’s function. We now turn our attention to the 
electron Green’s function. Dyson’s equation (16.3) for Y involves the self- 
energy &, which satisfies the equation 


E08) = - £5 > far MP 9H — Pye-s). 21.22) 


Just as in Sec. 21.2, we carry out an analytic continuation into the region of 
real frequencies. To do this, we first write (21.22) in the form of a contour 
integral 


o2T 
X(p, «) = som fap: I de, Gra(Pi; €1)Dpa(P — Pi, ig — €) tanh a 
: (21.23) 
- £5 fa G(p, 2)D(p — pr, 0) 
(2x)8 Pi > p Pi, > 





15 The maximum value attained by dw/dk is of order v. 
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where the contour of integration is similar to Fig. 60, and Gry, Dp, have 
their previous meaning. The second term in (21.23) is due to the fact that the 
contour integral does not include the term corresponding to e, = e€ in (21.22). 
We recall that the frequencies appearing in the Z-function are ‘“‘even” (i.e., 
of the form 2nxT). 

As before, the integral along the large circle vanishes, and only the integrals 
along the horizontal lines Im e; = 0 and Im (ce, — ic) = O remain. Bearing 
in mind that G, = G¥ and 


e+ (2n + I)ri 
tanh [ES] = coth 7" 


we transform (21.23) in the same way asin the case of the function Z. Here 
the integral around the point e, = ie gives a term which cancels the second 
term in (21.23). Then it is not hard to make the analytic continuation into 
the upper half-plane of the variable c«. As a result, we obtain 


2 cy 
ZR (p, €) = ony fap: im de, [Im G,(pi, €,)]D2(p — pire — £1) tanh on 


g? 2 & 
= Qnyi fap: lime de,Gp(Pi,& — €,)[Im Da(p — py, &:)] coth aT 


(21.24) 
According to formulas (17.14) and (17.18), 
2 Im G,(p, &) 
G2(p, e) = z =" nd e=2— de E15 (21.25) 


and similarly for Dp. Substituting (21.25) into (21.24), and making a change 
of variables, we obtain 


Zn (Pe) = - ofa [av i deo fe dey (21.26) 


x im G,(P1, €1) Im Da(p — pi, &) ( 


Su een tanh 54, + coth 57). 


2T 


Introducing the new variables 


2 2 
=P, k= |p pil 


we first evaluate the integral with respect to p, in (21.26): 
SCIDI +k) 


Co) 1 k 
I [p74 Ip | i dx = * ke dk dé. (21.27) 


SCIP| -k) 


Next, we look for an expression for Gz of the form (21.11). The imaginary 
part of (21.11) can be written as 


= Im 2» (€1) 
Im Ga(P, &) = |< F— ReS e) F + im, DE 


If we assume that the external momentum is near po, then, according to 


(21.28) 
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(21.27), &, varies over a region depending on k. In the case where the values 
k ~ kp make the main contribution to the integral, it is safe to assume that 
&, varies between the limits ~co and oo. Below, we shall also encounter the 
case where the momentum values k « po are important, but then the scale of 
all energies appearing in the integrals will be of order w(k) « wp. In both 
cases, Im & (e) « e, and consequently 
Im G,(Pi, &:) © mde, — Re Xz (&:) — &:] sgn Im Lp (€:) 
= —mdfe, — ReXp(e,) — &). 

Substituting this ae into (21.24), we obtain 


Zn (P,€) = op Wl me” ke dk [re de, 
nig _Im Da(k, 0) _ 


Oe, —e=— 5 


tanh 4, + coth = =) (21.29) 


where 

e” — ReXp(e’) = E(|p| + &), =e’ — Real’) = &|p| — 4). 
As we shall see below, it turns out that the values ¢, < wp play the main role. 
In order for these small values to fall in the region over which e, varies, it is 
necessary that k be less than 2p. Thus, the upper limit of the integral with 


respect to k is essentially 
k, = min {kp, 2Do}. 


We now consider Re Xp, making the assumption (to be justified later on) 
that the range of values kK ~ kp ~ po is important in the integral with respect 
to k. Then the integral with respect to e, can be carried out between infinite 


limits. Going from in dw--- to I dw---, we obtain 
ReZ, -&? ke dle [dey |.” deo 


Im D,(k, w) ( e+e, &— =) 
x a key tanh ——— 7T~ + tanh 7T~ ’ 


where we have used the antisymmetry property 
Im Dz(o) = —Im D,(—w). 


Because of the relation between Re Dp and Im Dp [see (21.25)] and the anti- 
symmetry of Im Dp, the formula for Re X, can be written in the form 


coe tanh © oA =") 
(21.30) 


ReZ, = 





Ge  kdkP [” do Re Dalk, «)(tanh 


Substituting Sil into (21.30), we obtain 


ReX;p = 








dk P{” de el 8 tanh (2° 


ié a w@? — wa(k) 2T “FT =). 
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It follows at once that the values k ~ k, are important, which confirms the 
assumption made above. As for w, the main contribution is made by the 
values © ~ € OF W ~ Wp if « > T, and by the values w ~ T « wp ife « T. 
In all cases, we can write 


8h) 








= £2 
Reda = & "* k dk PI" de woe lan 
Integration with respect to w ce 
__ gm pm we(k) ,_ |e e+ o(k)| 
Redz = ee ale k dk «o(h) In = aol (21.32) 








where the main contribution to this integral comes from the values k ~ ky, 
ie., w(K) ~ wp. Ife « wp, then 





~ gem ka w5(k) = , 

Rede & an ple k dk ay be, (21.32’) 

where b is a positive constant of order 1. In the other limit w > wp, we 
obtain 


ages m 


Rel, ~ — Aen 


2 
"ke dk w2(k) ~ ~ 0. 


Next, we consider Im Xp, which is si cpaecae obtained by going around 
the pole in the denominator of (21.29): 





Im=a(p, ©) = Es f mt ke dk im de, Im D,(k, e — &) 
(21.33) 
Ji 
x (tanh 54 aT + coth = TF =); 
According to (21.21), we have 
2 
in De) = a aor) — (21.34) 


[w? ~— w(k)]}? + 4w*y2(k) 


If (21.34) is substituted into (21.33), two cases are possible in principle: 
If w varies in an interval which is large compared to that of y,(k), then 


Im D2(k, w) © —mwe(k)d5[w? — w?(k)] sgn w. (21.35) 


However, if w varies in an interval which is much smaller than that of (4), 

we can neglect w in the denominator of (21.34) in comparison with the other 

quantities, and then 

203(Koys(k), 
w*(k) 


Suppose we substitute (21.35) into (21.33), making the change of variable 
€; ~& =a. Then, because of the tanh and coth factors, the region 
@ ~ max (e, T) is important. On the other hand, the -function requires that 
@ ~ o(k) ~ uk, so that the region k ~ ¢/u, i.e., vk > ¢,isimportant. This 


Im D,(k, w) & — (21.36) 
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means that in the present case, the limits of integration with respect to w can 
be regarded as infinite, and consequently 


Im 2; (Pp, €) 
g?m ki k dk we(k) [ o(k) +e e — w(k) el. 
—_——_ | tanh ———_ — tanh 47 OT 2 coth OT 














~ 6npo Jo ak) 2T 
(21.37) 
If max {e, T} «K wp, we obtain 
TY) 
ImZ, (¢) = — a a AF 7); (21.38) 
where 
_ do(k) 
© dK x20 
is the velocity of sound, and 
a ae z_il z+x_1 1). 
AiG) = [2 dz(coth 5 ~ 5 tanh 7 — 5 tanh 25 (21.39) 
Ife «< T « wp, this gives 
_ _ 7nS3) 4 T? 
Im Xp (e) = 8 1—my wpe (21.40) 
(where © denotes the Riemann zeta function), and if T « « « wp, we have 
2. a el 
Im Xp (€) = 12 1 — Im wp (21.41) 
In the case where € > Wp (by hypothesis T « wp), we obtain 
Im X, (€) = const ~ wp. (21.42) 


In making this derivation, the values w ~ max {e, 7} are important. 
Therefore, according to the foregoing, the replacement of (21.34) by (21.35) 
is legitimate only if 


max {e, T} > max yi(k) ~ Wp fe a 
In the opposite limiting case, we must use formula (21.36). Then the values 
k ~ k, are important in the integral, so that 


Wyilk 
Im Z, (e) = - FI 3 a 








x \ ra) deo(coth ¥ ya) L anh 2 == a5 | tanh 2 ae (21.43) 
Evaluating the integral with respect to w, we find that 
mz, () =< <L G@r? + &, (21.44) 
UPo 
if max {e, T} K wWpV my M, where 


el 1 const ~ l. 
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Formulas (21.38) and (21.44) correspond to different attenuation mechan- 
isms. The first describes the attenuation due to radiation and absorption of 
phonons by electrons. However, in the case where the energy of the quasi- 
particles is very close to the Fermi surface, i.e. © « wpV m/M, the interaction 
between electrons due to phonon exchange becomes important, which 
guarantees that the attenuation is described by (21.44). It follows from what 
has been said earlier (see Sec. 2) that the attenuation due to interaction 
between fermions must have just this form. 

The energy of the electron excitations can be determined from the real 
part of the pole of the function Gp. According to (21.11), we have 
e — Zp(c) = & Inthe casee « wp, using (21.32), we obtain 


v 
ana e (|p| — Po). (21.45) 


Thus, the velocity of the quasi-particles decreases at the Fermi surface 
(b > 0). Moreover, near its pole the G-function takes the form (18.1), where 


ape 
~~ 1+b 


It follows from (21.41) that for « ~ wp the attenuation of the quasi- 
particles is comparable to their energy. However, it is not hard to see 
[cf. (21.42)] that as the energy of the excitations increases further, the attenua- 
tion ceases to increase and again becomes less than the energy of the quasi- 
particles. Thus, there are two regions in which the concept of quasi-particles 
is meaningful, ie., |e| « wp and |e| > wp. In both regions, the energy of the 
electrons is of the form v(|p| — po), but the velocities v are different. 

We now indicate qualitatively what is found if the direct Coulomb inter- 
action between electrons is taken into account. Because of the screening of 
the Coulomb forces at distances of the order of the lattice period (i.e., of 
order 1/po), these forces can also be regarded as short-range in the present 
case. Taking them into account leads to changes in the velocity at the Fermi 
surface and in the coefficient a in the G-function near its pole. Moreover, a 
qualitative difference appears in the amount of attenuation. The Coulomb 
interaction leads to an attenuation proportional to (vp,)~ 1 max {e?, T?} (see 
Sec. 2). In the region ¢ « wpV. m/M,T « WpV m/M, this attenuation is 
added to the attenuation (21.44), which has the same structure and order of 
magnitude. However, in the region ¢>> @pVm/M,T >» wpVm/M, the 
phonon attenuation becomes predominant. As already noted, for ¢ > wp 
the attenuation becomes a constant of order wp. Coulomb interaction is 
also present in this region, and it begins to dominate when 


|e] > Vupywp ~ wpWM/m > wy. 


It follows that whereas the excitation spectrum in the region |e| > wp is 
determined by Coulomb interactions between the electrons, the phonon 
attenuation continues to dominate the electron attenuation for a while. 


a 1. 
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21.4. Correction to the linear term in the electronic heat capacity. Using the 
results obtained above, we can draw an interesting conclusion about the 
electronic heat capacity. At first glance, it appears that the correction to the 
linear term in (19.27) must be of relative order (7/)?.__ However, the electron- 
phonon interaction actually leads to a larger correction [see Eliashberg (E5)]. 

Consider the general formula (21.32) for Re Zp. Ife « wp we obtain the 
expression (21.32’) as a first approximation. It is not hard to see that by 
expanding the logarithm in the integrand of (21.32) up to terms of order ec, we 
obtain a logarithmically divergent integral with respect to k. To within 
logarithmic accuracy, we have?® 

_ 1 4 1 =? In 22 

ORS ET ne eG 

Taking this correction into account in calculating the entropy (see Sec. 19.5) 
leads to the formula 


(7 = 2 om ptt. e| - lm Gp (c)] 8 Re Zp () a. 





Setting 
Im Zp — —nd[E Te = Zp ()], 


and evaluating the integral with respect to the Fermi distribution function, 
we obtain 
S\ _7r? 9 mM 2... Wp 
(5) ~ 1801 Sone. In-y 
and then differentiation with respect to T gives 
C\. 0 ef S a a 
3(F) =To [» >| - a er an Tin 92. (21.46) 
Thus, the contribution to the linear term in the heat capacity C turns out to be 
of relative order 
pa ao 
l-—2yw, T 
It is interesting to compare this correction with the cubic term due to the 
lattice vibrations. The order of magnitude of the lattice heat capacity is 
T?/u. It follows that the correction just found is 


= = In 2 (21.47) 


times the size of the lattice heat capacity, and therefore, as a rule, can be 


16 We note that 5 Re Xp and the attenuation (21.41) are the real and imaginary parts 
of the analytic function 

oin[- Fin) 

12 = u pe” (e z tS 


SEC. 22.1 SOME PROPERTIES OF A DEGENERATE PLASMA 189 


considered to be small. However, since (21.47) is generally of the order 10-1, 
the possibility is not excluded that this term makes an appreciable contri- 
bution to the heat capacity of certain metals.?” 


22. Some Properties of a Degenerate Plasma 


22.1. Statement of the problem. Asan example of a system with Coulomb 
interactions, we now consider a plasma, i.e., a mixture of an electron gas 
and an ion gas. In this case, the interaction Hamiltonian has the form 


Hae =F [4s COS) Vole Dal) cea 


F—¥l 


— Ze? i} bi(o*(r’) 7 D(r')),(r) de de’ (22.1) 





Ze? ¥ +fel 1 , , 
4 = fo (O° (e') 7 OO)O() ae a’, 
where ,, and ® are the operators of the electron and ion fields, respectively. 
We assume that the electron gas is degenerate and that the ion gas has a 


Boltzmann distribution. This requires that the temperature satisfy the 


inequalities 
1 N 2/3 ] N 2/3 
alr) »>T» alr) (22.2) 
In making calculations, we can provisionally regard the ions as a Fermi gas, 
since the Boltzmann limit is the same for both kinds of statistics. 

Next, we assume that the effect of the Coulomb interaction is small, which 
requires that 


e? 
= <i, 
Er 


where E is some average energy and 7 is the average distance between particles. 
Since E ~ Tforions and E ~ p3/2m for electrons, our condition is equivalent 
to the requirement that 

T NIB, ai 

=> (F) > e2m. (22.3) 
It is not hard to see that (22.3) is compatible with the assumption that the 
electron gas is degenerate. If (22.3) is satisfied, the Coulomb interaction 
will almost always have a small effect on the properties of the plasma. The 


17 The presence of this term can be observed if the metal makes the transition to the 
superconducting state, occurring at the critical temperature T, (see Chap. 7). This 
transition does not affect the lattice heat capacity, but it leads to an exponential decrease 
in the electronic heat capacity as T—0. Comparing the cubic term in the heat capacity 
above JT, with the same term as T— 0, we can detect the appearance of the electronic 
correction (21.46) to the cubic term above T,. 
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case where the collisions between the particles involve small momentum trans- 
fer is exceptional. In fact, the Fourier components of the Coulomb potential 
have the form ?® 


2 
U(k) = aa (22.4) 


and hence the role of collisions with small momentum transfer is very 
important. 

Before proceeding, we have to consider an apparent difficulty connected 
with the Coulomb interaction. The diagrams for the G-function in Sec. 8 
contain diagrams of the type shown in Fig. 5(b), p. 70, containing U(0), 
and similar diagrams are encountered in the case of the temperature 9- 
function. According to (22.4), the analytical expressions corresponding to 
such diagrams are infinite. To avoid this trouble, we go from the case where 
the chemical potentials are given to the case where the particle numbers are 
given, and we replace the Coulomb potential by the potential 


U(r) = 2 PCa), 


where it is assumed that the quantity « is small (we shall ultimately set 
a = 0). Moreover, to avoid further difficulties due to the fact that the 
particle numbers are given, we shall use (r, t) space in our subsequent analysis. 

Consider, for example, an electron line Y,. We sum all irreducible self- 
energy parts of the type shown Figs. 4(a), 8(e) and 8(f), pp. 69, 73, which 
are joined to the basic Y-line by one wavy line. It is not hard to see that 
the sum of all such diagrams gives 


LD’ — r,t — 7’) = 2? i dr[G.(0, —0) — ZY,(0, —0)] 
. cap air = te) Sr — r') r — 7’) (22.5) 
1 


2 
& mA ZN oe Sr — 1’) Nz — 7’) $0, 
where, in the last equation, we have used the condition for electrical neutrality, 
ie., Ne = ZN,. In the same way, the analogous corrections for the Y,-lines 
vanish. This means that all diagrams containing volume integrals of the 
Coulomb potential (the zeroth Fourier component) should simply be set 
equal to zero. 

Afterwards, we can go back to the representation with a given p by using 
the following formal device: All the Y-functions appearing in the diagrams 
are written in the form 

GOD = Ge wry —%2), (22.6) 


18 Since four-vectors are not used in this section, we denote magnitudes of three- 
dimensional vectors by lightface Latin letters. 
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Then it is not hard to see that the resulting Y-function will simply be 
represented by diagrams containing 4, with every diagram multiplied by 
the identical factor e~ "1 ~*2’, so that, dividing by this factor, we arrive at Y,,. 
Thus, it is apparent that the prescription for dealing with a Coulomb potential 
merely consists in discarding all diagrams involving U(0). However, we must 
bear in mind that the results obtained in this way are correct only for a 
choice of chemical potentials satisfying the condition 


Ne(vres Hi) = ZNi(ve, ti), 
or equivalently 

0Q eQ 
a Z aa, (22.7) 
22.2. The vertex part for small momentum transfer. We begin by consider- 
ing the vertex part for small momentum transfer. Since in this case the ions 
are very important, we use the temperature technique. The first-order cor- 
rection to the expression (22.4) is represented by two diagrams of the type 
shown in Fig. 61(a), where the loop represents electrons in one diagram and 


(a) (b) 
Ficure 61 


ions in the other. Although this correction contains an extra factor of e?, it also 
contains (1/k?)?. Therefore, the correction will be important when the 
momentum transfer is small, and we have to sum the chain of “‘ bubble” 
diagrams shown in Fig. 61(b) with an arbitrary number of electron and ion 
loops.’® Asa result, it turns out that all the vertices (electron-electron, ion-ion 
and ion-electron) are multiplied by the same factor, i.e., 





4ne?Z,Z 
FT 1(K, @y) = {a ——___. 
LL ~ FE [Talk on) + 2H lk, on} 
(22.8) 
4ne?Z,Z. 


~ K — 4ne[7 Ak, o,) + 22H Ak, op) 


where w, = 2mnT (m is an integer), A. corresponds to an electron loop 
and A ,; corresponds to an ion loop. 

As already noted, the ions can be regarded provisionally as a Fermi gas. 
Therefore, the first step of the calculation is the same for both Z, and Z;: 


18 Such a summation for a system with Coulomb interactions was first carried out by 
Gell-Mann and Brueckner (G3). 
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= DS ee a wn Se 
paak ys J (2x) [ien — eo(p) + Ble, + tO, — eo(p + k) +p) 


It 


1 1 
ar foes 10m as Eo(P + k) + eo(P) 4 2 {i = Eo(P) + v 


2 ic eee 
(En + On) — eo(Pp + kK) +p 


I 2[eo(p) — +) 
~2r [523 (21)? tom, — eo(p + k) + eo(p) 2, (2n + D7? + [eo(p) — 


_ 2[eo(p + k) — pv) i 
(2n + 1)?x?T? + [eo(p + k) — py? 


dp I Eo(P) — | 
aay EES EWG eT tanh [ oT 


(22)? ion — eo(p + k) + e(P) 
— tanh [ear } 


n(p + k) — n(p) 
-2 Jor (On)? ion — exp + W + eo) (22.9) 


f 


ll 


Here 


1 
n(p) = eo) HIT 4] 
for the electrons, and 
2n(p) = elu-eo(p))/T 
for the ions, and we have used the formula 


1 TX 


2 Qn+ iP +x2~ Fy tanh (22.10) 


We shall assume that |k| « po. The average momentum of an ion is of order 
V MT, which, according to (22.2), is much larger than pp. Therefore, expand- 
ing the expression (22.9) with respect to k, we can write it in the simplified 
form 
dp on vk 
(27)? d iw, — v-k 
The vertex part under consideration here depends only on k and w,, and 
can therefore be associated with a 2-function expressing the electromagnetic 
interaction between the particles. In fact, consider for example the quantity 


<T(Yalhr, t)G (a, t2)¥atr, 71) 5(F2, 72), 
where <---> is meant in the sense of an ordinary temperature average. It is 
not hard to see that the Fourier transform of this quantity with respect to the 
variables r; — rg and t, — tz has all the properties of a Bose temperature 
Green’s function. On the other hand, this Fourier transform obviously equals 
A Ak, On) ec(K, On)A e(k, mn); 
and the same applies to other vertices with small momentum transfer. 





I (k, Wm) = —2 f (22.11) 
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It is now clear how to go from temperature functions to time-dependent 
functions. As we already know, to make this change in the case of a Green’s 
function, we need only find a function which is analytic in the upper half- 
plane of the variable w and which coincides with the temperature Green’s 
function at the points iw, = i2mnT. This is how the retarded function is 
defined. The actual Green’s function equals the retarded function for w > 0 
and its complex conjugate for w < 0. 

This procedure can easily be carried out for the functions A ,, A ; and we 
denote the resulting functions by JI,, II;. As can be seen from the integral 
(22.11), to accomplish this we must change iw, to w + id sgn. Since in the 
diagrams making up the average written above, only the factors Z" depend 
on ®,,, we can obtain the corresponding actual Green’s function in the same 
way. Moreover, the same obviously applies to the functions I'(k, w).?° 
Thus, the time-dependent vertex parts I'(k, w) are given by the same formulas 
(22.8) and (22.9) as before, where, however, iw,, has been changed tow + id 
sgnw. The appearance of a correction to k? in the denominator of I is just 
due to the Debye screening of the Coulomb interaction, which in general 
makes the interaction retarded (i.e., I’ depends on w). 

Next, we examine the behavior of I’ as a function of the ratio between 
w and k. In the case w « vk, formula (22.11) gives 





ae ae? _y,- —1a™ 
A, =I, = Tou A,=1,= ~— V Ou, (22.12) 
where 
len NN 
V du. Vu 


in order of magnitude. For electrons we have yu, ~ p2/m and for ions 
yu, ~ T1nT, so that II, > II,. From formulas (22.8) and (22.11) we obtain 


4ne?Z,Z. 
T2(k, o) = awe’ (22.13) 
where 
spy 4nZ7e?N; 
So VT 
is the reciprocal Debye radius of the ions. 
The next region is 
vek > |w| >> v,k, 
and here we have 
Ny _ LON, _ _ pom 
Li AMVs oe oS ae G24) 
Substitution of (22.14) into (22.8) gives 
2 2 
r ge Lieto (22.15) 


20 This procedure, which is correct for the separate terms of a series, may not be 
applicable to its sum. However, in the present case, it can be seen that the procedure 
leads to a correct result. 
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pana 
wT 


is the reciprocal Debye radius of the electrons, and 


where 


4 4nN,Z7e2 
Op = aT (22.16) 
The function T',, has a pole for 
icc anit 99.17 
Vk? + x2 ( ) 


For k « x,, the function is linear, corresponding to “‘ionic sound,”’ with 
velocity 
= ——— 2. 
k %, PN 3Mm 2:18) 
For k > x,-, w approaches a constantw Yw,;. The pole ofI’,,stays real right 
up to k ~ @,,/v,, and therefore w achieves the values w,, in the case where 
@p1 > V%e. This condition is satisfied because of the first inequality in (22.2). 
The attenuation of the oscillations is determined by the imaginary parts of 
II; and II,. Substituting the equilibrium distributions for electrons and ions 
into formula (22.11), and agietting iW, > @ + id sgnw, we obtain 


inte Sse NT 


The argument of the exponential in the first of the formulas (22.19) is of 
order p2/mT or less, while the ratio of the other factor in Im II, to Im II, 


is of order 
pe 3/2 M 1/2 
(fr) Cn) 


Therefore, either of these quantities can turn out to make the larger contribu- 
tion. Taking the imaginary part of the pole of I';2, we find that the attenuation 
of the oscillations is 


4 1/2 3/2 
Nc eee 


wry 





2 
7 Mor /2K2r Im ll, = — lol o (22.19) 


where w is given by (22.17). 
For u,k > w > W,,, we have 


= (22.21) 


according to (22.15). In the case where w ~ v,k, the electron loop dominates 
the ion loop. Peis to (22.11), the complete expression for IT, equals 











Il, = — Blt znfot ee 4 





nal oy ee lob). (22.22) 


Sak + 2, k 
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Using (22.22), we find that 
Po kK 3 a) 
fe xm sail! 5 w? 


in the region w > v,k. Substituting this result into (22.8), we obtain 





4ne?Z,Z. 
T,.(k, @) = a]. BEN, , HEY) (22.23) 
el -— Far! +3 Sr) 





which has a pole at the point 





@? = w2. + 2 Bk’, (22.24) 
where 
2 
ne ane we (vk & tps). (22.25) 


This pole corresponds to ‘‘plasma oscillations of the electrons.” The dis- 
persion of the oscillations consists of a small correction. The attenuation of the 
oscillations can be obtained in the same way as before, by taking account of 
the exponentially small contribution coming from the detour around the pole 
when the integral (22.11) is transformed. This contribution turns out to be 


proportional to 
e- mo? /2k2T 


For very low temperatures, this expression is no longer correct, since the 
attenuation then contains larger terms coming from the higher-order approxi- 
mations in e?. 

It follows from formula (22.23) that w > 0, ! + —oo in the limit k/w > 0. 
Thus, it is clear from the present example that I° contains an infinite constant 
in the case of Coulomb interactions. 


22.3. The electron spectrum. We now find the electron Green’s function.?4 
The first-order correction to the self-energy part is shown in Fig. 62. The 
analytical expression for this correction has the form 





x, = —4ne?T im, les 





GOP, (22.26) 


1 
*) (p — PD 


Using the rules (17.36) and (22.10) to evaluate the sum over ¢,, we obtain 


(2x)8 


where n, is the Fermi distribution function. We now add and subtract the 
same expression with n,(T = 0) instead of n;(p,), and use the fact that the 





21 See 22.3 is based on the paper Al, and on a calculation made by Kochkin for 
# 0. 
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difference n,(p, T) — n,(p, 0) falls off rapidly to zero as we move away from 
the Fermi surface. This enables us to change 


to v(p; — po) in the corresponding integral.?* Then, after integrating over 
the angles, we obtain 





2 2 0 
x, = wie °° py apy In mtel_s dey In ft & 


mp Jo Pi—p| mojo T+ 1 (Ee 
Evaluating the first integral, and making some elementary transformations, 
we find that 





Se {elim (e+ Po é 1 = (3) - £ po (22.27) 


where 


_lre zZ+x Z—-x 
fo=5f dz In z(tanh 7} — tanh 5 ) 


Since (22.27) does not depend on «, 2, represents a 

Fo correction to the energy of the quasi-particles. Moreover, 
Figure 62 the Fermi momentum is not affected by the interaction and 

is connected with the chemical potential by the relation 


e(po) =u. Therefore, for p = po the expression XZ, must be regarded as the 
change in the chemical potential, i.e., 








e2 
Ap = —< pp, (22.28) 
For | p — po |< Po, 
Ses =[e(in Po, t) _ Tf (3)] (22.29) 
1 Tv T T}\’ : 
from which we obtain 


2 
E, — Au = = ein Be for E«T, 


2 
E, — Au = £ &(In Whe — 1) for &<«T, 


(22.30) 


where y = e° = 1.78 (c is Euler’s constant). 

It follows from (22.30) that the expression (22.27) is not completely correct 
for small E(p) and 7. As T— 0, &— 0, the correction to the velocity V,2 of 
the quasi-particles near the Fermi surface goes to infinity like a multiple of 





22 Here we use v to denote po/m, the electron velocity at the Fermi surface. 
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In (vpo/T) or In (vpo/é). This result is connected with the fact that as p > po, 
the case where the momentum transfer at the vertices is small becomes 
important in the integral (22.26). Then we have to take account of all 
loops strung along the basic wavy line, i.e., we have to replace 4xe?/(p, — p)? 
by the expression for l’..(p; — p, €: — €) corresponding to (22.8). Instead of 
calculating the whole quantity &, it will be more convenient to calculate the 
difference between & and the part %, already calculated. This difference is 
given by the expression (22.26) with 47e?/(p, — p)? replaced by 


4ne? : 
(Pp: — p)? 


We note that taking account of higher-order approximations in the ¥-function 
appearing in this integral does not introduce significant corrections, since in 
the corrected Y-function, po corresponds to the Fermi surface, as before. 
It was shown above that as a function of frequency, I’,, has all the proper- 
ties of a Green’s function for bosons. The same is true of the difference 
between I’,, and its zeroth-order approximation. It follows that the problem 
greatly resembles the calculation of the self-energy of an electron interacting 
with phonons, which was carried out in Sec. 21. However, in the case under 
discussion, small values of the momentum & are important. If we write 


ie a 


4ne? 
D(k, w) = Tk, @) — om 
then formula (21.29) is completely applicable to the present problem (with 
g” changed to 1). Bearing in mind that X(c) « ¢, and also that the important 
values of k are « po, we obtain 


1 Etvk—e Im D,(k, B) 
Zn Speaker de, MOO ly ee OR SS 
~ (Qn) Oma es i ie dee +o — ids (22.31) 


oT ae coth 57) 





x (tann °F 


Since we are interested in the spectrum, which to a first approximation is 
given by the formula « = &, it can be assumed that the integral with respect 
to w is evaluated between the limits —vk and vk. 

The real part of Xp, equals the principal value of the integral (22.31). 
After making various transformations, while taking into account the anti- 
symmetry of Im D,(k,B) and the relation between Im Da(k, 8) and 
Re D,(k, 8), we find that 





Ree = a On i deo [” k dk Re D,(k, «) 
22.32 
x (tanh 352 + tanh £5"). 
oT or 
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Similarly, the detour around the pole in (22.31) gives 


Im=, = Oar [- deo ie k dk Im Da(k, «) 
(22.33) 
x (2 coth - tanh 2 a tanh 2 





k 7 2T 


Just as before, the factor in parentheses involving the tanh and coth terms 
shows that only the larger of the two variables « and T is important, except 
for the case where the pole of D, is important (see below). The value of Dz 
is determined by the region in which w lies, where we have the following 
three cases: 


(a) o « ok, 
(b) uk Kw « vk, 
(c) wo ~ vk. 


It is not hard to see that the corresponding regions of values of max {e, T} are 
(a) less than wy;, (b) between w,; and wp, and (c) greater thanw,2. However, 
according to the inequalities (22.2) and (22.3), we have T > w,;, and con- 
sequently it is only necessary to consider cases (b) and (c). 

We first consider the case w,; « max {e, T} K Wz. In the expression for 
Re , we divide the integral with respect to k into two regions 


@) @ ® 
-—-sks- —-<sk<o. 
Ve DY, DY, 


Substituting ata 
— __(4ne)*(27T1, + Me) 
i Kk? — 4xe*(Z7T1, + Tl.) Gee) 
we find that the contribution from the region w/v, < k < oo is of order 


e? h& 
D Qp1 tan P 
and hence is small compared to X,. The other region w/v. < k < w/y, 
makes an important contribution to &. Bearing in mind that the important 
values of w satisfy the relation w ~ max {e, T} >> w,,, we can assume 
that 


Il, « Il,, 4nxe7II, = — x?, 
which implies 
e? fo © 2 dk e—-® 
ae aaa mh de |. Ee =) (tanh apt tanh Sr -) 
(22.35) 


-£ e In :- 1f (5 7)]: 


The same eae into domains of the variable k can be carried out 
for Im Xp. In the region w/v, $k S w/v, the function Dz has a pole, 
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corresponding to “‘ionic sound,” and the detour around this pole makes 
the following contribution to Im Zp: 


_ 81 [(” ~on k*dk _ k 
4v I ao i (k? + x2)3/2 3(« ri Ve + =) 








eee Pee SE rise 

«(2 coth 2 oT tanh 21 wae — tanh? Ma ‘) = > In y 

(This result is valid with logarithmic accuracy.) At the same time, the 
imaginary components of II; and IT, may be important. Substituting these 
into the expression for Im Xp gives 


tae fe k dk 4xe? Im (II, + ZI) 
2nv Jo ow [k? — 4ne*(II, + Z?II,)]}? 


ar oF oF) 


Because of the exponential character of Im IJ,, the important region in the 
corresponding integral isk 2 w/v; Anestimate shows that this integral makes 
a contribution to Im Xz of order (e?/v)T, and hence with logarithmic accuracy 
is small compared to (22.36). The second imaginary component Im II, 
gives an integral over the region w ~ max {e, T}, kK ~ x,, and therefore the 
lower limit with respect to k can be set equal to zero: 


«(2 coth aT tanh 2 — tanh ® 


et pe —e\) fe _*edk | 
— aR I 2) deo(2 coth a7 ~ tan hows Osee — tanh 2 oF) ki ( + xp? 
es ae [e? + (xT)?]. (22.37) 


The second term in this expression is small compared to (22.36), but the term 
proportional to e? can be larger than the ion attenuation. 

We now turn our attention to the region wy. « max {e, T}. By examining 
the integral (22.35) for Re D,, it is not hard to see that it makes an 
unimportant contribution of order 


2 
— @p2 tanh a 
Therefore, the real part of Xp is essentially equal to Z,,. As for the imaginary 
part, in this case the pole of Dp corresponding to ionic sound makes the same 
contribution (22.36), and similarly, the term coming from Im II, is again 
unimportant. 

The electron attenuation coming from Im II, is an integral in which the 
most important region is w ~ ux, ~ Wy2,k ~ x. If T > wpe this integral is 
of order (e?/v)T, and can therefore be neglected. On the other hand, if 
T K Wy2 wecan set T = Ointheintegral. Since in this case w ~ vk, we must 
substitute the whole expression (22.22) for II,. First of all, we use the fact 
that the expressions in parentheses in (22.32) and (22.33), which give the 
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temperature dependence, coincide for T = 0, taking the same value 2. 
Combining these two formulas, we obtain 

@, - Zn) a, - oe [P deo [" de die Dalk, ), 
If we substitute (22.34) and (22.22) into this formula, the right-hand side 


becomes 
—e? Re (By + iB2), (22.38) 


where 8, and 82 are constants, equal to the real and imaginary parts of the 
integral 

l 1 in 1/2 

xf, dul = u(are tanh u — 3) (22.39) 


(Here we take the value of the square root which has positive imaginary part.) 
The imaginary part of (22.38) gives the electron attenuation. 
Using the equation 
e-—&-—-X+Ayp=0, 
we can now find the electron spectrum and the attenuation of the electron 
excitations in various regions: 


@) ep) = E@)1 + (in 222 - 1), 





2 ‘ 2 
vy) = <[rn* + =) for @); « max {€,T} «K @p2; (22.40) 


(6) ) = wa + Sh OA Do 1) Smt p(B, 
y(P) = < “Tin = + ex. for po « max {E, T}. 


In particular, we have 


arse E@)|1 + ae Tiebe es 1)| for 22 > T>> max E(), pa} 


n |Z Po 

e(p) = &(p)|1 + Sn 2 Pe 

22.4. aipancery ae We conclude this section by considering 

the thermodynamic functions of a degenerate plasma [calculated by Vedenov 
(V1)]. According to formula (10.22), we have 


S(t — 7’) 
qr= rT 





for &(p) > max {T, wyo}. (22.41) 





AQ=Q2- 9 =5{" d(e?) {dr dix 


x [Dabo (x Dox a(x) — 22 bax) P(x) BxT.()) 
+ ZXO(x)O(x')(x)B(x)>]. (22.42) 
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The expressions in angular brackets <---> can be written in terms of the 
functions Y and 7, e.g., 


7 _ > , I , / Ne. 2 
aD WOW) = —291%r — x) - x) + (F) 
- fat, d*Xq d*x3 d*x4 GO(x — xy)GO(x' — x2) 
X GO(X3 — X)GO(%4 — XVI SrawlX1, X23 X35 Xa). 


The term (N,/V)? can be omitted, since in (22.34) it will cancel a similar term 
coming from electron-ion and ion-ion interactions (because of the electrical 
neutrality of the plasma). Moreover, when writing down the averages 
involving four field operators, coming from the electron-ion and ion-ion 
interactions, we can leave out the term involving two Y-functions. The point 
is that this term is due to exchange, and exchange of ions with electrons is 
impossible, whereas exchange of ions with ions gives rise to a very small 
effect, since the ions form a Boltzmann gas. 

Thus, the resulting expression consists of two terms. The first term comes 
from the product of two electron Y-functions and represents the exchange 
energy of the electrons, while the second term corresponds to a sum of terms 
with different Y-functions. We begin by considering the first term, which equals 





AQ, hee ee dp, dp. 1 
V %1.T27%+0 £1,£9 (2x)® (Pi 4 P2)? 
ef€171 eff2T2 
x 


ie, — €o(Pi) + p Hee — €o(Po) + uw 

inthe momentum representation. The factors e'*»™ take account of the order 
of the )-operators in the Hamiltonian (22.1), and the sums over ¢; and €, are 
independent. Recalling the definition of the Fourier components of the 


function Y, we obtain 
ett 


i ——— = lim "=, —t) = 
lim T >, le = &o(p) + u ie : ®, 7) n(P); 
which leads to 

dp, dp2 n(p,)n' 

- net [ae pits) <4 (22.43) 
For a Boltzmann gas, (22.43) is small since it involves occupation numbers 
n<1. This justifies neglecting the ion-exchange term. 

As for the second term, it equals 
dk dp, dp. 1 

(2x)? k? 
x[4F(p1, £1) F°(pi + k, e1 + ©)F(Po, €2)G"(Po + k, €g + W)F ec(k, w) 
— 8ZF'(p,, £1) 9'(p; +k, €: + ©)F*(po, €2)F (Po + k, &2 + w)7 ei(k, w) 


+ 4Z?F'(p,,:)9'(pi + k, €1 + ©)F'(Do, &2)G'(Po + kK, &2 + w)7 i(k, o)] 
(22.44) 


m™ pe? 
Fa-z), ter > 


€1,£2,@ 
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in the momentum representation. Since the vertex parts.7 are themselves of 
order e?, this expression is formally of order e*. However, here itis important 
that small k and m make the main contribution to the integral over k and 
the sum over m. Comparing (22.44) with (22.9), we find that 


AQ, : dk 1 
Fr = ~28 [Pate T lore 


x [A 2(k, wo) ee(K, @) + 2ZH (k, oT (k, oF alk, @) 
+ Z2°H i(k, w)7 4(k, ©)] 


gn (oa as 1 HR+ WHI, + ZI? 
8x? [ede TD, lose ane, + 2H) 


us e2 1 (A . + Z°H ;)? 
ae deT > os oss Bk — 4ne(T, + 2H) 


(22.45) 


where the important values of k? are of order 4ne2(H .+ Z2A ,). We must 
determine the relation between the values of v,k, v,.k and w = 2mnT. It is 
not hard to see that the integral with respect to k in (22.45) increases as 
4ne?(A , + Z?H ;) is increased. Now consider formula (22.11) for ZA. If 
we assume that vk « T, the largest value of A (k,w) is obtained for 
@ = 0. Then the most important ion loop is the one for which 


N, 
A , ~ WP 
and hence 
2 2 NZ? 
4ne(A, + Z°H;) ~ V 
It follows that 
T N,e? ~ éN, 
22 Lae i 2 
(v,k) uvTr~ ve < T 


Thus, our assumption is justified, and in (22.45) we can just take the term 
m = 0, setting 


After integrating with respect to k?, this gives 


AQ, 2V 2 ge 1 ON,\9? _ 278 eat Ni 

a = - 2 zerr(p se) ee Ae Pg (FZ zy (22.46) 
With our hypotheses (22.2) and (22.3), this term is small compared to 
(22.43). However, this is the only term of order e°, since the correction to the 
term AQ, must be of order e*. If we do not impose the strong degeneracy 
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condition on the electron gas, AQ, can be of the same order as AQ,, but then 
we must take account of the electron loop. Thus, the final result is 
AQ _ _ gner (4P.4P2 n(pi)n(P2) _ 2V7 G aN, , 1 xy 


>= —— eT 


V “1 en*® @—py? 3 


subject to the conditions 


V 1/3 N 1/3 1 N 2/3 
2 (Vv 2(¥ t(® 
em() ee. PS ae {e (5) : aly) i: (22.47) 


Ve + oe 


=) 


SYSTEMS OF 
INTERACTING BOSONS 


23. Application of Field Theory Methods to a System of 
Interacting Bosons for T = 0 


The generalization of the methods of quantum field theory to the case of a 
system of interacting bosons at temperatures below the temperature of 
“Bose condensation” entails great difficulties. Nevertheless, the appro- 
priate formalism has been developed [see Belyaev (B2)], and this chapter will 
be devoted to its study. As always, we first consider the case T = 0, i.e., the 
absolute zero of temperature. 

When constructing the diagram technique in previous chapters, we con- 
sistently made use of the fact that the average of a product of several non- 
interacting operators ), )* can be reduced to products of averages of pairs of 
the operators. This is a consequence of Wick’s theorem, which states that 
the average of a chronological product of any number of field operators 
decomposes into a sum of normal products with all possible pairings. Fora 
system of fermions, the ground state or “vacuum” is such that the averages 
of the normal products can be made to vanish by properly changing the 
definition of the annihilation and creation operators. The situation is utterly 
different in the case of a system of bosons. In fact, in a Bose gas at low 
temperatures, an arbitrarily large number of particles can be ‘“‘concentrated” 
in the state with zero momentum. In an ideal Bose gas at T = 0, the number 
of particles in the lowest level is simply equal to the number of particles in the 
system. Thus, a characteristic feature of the state of Bose condensation is that 
the density of the particles in the ground state which have zero momentum 
approaches a finite limit as N, the total number of particles, and V, the volume 
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ofthe system, tend to infinity. Therefore, averages of normal products of the 
form (ag )"ag, are not only nonvanishing, but can actually tz arbitrarily large. 

Consider a system of interacting bosons at the absolute zero of tempera- 
ture. As already noted, in an ideal Bose gas all the particles will be in the 
state with zero momentum. Suppose that from the operators }(x), Y*(x) 
in the interaction representation we separate the operators corresponding 
to annihilation and creation of particles in the state with p = 0: 


V(x) = Eo + Hx), = bt (X) = 5 + t(D). (23.1) 


(Below, we shall write &) = ao/VV and &¢ = a¢t/VV.) The total number 
of particles N = VES E, becomes infinite as V—>oo. Therefore, if we 
neglect the right-hand side in the commutation relation 


bobo = Eo bo = ; 


the operators &, and &¢ can be regarded as numbers to a first approximation, 
just as was done in Sec. 4. However, we shall see later that this makes sense 
only for an infinitesimal interaction. 

The total Hamiltonian of the system can be written as 


H = Hy + Ain, 
where 


Hy = 5 [ UC): VHC) a, 


and Hip, is the interaction Hamiltonian, whose form we do not specify for the 
time being. All the familiar field theory formulas, which use the S-matrix to 
connect operators in the Heisenberg representation with operators in the 
interaction representation, remain the same, and so does the definition of the 
S-matrix itself: 


S=Texp {-i | Fine() dtx}. (23.2) 
The one-particle Green’s function G(x, x’) is defined by 
G(x — x') = —KTH@)b*(%))> (23.3) 
in terms of operators in the Heisenberg representation, and by 
; oer 
G(x — x’) = -e (x')S)> (23.3’) 


in the interaction representation. [It is understood that the average <---> 
is over a ground state containing N interacting particles in (23.3), and over a 
ground state containing N noninteracting particles in (23.3’).] Instead of 
(23.3), it is more convenient to divide the Green’s function G(x — x’) 
into two parts, i.e., 


Ge = x) = KT OY *@)y = EOE OS? a3 
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and 
‘ wer, 

Gult = 1) = -KTEADES Ey = —TE EOS, (23.5) 
where G(x — x’) is the Green’s function of the particles not in the condensate,? 
and G,(t — t’) is the Green’s function of the particles in the condensate. 
Obviously, G)(t — t’) does not depend on the difference r — r’, and can 
therefore be defined as the zero-momentum Fourier component of the 
exact Green’s function: 


Got - t') = [G@- r,t - tar". 


The density of the particles in the condensate is 
no =iG(t—t') (t'=t+0), 
and the density of the total number of particles is 
n=n +n =i [GO,t-t)+G(¢—-—¢)] (¢' =t+0). (23.6) 


Once again we call attention to the fact (already noted in Sec. 4) that the 
number of particles in the condensate is different from the total number of 
particles when interaction is present. 

Next, turning to the perturbation series for interacting particles, we con- 
struct the appropriate version of the diagram technique. In view of the 
special role of the particles in the condensate, we assume that the substitution 
(23.1) has been made in the expression for the Hamiltonian H,,,, and that 
Ain, has been brought into a form in which the operators &) and.é¢, ’ and 
’* appear separately. Moreover, we assume that Hj, is already written in 
this form in the definition of the S-matrix (23.2). [Our argumentis applicable 
to a Hamiltonian Hj,,(x) which is the product of any number of operators, 
with arbitrary interactions between particles.) After making this substitu- 
tion, each of the operations of chronological ordering (the 7-product): and 
averaging over a ground state of noninteracting particles can be represented 
as two consecutive operations, which act separately on the particles in the 
condensate and those not in the condensate, i.e., 


T=T°T', (22) = Key’, (23.7) 
where T° and <- -->° act on the operators & and &§, while T’ and <---)’ act 
on the operators ’ and yt. 

Each term of the expansion of the S-matrix in powers of the interaction 
Hamiltonian H,,, contains various products of the operators &, &¢, b’ and 


’*. The free operators )’ and {’* can be handled in the ordinary way by 
using Wick’s theorem, since normal products involving particles not in the 


1 Here and elsewhere, the phrase “‘not in the condensate” has been chosen as the 
safest compromise for the suggestive Russian adjective HaqkoHqeHcaTHbIii (literally ~ 
“over the condensate’’). (Translator) 
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condensate have zero averages. The averages of chronological products of 
the form ’)’*, i.e., the quantities 


G(X — x’) = —KT'(Y')b* (YY = -KTY'RDY'*O)) (23.8) 


are nonzero, and the corresponding Fourier components have the form 


G(x — x’) = (2n)-4 J G(p)e?e-2 dtp, 
a 1 (23.9) 
OP) = = im) + 18 

Therefore, if we regard the operators &) and &¢ as (numerical) parameters, 

they play the role of an external field at various vertices of the diagrams. 
Next, we consider the problem of calculating the Green’s function when 

the number of particles not in the condensate is arbitrary. The appropriate 

Green’s function has the form 


— (HIT Oa): Yn)! * OD) + Y'* On) S)>, 
<S> 


(23.10) 


Separating the operations T and <---> into operations 7’, T°, <--->’ and 
<-++>°, according to (23.7), we first study the perturbation series for the 
quantity 


G,(%1,. sea Xns xX. cary xn) = (—i)*«T'(U'(1)- 2 (xq) * (x4): . -Y’* (x,)S)>’. 
(23.11) 


Since the operations T’ and <---> have no effect on the operators &) and Ef, 
the latter act as parameters with respect to these operations, and have no effect 
whatsoever on the time-ordering and averaging of various products of 
operators of particles not in the condensate. Therefore, the corresponding 
matrix element can be written down by using the ordinary rules for con- 
structing Feynman diagrams, and contains products of the chronological 
averages (23.8) and powers of the operators &, &¢ . 

The number of operators &, &¢ that appear to a given orderin an expansion 
of the S-matrix in powers of the interaction Hamiltonian H,,,, depends on the 
form of Hj, and on the terms in 1, which are chosen after making the sub- 
stitution (23.1). For example, after the substitution 


prot, Yraes ty, 


the interaction Hamiltonian 


Hine = 5 [YOY DUCE — FYE DYC) de de’ (23.12) 


G,(%1,. oo Xn5 X1,. oes Xn) 


(see Sec. 25) decomposes into eight terms, beginning with a term 


(Ea )Pe3 | Ue) a, 
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of degree four in &, &¢, and ending with the term 

1 t , / # , # , , 

5 FY DY UC = FY IY) a de’. 


In Fig. 63 we illustrate one of the second-order 
diagrams for the function G(x — x’). In this 
diagram, a solid line corresponds to the function 
G(x — x’) given by (23.9), a wavy line corre- 
sponds to the interaction potential U(r — r’), 
and a zigzag ‘“‘free” line corresponds to one 
of the operators &, Eg (& is represented by 
a line directed towards a vertex and & by a 
FIGURE 63 line directed away from a vertex). The matrix 
element of this diagram is 


Gar — ¥2) = 1 [G(r — x5)G(%5 — %5)Eolts)U(s — Fa) 


x ES (t4)GO(%4 — X6)U(Fe — ¥5)GO(X— — X2)d*xg-- -d*xg. 


In the general case (23.10), the mth-order matrix element in the function 
G,(X1,.. +, Xn3 Xt). ++, X_) Contains a product of any number of operators & 
and &. However, it should be noted that the degrees of &) and &3 must be 
the same, since the interaction H,,, preserves the total number of particles. 
Therefore, if the numbers of operators &) and &} were unequal, the numbers of 
operators ’ and ’* would also be unequal in the average <--->’, which 
would then vanish. 

In (23.11) let M,(%1,..., Xn3 X1,--+, X,) be a connected diagram with 2m 
vertices, corresponding to m operators & and &. As usual, by a connected 
diagram we mean a diagram which does not decompose into separate parts 
not connected by at least one line. Together with M,, we consider all dia- 
grams differing from M, by the presence of “vacuum” loops, i.e., various 
disconnected diagrams. As is well known from field theory, the effect of the 
whole set of such diagrams is to multiply each matrix element by the average 
value of the S-matrix. In our case, this means that M, is multiplied by <S)’. 

Having discussed the calculation of G,(x,..., Xn3 X41...) X,), We again turn 
our attention to the function 





(23.13) 


Yel 7! /\\0 
Xiy- +> Xns X1,.. 5%; 
G,(%1)- ee x4,. iy xi) = <T GC 1l> 2 “no “1s > n)> - 


So far, we have been able to ignore the operator character of & and &¢, 
since the operations T’ and <--->’ do not affect &) and &}, which commute 
with py’ and ’*. At this stage, however, the operator character of &) and E¢ 
becomes important. Each matrix element M, in G,, like (23.13), contains in 
its integrand a definite number of operators & and &3, multiplied by averages 
of the form (23.8). Suppose M,, contains 


Eo(ts)+ + -Eo(tm)Ed (t4)- + +85 (tn). 


SEC. 23 APPLICATION OF FIELD THEORY METHODS FOR T=0 209 


Then, to finally obtain G,(x1,..., X,3 X1;-.-, Xp), We have to calculate aver- 
ages of the form 


(T°Eo(t) «++ Go(tm) 63 (tr) «++ 55 (tm) S>’)>? 
<S> 
Since the operations T° and <--->° do not affect particles which are not 
in the condensate, we see that the required averages are m-particle Green’s 
functions of the particles in the condensate: 


Therefore, to determine the Green’s functions of the particles not in the 
condensate in terms of a perturbation series, we have to know the exact 
m-particle Green’s functions of the particles in the condensate. 

The complexity of directly calculating the functions Go, from expressions 
of the form (23.14) in terms of n, the density of particles in the condensate 
in the absence of interaction, is associated with the fact that for products of 
the operators &, &> the expansion in normal products given by Wick’s 
theorem is meaningless. This is because the average of sucha normal product 
[of the form N(ao---ag ---)] over the ground state is not only nonzero but 
actually very large. Moreover, we cannot neglect the fact that the operators 
& and &% in (23.14) do not commute. In fact, <S>’ can be written in the 
form? 


Gamltas---stmi tis... 


<S>’ = expo, (23.15) 


where o, the sum of all connected* “ vacuum” loops, is a functional of &) and 
E*, This sum is proportional to the volume (ny = Ef &o, the density of 
particles in the condensate, is a finite quantity). Ifin (23.15), <S>’ is expanded 
formally as a power series in o, arbitrary powers of V will appear. There- 
fore, we are not justified in neglecting the right-hand sides of the commutation 
relations 


+ + oa 1 
Eokd — EdEo = 


even though they are of order 1/V, since the smallness of the quantity 1/V 
may be compensated by the corresponding power of V in the expansion 
(23.15). 

Because of this, another approach is more convenient. Our starting point 


2 In field theory, the possibility of representing <S>’ in the form (23.15) is proved under 
the assumption that &) and &# are external parameters, with no operator properties. 
However, we see that in (23.14), <.S>’ is subjected to the operation of time ordering with 
respect to the operators &) and Eg. Since Bose operators appearing inside a T-product 
commute with each other, by the very meaning of the 7-product, it follows that the field 
theory assumption is satisfied here. 

3 T.e., not decomposable into independent parts. 
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is the observation that the expressions (23.14) can be written directly in terms 
of Heisenberg operators, i.e., 


Gom(trs- «<5 tm3 tis. +5 th) = <TEo(tr)+ + -Fo(tmEd (th) ES (th))>, (23.16) 


where the average of the product is taken over a ground state of interacting 
particles. We first consider the average 


VES EDD, 


which represents the exact number of particles with zero momentum. In an 
ideal gas at T = 0, this number is just the total number of particles N, since 
all the particles will be in the state with p = 0, but interaction between the 
particles will decrease the number of particles in this state. (The interaction 
must be repulsive at sufficiently small distances, since attraction at all dis- 
tances would make the system unstable.) However, as already emphasized 
in Sec. 4, the condensate will not disappear, i.e., the average number of 
particles with zero momentum tends to infinity as the number of par- 
ticles in the system becomes infinite (as V — oo, the density no of particles 
in the condensate remains finite for any interaction between particles). 
Physically, this fact is quite obvious, but of course we cannot exclude the 
logical possibility that no might vanish for some interaction. We shall not 
attempt to prove this assertion here, especially since in the present instance, 
the unique physical object under consideration is helium. The interested 
reader can find a proof in Belyaev’s paper B2. The fact that the total num- 
ber of particles changes because of the interaction is precisely the reason 
we were previously unable to regard the free operators & and & as 
c-numbers. 

The perturbation series for the Green’s functions of the particles not in the 
condensate (constructed above) contains averages of the exact Heisenberg 
operators & and &¢. If the condensate does not disappear, then, as far as 
their effect on the ground state of interacting particles is concerned, the opera- 
tors Eo and Ee can in turn be regarded as c-numbers, to a first approxi- 
mation. This fact can be used to simplify the expressions for the Green’s 
functions of the particles in the condensate. However, it should not be 
forgotten that the operator &, annihilates a particle, whereas the operator 
E+ creates a particle. Therefore, the essential point is actually that in all 
our subsequent considerations, the only important matrix elements of 
£4. &¢ are those corresponding to transitions from the ground state of a 
system with N particles (V— 00) to the ground state of a system with 
N +1 particles. From a physical point of view, by adding one particle 
to (or subtracting one particle from) the infinite number of particles in the 
Bose condensate, we do not change the ground state of the system, except 
to the extent of increasing its energy by an amount equal to the chemical 
potential ». This fact will always be kept in mind when we refer to the 
operators & and &+ as numbers. 
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We now examine these matters in more detail, as applied to the one- 
particle function 


Golt — t') = —KTE(DES (CY = —KENES (>. 


We write the last expression as a sum of products of matrix elements over 
intermediate states, i.e., 


LOFECDES(L)|On> = <DOF|E(1)| On 4 1><OF 41 |Bo(t’)|On> 
+ > LDF |Eo(t)| OF 4 ><OH, [EF (C[Ond, 


where ®, and ®,,, are the ground states of systems of N and N + | inter- 
acting particles, respectively, and the ®%,, , are the states other than the ground 
state of a system of N + | particles. In this expression, the term containing 
the sum is small, since +®y ~ @y,, (for example), while By ,, and ®%,,, 
are orthogonal. Moreover, the time dependence of the matrix elements for 
transitions from one ground state to the other can be found by using the 
ordinary quantum-mechanical formula 


~i 5 OREO) IOy 42> = OFLA, EoCOI1On 42> 


or 

E(t) = E,(O)e~ Ena Fv, 
Using the definition 1 = @E/@N of the chemical potential, and replacing 
£.(0) by Vino, we find that 

iG (t — t') = noeW Heo"), (23.17) 
Thus, the function G,(t — t’) has been separated into a product of two 
independent functions, where &o(t) has been associated with the factor Ving e~ 
and &¢(t’) with the factor Vn, e’. Obviously, the situation is the same for 
an arbitrary Green’s function of the particles in the condensate. In other 
words, in replacing the operators &,(t), &(t) by numbers, each operator 
should be associated with a factor of the type indicated. Thus, we have 
reduced the diagram technique for calculating Green’s functions of the 
particles not in the condensate to the ordinary diagram technique, with the 
operators £, and &¢ playing the role of an external field: 


Et) = Vaoe™, Es) = Vinge. (23.18) 


As usual, in writing the perturbation series, it is only necessary to take 
account of the connected diagrams. In fact, as we have shown, taking 
account of the disconnected diagrams amounts to replacing the density of the 
particles in the condensate of an ideal gas by the exact density of the particles 
in the condensate of a gas with interaction between the particles; it also leads 
to the appearance of the frequency factors (23.18). Except for this, all the 
diagrams are the same as if we regard the operators & and &¢ in the inter- 
action representation as external parameters [after substituting the expressions 
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(23.1) for the operators appearing in the interaction Hamiltonian H,,,], and 
then, in evaluating the expressions (23.10), carry out the average <--->’ 
and the time-ordering 7’ only with respect to particles not in the condensate 
(confining ourselves to connected diagrams). To obtain the final expressions, 
we need only use (23.18) to replace &) and &{. We point out once again that 
No, the density of particles in the condensate, has different values for an ideal 
gas and for a gas of interacting particles. 

Using the technique of Feynman diagrams just developed, we find that the 
Green’s functions of the particles not in the condensate are expressions 
involving two parameters, the quantity m) and the chemical potential u. 
Instead of using perturbation theory to calculate the dependence of ny and 
u on n, the density of the total number of particles, we can use relations of a 
general character. An obvious relation connecting n with ny and py is 


n = No + iG'(x — x’) (r=r,t'=t+ 0). (23.19) 


A second relation follows from the condition that the ground-state energy 
should be a minimum with respect to mp. Using the above scheme to 
calculate the ground-state energy E = <A, we obtain an expression for E 
which depends on two parameters ny) and wu. Varying E with respect to 
with n (the density of the total number of particles) held fixed, we obtain a 
second relation 


OE 
(=) = (23.20) 


In principle, the relations (23.19) and (23.20) solve the problem, but for 
practical calculations it turns out to be more convenient to use the relation 
(24.17) [see below] instead of (23.20). 

We conclude this section with a brief analysis of the problem of choosing 
thermodynamic variables. Until now, we have used the total number of 
particles in the system as the independent variable, since, to set up our 
perturbation-theory formalism, we had to start from the characteristics of an 
ideal Bose gas, and in such a gas there is no Bose condensation when the 
chemical potential is finite. In fact, as is well known, the chemical potential 
of an ideal Bose gas is identically zero in the whole interval from absolute 
zero to the condensation temperature JT). However, for a system of inter- 
acting particles, the chemical potential is nonzero, and hence is a thermo- 
dynamic variable on the same footing as the total number of particles. As 
usual, the value of u can be found from the condition that the average number 
of particles in the system be equal to the given actual number of particles, 
and this is essentially the content of the relation (23.19). Going over to the 
chemical potential » as the independent variable has the formal convenience 
of allowing us to get rid of extra time dependence in the formulas (23.18). 
Otherwise, this time dependence, coming from the vertices with &,(t) and 
&+(t), would appear in our matrix elements. 

Actually, as we have seen repeatedly, the transformation from the variable 
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N to the variable » can be accomplished by replacing H, the total Hamilton- 
ian of the system, by H — pN. Since the commutation relations involving 
the total number of particles N and the operators ) and {* are such that 


Ny-YN=—-, Nyt —YtN= H*, 
changing the Hamiltonian leads to additional time dependence in the 
operators } and {*: 


p> ety, pts e-myp*, (23.21) 
At the same time, the Green’s functions change, e.g., 
G(x — x’) > et“ G(x — x’), (23.22) 


in the case of the exact one-particle Green’s function. As for the Fourier 
components, this transformation amounts to replacing all the frequencies w 
in the old expressions byw + yw. Therefore, after making the transformation 
(23.21), the Green’s functions of the particles in the condensate, written in the 
new thermodynamic variables, are also independent of time. This allows 
us to drop the time factors (23.18) at the corresponding vertices of our 
diagrams. The reader can obtain the same result if he uses (23.22) to redefine 
the Green’s functions and then studies the perturbation series directly, 
taking account of the transformation (23.21) and (23.22). From now on, 
we shall assume everywhere that » has been chosen as the independent 
thermodynamic variable. 


24. The Green’s Functions 


24.1. Structure of the equations. We now study in somewhat more detail 
the structure of the perturbation series for the one-particle Green’s function’ 
of the particles not in the condensate. A diagram of arbitrary order can be 
divided into a number of irreducible parts, joined to each other by single lines 
corresponding to functions G(x — x’). Thus, any diagram for the Green’s 
function consists of a chain of self-energy diagrams connected by zeroth- 
order Green’s functions. Some examples are shown in Fig. 64, where the 
shaded circles represent irreducible self-energy parts, whose structure will 
not be made more explicit. 

The presence of the condensate leads to the appearance of self-energy 
diagrams of a new type, not encountered in any of the problems considered 
in the preceding chapters. These diagrams stem from the interaction of 
particles not in the condensate with particles in the condensate, and they 
contain the operators F, and &¢ at certain vertices. According to Sec. 23, 
these operators act as a kind of external field, ie., &,&% — V/no. As is 
easily seen from Fig. 64, the total number of lines “entering” any irreducible 
self-energy diagram always equals the total number of lines “leaving” such a 
diagram (we include the zigzag lines corresponding to the operators annihilat- 
ing and creating particles of the condensate). Moreover, all the self-energy 
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—-C- 


Ficure 64 


diagrams are joined by single straight lines, i.e., two particles not in the con- 
densate “enter” or “‘leave” each self-energy diagram. It follows that we 
can make the following classification of all the irreducible self-energy diagrams: 


1. Diagrams with one ingoing and one outgoing straight line, correspond- 
ing to particles not in the condensate. In such a diagram, the number 
of ingoing zigzag lines (equal to the degree of the operators Et) 
is the same as the number of outgoing zigzag lines (E)). We represent 
the sum of all self-energy diagrams of this type by a shaded circle, as in 
Fig. 65(a). The corresponding sum of matrix elements (in the co- 
ordinate representation) is denoted by %4,(x — x’). 

2. Diagrams with two outgoing straight lines, corresponding to particles 
not in the condensate. In such a diagram, the number of ingoing 
zigzag lines exceeds by two the number of outgoing zigzag lines. We 
represent the sum of all self-energy diagrams of this type by a shaded 
circle with two ingoing zigzag lines, as in Fig. 65(b). The correspond- 
ing sum of matrix elements is denoted by X).(x — x’). 

3. Diagrams with two ingoing straight lines, corresponding to particles 
not in the condensate. In such a diagram, the number of outgoing 
zigzag lines exceeds by two the number of ingoing zigzag lines. We 
represent the sum of all self-energy diagrams of this type by a shaded 
circle with two outgoing zigzag lines, as in Fig. 65(c). The correspond- 
ing sum of matrix elements is denoted by X2o(x — x’). 


Xn x02 x20 
(a) (b) (c) 


Ficure 65 
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All three types of irreducible self-energy parts can be combined in any order 
in the diagrams for the Green’s function G’(x — x’), subject to the obvious 
condition that the matrix elements X92 and X25 must appear the same number 
of times in any diagram. In Fig. 66 we show some examples of diagrams for 
the Green’s function of the particles not in the condensate. 


(b) 


| (c) 


FIGURE 66 


We are now in a position to write the analog of Dyson’s equation for the 
Green’s function of the particles not in the condensate. First we carry out 
the derivation graphically. To this end, we isolate the first irreducible 
self-energy part encountered in a diagram as we move from left to right along 
the chain of linked self-energy parts. Unlike the cases considered in the 
previous chapters, these irreducible parts can be of two types, i.e., 2,, and 
Xoo. In Fig. 66, we use a dashed line to indicate schematically how an arbi- 
trary diagram is separated into two parts. To the °) n 
right of the dashed line in Fig. 66(a), there appears Wxclewr, ayy he, 
a chain of linked self-energy parts whose sum is ae Le, 
again the exact Green’s function G’(x — x’). How- * (a) * (b) 
ever, when the structures coming after the self-energy FIGURE 67 
part Loo [like those appearing to the right of the dashed 
lines in diagrams (b), (c) and (d) of Fig. 66] are summed over all diagrams, 
a new function is obtained, which we denote by G(x — x’). Froma graphical 
point of view, this function is characterized by the fact that it is represented 
by diagrams whose external lines (corresponding to particles not in the con- 
densate) point outwards. 

For convenience, we now introduce extra arrows (actually, arrowheads) 
along each line joining two points x and x’ ina given diagram. These arrows 
show whether the line enters or leaves the points x and x’. For example, 
the Green’s function G(x — x’) for noninteracting particles is by definition 
the average in the interaction representation of the 7-product of the operators 
y'(x)b'*(x’) [see (23.8)]. Therefore, to represent G(x — x’) graphically, 
at the point x along the line joining x to x’ we attach an arrow pointing away 
from x [corresponding to the operator ’(x)], and at the point x’ we attach an 
arrow pointing towards x’ [corresponding to the operator /’*(x)]. Clearly, 
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a= -Q + G 


<> =-—---+ 


FIGURE 68 


the Green’s function G’(x — x’) is represented by a thick line with the same 
kind of arrows as for the zeroth-order (interaction-free) Green’s function 
[see Fig. 67(a)]. On the other hand, as shown by diagrams (b), (c) and (d) 
of Fig. 66, the function G(x — x’) is represented graphically by a thick line 
whose ends are both directed outwards [see Fig. 67(b)]. 

The equations relating the Green’s functions G’(x — x’) and G(x — x’) are 
illustrated in Fig. 68. The structure of these equations will be clear without 
further explanation. We merely note once again that the appearance of the 
function G(x — x’) in this theory is due to interaction of the particles not in 
the condensate with particles in the condensate, and hence has no analog for 
noninteracting particles. As usual, the self-energy parts 24,, Leo and Loe 


Sy ing Siete it 


LT Ao 


FIGURE 69 


cannot be written in closed form in terms of the functions G’ and G. For 
these functions the technique of Feynman diagrams gives series expansions 
each term of which can be associated with a given diagram. Some diagrams 
of low order for X,, and Xoo are shown in Fig. 69, for the case of the inter- 
action Hamiltonian (23.12). 

We now write down the equations corresponding to Fig. 68:* 


G(x = x) = GX — x) + | EH — YEW - DEE - ¥) 
+ Lay — z)G(z — x’)] d*z dty, 


G(x - x) = [ 6° - HEne — NG - x) 
+ Xoo(y — z)G(z — x’)] d*z dty. 


(24.1) 





* The choice of coefficients in (24.1) implies a corresponding definition of the quantities 
Li (see Sec. 25). 
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Taking Fourier components of all functions in (24.1), we obtain 
G'(p) = G(p) + G(p)Z11(p)G'(p) + G(p)Z20(p)G(p), 
G(p) = G(—p)Z11(—p)G(p) + G(—p)Zo0(p)G'(p). 


Using the expression (23.9) for G(p), the Green’s function for noninter- 
acting particles, we can write (24.1) in the more convenient form 


[wo — eo(p) + w — Zi(P)IG'(p) — Za0(p)G(p) = 1, 
[—@ — eo(p) + w — Zii(—p)]G(p) — Xoa(p)G'(p) = 0, 
where €o(p) = p?/2m. Finally, introducing the notation 


s(p) = + Eal-9), 


(24.2) 


(24.3) 


x — 24,(- 

A(p) = 11(P) 5 (=P) 

and using (24.3) to express G’(p) and G(p) in terms of the quantities D,,, 
Xog and Yoo, we find that 


Gy a SOE lB) SU AOS a a 
¢) = SAP — +S) — oP +See | CD 


and 


A Xoa(p) 
G(P) = - os OOO (245 
(2) = ~ ia — ADE — leap) + S(p) — oF + SaolP)Eoatpy 49) 
These formulas for G’(p) and G(p) generalize the usual expression for the 
one-particle function in terms of its self-energy part. 


24.2. Analytic properties of the Green’s functions. So far, the function 
G(p) has come under consideration as a result of summing certain diagrams. 
We now define G(p) in terms of the operators }’*. To do this, we consider 
the quantity 

—KTEobod’* (x) *(2))>, 


and prove that its expansion in perturbation series is the same as that of the 
function G(x — x’). Assuming that all operators are defined with factors 
et or e~ ‘+, as was done at the end of Sec. 23 [see (23.21)], we go over to the 
interaction representation: 


<S> 


Separating the operations T and <---> into T = T°T’ and <<---)’>°, and 
regarding &, and &$ as external parameters, i.e., averaging over the particles 
not in the condensate, we find that the diagrams for the last expression are 
the same as those for the function G(x — x’), whereas the matrix elements 
differ by the presence of two extra operators &. As already shown, averaging 
over the particles of the condensate amounts to replacing the operators 
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£5, &¢ in the interaction representation by the Heisenberg operators &, &¢, 
which are then in turn replaced by numbers: 


b6 a Vos Ee > V no. 


Thus, for the function G(x — x’) we can use two equivalent definitions 


G(x — x)= a <T(Eobod’ *(x)$' *(x’))> (24.6) 
or 

G(x — x’) = —iKN + 2|T(Y'*(0)Y' *(x'))|ND. (24.7) 
In the last formula, G(x — x’) is expressed in terms of the matrix element of 
T(v'*(x)Y'*(x’)) with respect to ground states of a system consisting of 
N + 2 and N particles, respectively. 

We now study the properties of the Green’s functions G’(x — x’) and 
G(x — x’). Using the definition (23.4), we represent the function G’(x — x’) 
as a sum of matrix elements over intermediate states (just as was done in 
Chap. 2), i.e., 


G(x — x) = — FD NV O)|mym|Y'*(K)N> for t> ¥, 


and 


G(x — x’) = -1 > <NIV t(x)|m><n|V'Q)|ND fort < #. 


Separating the space and time dependence of the matrix elements in the 
usual way, we obtain 
-i> [Darm|2 em FI—fOm ye“ +twe- 2) for ot > z’, 

G(x — x’) = . 4, 

( ) a » Idynl2 ea ~P-fOnn-B-tE-2) for ft < t", 258) 

n 
where P,,, P, are the momenta of the system in the states m, n, 
Onn = En aa Eno; Onn = E, = Eno; 

E,,, E, are the energies of the system in the states m, n, and Eyo is the ground- 
state energy of a system of N particles. According to the properties of the 
operators )’ and )’*, the system has N + | particles in the states indexed by 


m, and N — | particles in the states indexed by n. [The appearance of the 
factors e*' in (24.8) is connected with this fact.] Using the definition 


» © Evaro — Eno, 
we represent (24.8) in the form 


=D lYam|? efPm ®@—PI- En —Evaro%- 0) for ft > t', 
m 


G(x - x)= (24.9) 


-i> dnl? en Pn @- PFE, Ey 10-0 for p< ft’. 
n 


The energy differences E, — Ey+i,9 and E, — Ey-1,9 represent the 


SEC. 24.2 THE GREEN’S FUNCTIONS 219 


spectra (or excitation energies) for systems consisting of N + 1 and N — 1 
particles, respectively. When the number of particles is large, the spectra of 
these systems are the same to within terms of order 1/N. Taking Fourier 
components of (24.9) with respect to the coordinate and time differences, we 
find that the Green’s function in the momentum representation is 


3 = Pr)lYwnl? 8(P + Px)| ban? 

, _ 3 'm. ‘m au nN. n . 

G0) = On) |S RE oR Lae eee Ta 
(24.10) 

The poles of the function G’(p) correspond to the values 

m= +(E, — Ep). 

Thus, as always, the poles determine the spectrum of the system (except for 

sign), and their position relative to the w-axis is clear from the rules for 

going around the contour associated with (24.10). 


Next, we carry out a similar expansion with respect to intermediate states 
for the function G(x — x’), using its representation in the form (24.7), i.e., 


i> <N + 2|P'*(x)|m><m|P'*(x)ND for t> ¢, 


G(x — x’) = s 
—1 > <N + IP *()m><m|P *(@IN> for t< ¢, 
or 
ot es Visa, mPmyetPm’ PIE m — Ey 42,0 FW + ME m — Eno — ye! 
6 ~ x) = Ok BP (24.11) 


ae > Vit s2, mbtyetPm 2) ~ Ey 42,0 WIE +g ~ By 9 ~ Wt 
m 
for t<t. 


The states indexed by m correspond to states of a system consisting of N + 1 
particles, with ground-state energy Ey.1,9. Again using the definition of 
the chemical potential, we transform (24.11) into 


=i > Visa mbtvePm =P) -iEm Ever. ot-0 for t> ft’, 

G(x — x’) = x 
i> Visa mbsyerm HP EveroM-9 for t < 2’. 

m 


The Fourier components of the function G(x — x’) are 
G(p) = (27)? > diea, nbiw 
Z [ d(P — Pn) _ 3(p + Pn) } (24.12) 
© — (En — Ey+io) +18 @ + (En — Eysi.o) — 18 


Comparing (24.10) and (24.12), we conclude that the poles of the Green’s 
function G’(x — x’) and G(x — x’) coincide. In particular, returning to the 
representations (24.4) and (24.5) of G’(p) and G(p) in terms of the irreducible 
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self-energy parts, we see that the spectrum w = e(p) of the system is given by 
the equation 


[e(p) — A(p)]}? — [eo(p) + S(p) — w]? + Z20(P)Xo2(p) = 9, 
where p = (Pp, e(p)). 


In addition to the function G(x — x’) defined by (24.6) and (24.7), it makes 
sense to introduce the function 


Gx -x)= ~* T('COY (NES ES) 
= — iLNITV()'(X))IN + 2. 


Carrying out an expansion with respect to intermediate states in (24.13), 
just as was done for the function G(x — x’), we find the following expression, 
analogous to (24.12), for the Fourier components G(p): 


G(p) = (22)? > bmn, w+2 


x (ee 2 Xp + pe) __]. 4a 
@ — (En — Eysio) +18 w+ (En — Ensi,o) — 18 
Thus, the function G(p) has poles (and detours around these poles) which 
are the same as those for the functions G(p) andG'(p). As for the coefficients, 
ie., the residues at these poles, they are real for G’(p), whereas the residues 
at identical poles of G(p) and G(p) are complex conjugates of each other. 
The function G(x — x’) is represented graphically by a thick line with two 
arrows pointing towards each other. The equations connecting G(x — x’) 
with the ordinary Green’s function are shown schematically in Fig. 70. 
These equations involve the Green’s function G’(x’ — x), represented by a 
thick line with both arrows pointing towards the left. Taking the Fourier 
transforms of the equations corresponding to Fig. 70, we obtain 


G(p) = G(p)Z1r(p)G(p) + G(p)Z20(p)G'(—P), 
G'(—p) = G(—p) + Go(—p)[211(—p)G'(—p) + Xo2(P)G(p)]- 
Then, solving these equations for G(p), we find that 


(24.13) 


i | he 
G(p) = fo — A(p)P — leo(p) + S(p) — BI? + La0(P)Zoalp) (24.15) 


The only difference between the expressions (24.5) and (24.15) for G(p) and 
G(p) is in the numerator, where one has Zo2(p) and the other has Z2o(p). 


—--O---G— 
—-—:0---4- 


FiGurE 70 
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24.3. Behavior of the Green’s functions for small momenta. We con- 
clude this section by making some observations of a general nature concern- 
ing the results obtained above. Because of the homogeneity of space, all 
quantities depend on the magnitude of the vector p. It follows from (24.12) 
and (24.14) that the functions G(p) and G(p) are even functions of the 
frequency w, from which it is easily seen that Zoo(p) = Xo2(p). In fact, since 
the interaction Hamiltonian preserves the total number of particles, it is 
symmetric in the operators ) and }*. Therefore, with any diagram for 
Xieo We Can associate exactly the same diagram for Xoo, obtained by replacing 
all ingoing lines in the diagram for X2,. by outgoing lines, and vice versa. At 
the same time, this reverses the direction in which all internal lines are 
traversed. However, we can reverse the direction in which all internal lines 
are traversed by changing p to —p in the matrix element corresponding to the 
given diagram for 22.(p). Since, according to (24.15), Xiao is an even function, 
it follows that 

La0o(P) = Lox(p), G(p) = G(p). 

Now consider the equation 


[ — A(p)}? — [eo(p) + S(p) — pv]? + XG.(p) = 0, (24.16) 
determining the poles of the Green’s functions. It is clear from physical 
considerations that this equation must have solutions for arbitrarily small 
pandw. In fact, the class of possible solutions for the energy spectrum of 
the excitations for small p must contain the acoustic spectrum w = c|p|, 
i.e., the spectrum corresponding to long-wavelength oscillations. Therefore, 
suppose we set p and w equal to zero in equation (24.16). Then we obtain 
the condition relating the chemical potential » to the quantities X,,(0), 
X20(0) and X2(0): 

[p — 211(0)]? = 2G2(0). 
From the two roots of this equation, we have to choose 
w = 211(0) — Xo,(0), (24.17) 


as will be shown in Sec. 25.2. In order to find the form of the Green’s func- 
tions in the region of small p and w, we expand the denominators of (24.4), 
(24.5) and (24.15), confining ourselves everywhere to second-order terms in 
pandw. Using (24.17), we obtain 


’ = 21,00) — p on 2 20(0) > 
OP) = Blot = Sp) ~ B® = cP) mr 
, E20(0) 
G(p) = G(p) = — Bo? — p>’ 
where “s sas! 
B= [1 SO) — Se a) + 3 BOO 


- 821,00) _ AZo 
os 2Ea(O){ 5 + Sp? ~ att 
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The quantity c is obviously the velocity of sound. As must be the case, c 
vanishes if X2.(0) vanishes, since the velocity of sound is zero for an ideal 
Bose gas. 

Comparing the expressions (24.18) with the general expansions (24.10), 
(24.12) and (24.14) for the Green’s functions, we find that the ratio X_,(0)/B 
is real and positive. Thus, for small p and w(w ~ c\p)), all the Green’s func- 
tions G’(p), G(p) and G(p) have the same form 


const 
G(p) = 5 


25. The Dilute Nonideal Bose Gas 


25.1. The diagram technique. To illustrate the methods developed in 
Secs. 23 and 24, we now consider in more detail the case where the interaction 
between the particles reduces to forces acting between pairs of particles 
[Belyaev (B4)]. Then the interaction Hamiltonian equals 


Hine = 5 [U4 YUE — PIU) Yo) de ae’. (25.1) 


If in (25.1) we use (23.1) to explicitly exhibit the operators & and &¢ of the 
particles in the condensate, we obtain the following eight terms, whose sum 
equals Aint: 


He = 5 [YOY IU — PY OWY ae de, 

H, = 5 V(Es)*3 [UR aR, 

He = 5 [EY ©) + YES OY CUE — ¥) de a, 

He = 5 [YOY IYO Eo + Ey OIUC — F) de a’ 

He = 5 [UESY OEY) + ESY'* (EY OU — ¥) de ar’, (25.2) 
H, = 5 [EY WEY) + EY OEM IU — ¥) dea 

H, = 5 [EsbSY OY IUC — v) dea’ 


Hy = 5 [baka (OY (IUCr ~ ¥) de a 


In Fig. 71 we show the elementary processes corresponding to each of these 
different terms. To construct any matrix element, we proceed in the usual 
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FIGURE 71 

way, applying Wick’s theorem to the operators of the particles not in the 
condensate. According to the results obtained above, we need only take 
account of connected diagrams for a given process, regarding the operators 
&, & everywhere as external parameters and making the substitution 
Eo, &¢ > Vno (provided that the frequencies of all particles participating in 
the process are measured from the value of the chemical potential). In 
deriving rules for establishing a one-to-one correspondence between matrix 
elements and diagrams (in the momentum representation), we shall confine 
ourselves to one-particle Green’s functions, but otherwise our treatment will 
be quite general. 

Consider an arbitrary diagram associated with the mth-order term in the 
perturbation series for one of the Green’s functions, say G’(x — x’), ie., a 
diagram whose analytical expression is contained in 


(=i LD” rey (x) J Hlnsts)> + Hina tm) Y"*(2”) ty dt) 


m! 


Suppose the diagram has s ingoing and s outgoing lines, corresponding to 
particles in the condensate. (As already noted several times, the total 
number of ingoing lines in any diagram equals the total number of outgoing 
lines.) There are m! possible permutations of the m Hamiltonians Ay,,(t,) 
which do not destroy the order of the pairings determined by the given 
diagram. Moreover, there are obviously 2m — s + 1 operators ’ (and an 
equal number of operators ’*) associated with the diagram. 

By the definition of the Green’s function G®, for each pairing of 
y’ and ’+ we have to include a factor of —i. With each straight line we 
associate a Green’s function G, and we introduce a wavy line corresponding 
to the potential 


Vix — x’) = Ur — r’)8(t — £’). 


According to formula (25.1) and Fig. 71, the total number of “triple vertices” 
(i.e., vertices to which a wavy line is attached) is twice as large as the order 
of the perturbation. Suppose we take the Fourier components of all the 
quantities 


7? , 1 D r-2’ 
Gx — x) = oH [OWere” dp, 


Vie — x) = aoe Uwe? da 
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etc. Then it is not hard to see that the matrix element corresponding to any 
mth-order diagram for the Green’s function G'(p) can be constructed by using 
the following rules: 


1. With each straight line going from left to right associate a function 
G(p) = [w — eo(p) + w + 18), 

and with each straight line going in the opposite direction associate a 
function G(—p). 

2. With each wavy line of momentum q associate the Fourier component 
U(q) of the interaction potential. 

3. With each ingoing or outgoing line corresponding to a particle in the 
condensate associate a factor V/no. 

4. At each triple vertex let the momentum q of the wavy line equal the 
difference between the momenta of the particle lines. 

5. Integrate over the momenta which are not determined by the conserva- 
tion laws, introducing a factor (2x)~* for each such integration. 

6. Multiply the whole matrix element by 


A gn{ — ie", 
where A,,, depends on which terms of (25.2) participate in the diagram. 


For the Green’s function G(p) and G(p), the above rules remain the same, 
provided we take s to mean the number of factors n) appearing in the given 
mth-order diagram. For example, if in one of the diagrams for G, the 
number of ingoing lines corresponding to particles in the condensate equals 
], then, according to the definition (24.7) of G, the number of outgoing lines 
equals / + 2. The number of pairings of the operators y’ and ’* (the 
number of functions G®) obviously equals 


2m — 1. 


Since by definition each Green’s function is accompanied by a factor of —i, 
the factor which must multiply the whole matrix element is 


(—iitt-*, 
But / + 1 is just the degree s of the factors np coming from the lines cor- 
responding to particles in the condensate. 


25.2. Relation between the chemical potential and the self-energy parts of 
the one-particle Green’s functions. We now prove formula (24.17) for the 
chemical potential %. Consider the operator &,(t) in the Heisenberg repre- 
sentation (it is assumed that the term —yWN is included in the total Hamil- 
tonian). The time dependence of £,(r) is given by the usual quantum- 
mechanical operator equation 


ele) = [E,(t), H] = —pEo(t) ~ [Hints fo(t)]- 
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Using this equation, we find the following equation for the Green’s function 
G,(t — t’) of the particles in the condensate: 

0G(t — t’ . ; , 

GA) int — 1°) ~ <T(Eo(), Hine’ D>. 
But, according to the results of the preceding sections, G.(t — t’) does not 
depend on time and is simply —ino. It follows that 


wong = —<T(Hine E0113 (¢'))>. (25.3) 


Next, we calculate the average in the right-hand side of (25.3). Going over 
to the interaction representation 


THs (O13 (C))> = Aine SOESOS)>, 


we briefly reproduce the argument given in Sec. 23. In the operations T and 
<--->, we first carry out averaging and time-ordering with respect to the 
particles not in the condensate. According to our general prescription, in 
doing this we need only take account of all connected diagrams, regarding 
&, and &$ as external parameters. In the present case, the connected dia- 
grams are the different vacuum loops. The result of subjecting Hn, to this 
averaging, which only affects the operators of particles not in the condensate, 
will be denoted by 92. The quantity $2 depends on both &, and &¢ as if 
they were parameters. To obtain the final result, we have to replace all the 
operators & and &¢ appearing in ¢°" by the exact Heisenberg operators &, 
and &¢. As a result, (25.3) becomes 
Ss 


uno = —<T (LH 322, Fo]Es)>. (25.4) 


The commutator [H$",&] contains commutators of & with different 
products of &) and &¢ in vacuum averages of H$?. To calculate H°", we 
use Wick’s theorem to carry out the usual averaging of the operators of 
particles not in the condensate. Since this averaging consists of averaging 
pairs of operators |’ and )’*, the number of operators & equals the number 
of operators &¢. 

For example, consider a vacuum loop of order m containing s operators 
&, and s operators &¢. The result of commuting & with one operator &¢ is 


Et. bl = —p 


but & can be commuted with all s of the operators Ef. Let the correction 
to the ground-state energy corresponding to the given mth-order vacuum 
loop involving n§ be denoted by <Hin,>$o". (This quantity is obtained from 
H<2? by replacing the operators & and &¢ by Vn.) Then it is easily seen 
that the expression (25.4) is 

[to = > 5 <HiasdS, 


m,s 
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or 
@ (Avda — 2 <Hin> (25.5) 


The vacuum average <iin,> is a function of the parameters w and mo, and hence 
in the right-hand side of (25.5) we have in mind a partial derivative with 
respect to my with w held fixed. 


FiGureE 72 


The idea of the rest of the proof [see Hugenholtz and Pines (H4)] is based 
on the fact that the operators &, )’ and &3, y’* enter the interaction Hamil- 
tonian symmetrically. Therefore, with each vacuum loop of <Hint> which 
has a certain number of zigzag lines (corresponding to particles in the 
condensate) we can formally associate diagrams for the irreducible self- 
energy parts 2,,(0) and X,,(0) by replacing the necessary number of ingoing 
and outgoing zigzag lines (representing the operators & and & ) by ingoing 
and outgoing straight lines (representing the operators }’* and ¢’). In 
Fig. 72, we show some simple examples of how this is done for diagrams 
corresponding to low-order terms in the perturbation series.®° Since the 


5 The expressions associated with some of these diagrams vanish (see below), but for 
the purposes of illustrating our argument, this does not matter. 
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ingoing and outgoing zigzag lines “‘carry” zero four-momentum (p = 0), the 
indicated correspondence also holds for the matrix elements of X,,(p) and 
Zo(P) = Uoa(p) when p = 0. 

The matrix element <4,,,>¢0" of an arbitrary irreducible diagram is con- 
structed by the same rules as those given above for the Green’s functions. 
The only difference (as is easily verified) is that the numerical factor which 
should multiply the whole integral is now 

( = ij’ -m- 2, 
where m is the order of the term of the perturbation series, and s is the degree 
of no in the given diagram. The corresporiding factor in the matrix elements 
for the self-energy parts is 
(- i)’ = it. 

When a vacuum loop is differentiated with respect to mo, the degree no is 
reduced by 1. Consider all possible mth-order diagrams for 2,,(0), containing 
s — | factors mo (and hence s —1 ingoing and s — 1 outgoing zigzag lines, 
corresponding to particles in the condensate). All these diagrams can be 
obtained from the vacuum loop (H{2?)m-1,; by replacing one of the s operators 
E$ by an ingoing straight line and one of the s operators & by an outgoing 
straight line, i.e., these diagrams can be obtained in s? different ways: 


2 
(23100), s—1 = a V-<Hinw 2s. 


As for the diagrams for Z,(0), they can be obtained from (A7{°?),,-1,; by 
replacing two ingoing zigzag lines by two ingoing straight lines. Since this 
can be done in s(s — 1) different ways, we find that 


Jee 
(Z20(0) Dass -1 >= AV (intima, s: 


Comparing the difference X,,(0) — X29(0) with the expression (25.5), we im- 
mediately obtain 
pw = 243(0) — 22o(0). (25.6) 





(a) (b) 
FIGURE 73 
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Of course, as noted in the preceding section, the validity of this relation is not 
confined to the present case, where the interaction forces act only between 
pairs of particles. 

Equation (25.6), together with equation (23.19) relating the chemical 
potential to the density of the total number of particles in the system, con- 
stitute a set of two equations determining the values of the parameters » and 
No. The proof of the equivalence of the conditions (23.20) and (25.6) will 
not be given here. We merely note that for perturbation-theory calculations 
(i.e., for the case of a gas of weakly interacting particles), it is more con- 
venient to use (25.6), since this condition expresses » directly in terms of 
quantities which are known for an ideal Bose gas. 


25.3. The low-density approximation. The methods developed above will 
now be applied to the case of a gas of interacting bosons, with the Hamil- 
tonian (25.1). We have already considered this example in Chap. 1, with the 
assumption that the interaction forces are weak. Because of this assumption, 
the expression (4.11) for the excitation spectrum contains the Fourier com- 
ponent of the interaction potential, which in the Born approximation is 
proportional to the scattering amplitude of the colliding particles. We now 
show that this result is actually valid in the more general case where the 

interaction is not assumed to be weak, provided 


the density of the gas is assumed to be low. This 
means that the dimensions of the particles of the gas 
are small compared to the average distance between 
we ae the particles; if we characterize the dimensions of 
the colliding particles by their s-wave scattering 

amplitude fo, then the quantity f,n/* must be « 1. 
Consider the first-order diagrams for %,,(p), 
2Xe0(p) and Xo2(p) shown in Fig. 73(a). Of the three 
diagrams for %,,, the first corresponds to averaging 
FiGurE 74 the term H,, given by (25.2), in the interaction 
Hamiltonian (25.1). This diagram equals zero, since 

its internal line represents the average 


—KY'*@)Y'@> = 0 

[we recall that a wavy line corresponds to the interaction potential 
V(x — x’) = U(r — r')S(t — t’'), and that the order of the operators ’*, 
y’ in A, is given by (25.1)]. The remaining terms give 

Lp) = no[U(0) + UP)], 

X40(P) = Uo3(p) = noU(p), 
where U(p) denotes the Fourier components of the interaction potential. 
Moreover, 

. = noU(0), 

according to (25.6). 
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Of all the second-order diagrams, only the diagrams shown in Fig. 73(b) are 
nonzero. For example, the diagrams for X{{(p) shown in Fig. 74 are all 
zero, since each of them contains a product of Green’s functions of the form 


GOW — 9’, ty — t2)GOR" — ¥", tg — th) 
(in the coordinate representation), and, as we know, 
G(r, — Tg, ti — te) = 0 
for t, < tg. 


To estimate the diagrams shown in Fig. 73(b), we assume for simplicity that 
the Fourier components of the interaction potential have the form 


1 
Uo for |p| <«K ey 


U(p) = 


1 
O for |p| >? 


where a ~ fo is the radius of the particles, in order of magnitude. The 
estimate of any diagram may involve various parameters of the problem, i-e., 
the mass m, the parameters U, and a characterizing the interaction, and Mo, 
the density of particles in the condensate. From these parameters we can 
form two dimensionless combinations 


ms, 8 = Vina. 





Cw 


The quantity ¢ is a perturbation-theory parameter (for expansion in a series 
of successive Born approximations), while 8 is a “‘gas”’ parameter. From a 
formal standpoint, the perturbation series is an expansion in powers of 
¢ « 1, but later we shall only assume that B < 1. 

To keep things as simple as possible, we now consider the diagram for 
23(p) shown in Fig. 73(b). In this case we have 


ZAP) ~ mo [GG)G(—g)U(G)U(P — 4) dq deo. 


Using (23.9) to substitute for the Green’s function G® and integrating with 
respect to w, we obtain 

a 

 — &o(q) 


The main contribution to the last integral comes from large values of 
\q| ~ 1/a, for which 


LBP) ~ moU8 [ 


U 2 2 
— ~ mn U,a? = «i, 
Eo(q) soak 8 
and hence 


mn Ug 1 
ng ~ mollS . wae 


A similar estimate of the diagrams for &{ shows that £2 ~ XQYC. 
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Now consider the third-order diagram for = shown in Fig. 75(a). In 
this case we have 


dq 
ye ~ ne GO = GO 2 U 2U + de d fey 273 7 
B ~ 03 [6 — MG @PU@PUE + 4) da do ~ 803 [A 
The last integral (unlike the one just considered) converges at the upper 
limit, and the main contribution to the integral comes from the region 


Iq| ~ Vmp ~ WV noUom, 
so that 


n2Usmi!2 
Ege ~ STi ~ E08. (25.7) 
Moreover, the third-order diagram shown in 


Fig. 75(b) is of order 
a DP ~ Dee, (25.8) 
Houeed: It is clear from (25.7) and (25.8) that 
LE ~ BC- 12D Sd, 

This result is a consequence of the fact that 23” contains two integrals of 
products of two G-functions, each of which is formally divergent at the 
upper limit, whereas £$” contains an integral involving three G®-functions, 
which converges without introducing a cutoff and is determined by the values 
of the integrand in the momentum region |q| ~ Vmy. In the diagrams, this 
difference consists of the number of solid lines in the closed loop (formed by 
straight lines and wavy lines). 

Thus, each loop in &;, with more than two straight lines introduces the 
small parameter 8, while the loops with two straight lines do not contain 8. 
Therefore, in the lowest approximation with respect to B we need only take 
account of diagrams of the second kind. Formally, this means that among 
all the diagrams for &,, and X45 we need only choose those which contain two 
ingoing or outgoing zigzag lines (corresponding to particles in the condensate), 
i.e., diagrams which are of the first order in mo. In fact, it is clear from 
dimensionality considerations that all diagrams containing a larger power of 
No involve extra dependence on the small parameter 8. All the required 
diagrams are of the “‘ladder type,” shown in Fig. 76. 

Let F(p,, p23 Pa, Ps) denote the set of all diagrams shown in Fig. 77 (in 
the momentum representation). Then the first approximation with respect 
to ® differs from the first approximation of perturbation theory by having 
T(p,, Pos Pi — 9, P2 +) in place of the Fourier components U(q) of the 
interaction potential (the first “rung” of the ladder). Of course, summation 
over the “ladder loops”? contained in the more complicated diagrams also 
leads to the appearance of I in these diagrams (however, for our purposes 
there is no need to consider these diagrams, since, as already mentioned, they 
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P,P, 
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~X tet + 
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AF 

X20 x02 i) Pr 
FIGURE 76 FIGURE 77 


contribute terms of higher order in 8). Thus, the potential U(q) is eliminated 
from the problem, and its role is taken over by the effective potential I. 
From the structure of the diagrams shown in Fig. 77, we immediately deduce 
the following integral equation for the quantity '(p,, po; ps, Da): 


T (py, Po; Ps» Ps) = U(Ps — Pi) + On Jum — k)G(k) 


x GO(py + po — K(k, py + po — k3 ps, ps) ak. 


25.4. The effective interaction potential. Next, we investigate the integral 
equation (25.9). Introducing the total and relative momenta 


Pit P2=Ps+Ps=P, Py — po = 2k, pz — ps = 2k’, 
we can write the equation (25.9) for 
T(p,, Pas Par Ps) = T(K, k’; P) 


(25.9) 


in the form 


P%(k, K's P) = Uk —k) + a [Uc - pGGP + p) 
25.10 
x GRP — p)P(p, k’; P) dtp. ny 
The interaction potential V(x — x’) contains no retardation effects, i.e., 
Vix — x’) = Ur — r’)ds(t — 2’), 
and hence its Fourier components V(q) = U(q) do not depend on the fourth 


component of the four-vector g. It follows that [(p,, po; ps, ps) depends 
on only one combination of fourth components 


@, + Wg = 3 + @, = GB, 
where P = (P,«). Therefore, I“(k, k’; P) does not depend on the fourth 


component of its first two arguments, and this allows us to carry out the 
integration with respect to w in the right-hand side of (25.10): 


[deo GLP + p)G(4P — p) = SF Fc yr 
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Substituting this expression into (25.10), we find that the equation for 
Tk, k’; P) becomes 


1 Uk — p(s, kK’; P) 


PE EGP) = RKO ay J Genny = Fm) + 18 


dp, (25.11) 


where 

x? Pp? 

aE =wv- 4m + 2p. 
Equation (25.11) cannot be solved in general form for an arbitrary interaction 
law, but, as we now show, its solution can be expressed in terms of the 
scattering amplitude of two colliding particles in the vacuum. 

First we remind the reader of how to set up the problem of the scattering 

of a particle by a potential U(r). The Schrédinger equation of a particle in 
the field U(r) can be written in the form 


(V? + k*)dy(r) = 2mU(r)},(P), 
where k?/2m is the eigenvalue of the particle’s energy, and t),(r) is the cor- 


responding wave function. It is convenient to represent this equation in 
terms of a solution of Poisson’s ae 
eiltel Ir- 


dal) = 5 = [— = = U(r’) de’ + Yoult), (25.12) 


where o,(r) is the wave function of a free particle with the same energy. 
The scattering amplitude is determined by the condition that at large distances 
from the scattering center the wave function should be the sum of a plane 
wave (a free particle) and an outgoing wave,° i.e., 

eflkl irl 


dy(r) = e* r— foo Ir Tl 


where 96 is the angle of scattering relative to the direction of the vector k. 
Comparing the behavior of (25.12) for large |r| with this definition, we obtain 


f(6) = x en U(r dy (r’) dr’, 


where the vector k’ is directed along r. Going over to the momentum 
representation for the wave function 


Yult) = 2x)-% u(pel”’* ap, 


we obtain 


FQ) = f(k, kK) = BE J UK’ — pydnl@) ap (25.13) 


(the direction of k is that of the incident particle). The scattering amplitude 





® Our definition of the scattering amplitude has a different sign from the usual defini- 
tion (see e.g., L7). 
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usually refers to the values of (25.13) for |k| = |k’|, but we shall use (25.13) 
to define the scattering amplitude f(k, k’) more generally for arbitrary k 
and k’. In the momentum representation, equation (25.12) takes the form 
4x f(k, P) 
a 83k — ; 
Yul) = 2n)°8(k — p) + ga Pg (25.14) 
Substituting (25.14) into (25.13), we obtain 


2n y= Uk 1 Uk’ — pi(2x/m) fk, p) ap 
on fk) = Uk — 1) + O53 | “Gam — iam es O15) 


We now return to equation (25.11). As is well known, the scattering of 
two colliding particles of masses m, and mz, which interact with potential 
energy U(r — r’), reduces to the scattering by the potential U(r) of a single 
particle, with reduced mass 


nes m, + M2. 
MMe 
Making the change 
m 
eo 
m—>m 5) 


everywhere in (25.15), we obtain 
an a ge py LL (UK = P4rim) f(K’, p) ap _ i(= ) 
HH) og FUE — Gye JOH) = (pm) + 18 = Amt) 
where L denotes the operator appearing in the right-hand side. By sub- 
tracting identical expressions from both sides of (25.11), we can reduce 
(25.11) to the form 
Lp Uk ~ pp, k’; P) 


TE ESP) Gay Jey = Pim) + 


dp 


A os A 
= Uk —k) + a | Uk — p) (25.16) 


1 1 
. {cam = (im) +13 ~ (K?/m) — (im) + 18 


where the left-hand side equals £([). Applying the operator £~! to both 
sides of (25.16), we finally obtain the following equation for T: 


T"(p, k’; P) dp, 


4n 1 4n 
DK, k's P) = — f(K',k) + a — f(p, k) 
. on Ilr | (25.17) 


: T(p, k’; P) dp. 


‘ ema = (Pm) +13 ~ (Km) = Pm) + 8 
It is clear from (25.17) that to a first approximation T(k, k’; P) equals 


(4x/m) f(k’, k). The integral in the right-hand side of (25.17) converges, 
even if we assume that f and I are constants, and hence the integral is of 
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order |k| f?/m. As will be apparent from what follows, the important region 
of momenta is 

|k| ~ Vm ~ Viof, 


ie., |k| f « 1, and we can confine ourselves to the first term for M(k, k’; P). 
Moreover, we note that in this case, the dependence on k and k’ can be neg- 
lected in the expression /(k, k’). For small energies, this dependence has 
the form of an expansion in powers of the ratio of a (the dimensions of the 
particles) to the wavelength > ~ 1/|k|. Since a is of the order of the 
scattering amplitude f, and since |k|f <« 1, we can finally write 


Tk, k’; P) & = f(0,0) = = fos (25.18) 


25.5. The Green’s function of a Bose gas in the low-density approximation. 
The spectrum. According to the above considerations, we have 


8 4 4 
2y1(p) = — nofos Ze0o(P) = Yoa(p) = = Nofoy b= = Mofo. (25.19) 


Substitution of these expressions into (24.4) and (24.5) gives 


w+ (p?/2m) + (4n/m)nofy 
CA) =~ FQ) +s 


4rno fo 1 
m wo —e(p)+id 


a) = (+ ehy RB 


G(p) = - 


where 


m m 
: tanf (25.20) 
JP 4g Sos oe 
“a ame + me P 


is the spectrum of the system for small momenta. This expression for the 
spectrum differs from the expression (4.11) derived in Sec. 4 by having the 
exact s-wave scattering amplitude in place of the amplitude given by the Born 
approximation. It follows from (25.20) that for |p| « Vofo, the quasi- 
particles have “acoustic dispersion,”’ i.e., 


e(p) © ipl, eh, Aria Se 


whereas for |p| > V/no fo, the quasi-particles become “almost free,” i.e., 
Ste 4rNno fo 





e(p) © eo(p) + —— 


(a spectrum of this latter type corresponds to a particle moving in a con- 
tinuous medium characterized by some refractive index). The transition 


SEC. 26.1 PROPERTIES OF THE SPECTRUM NEAK THE CUTOFF POINT 235 


from the phonon region to the “free particle” region in the dispersion 
formula occurs when 


Ip] ~ Vnofo « z 

cv) 

Thus, in both regions it is legitimate to regard the amplitudes as being 
approximately constant. 

In conclusion, we note that there is no correlation at all between the present 
model and the properties of real helium. Aside from the fact that the low- 
density approximation does not pertain to liquid He II, it is worth pointing 
out that the spectrum given by (25.20) is actually unstable for small p. In 
fact, for p # 0 the velocity of the excitations 


oe 
|p| 
is greater than the velocity of sound 


[4rno fo 
m 


ie., the excitations can create phonons (see the next section). This leads to 
the appearance of attenuation in the spectrum, where the lifetimes of the 
excitations are inversely proportional to |p|® for small p. The spectrum of 
helium does not exhibit this instability for small p. 


26. Properties of the Spectrum of One-Particle Excitations 
Near the Cutoff Point 


26.1. Statement of the problem. Of course, the spectrum of one-particle 
excitations in a real Bose liquid, i.e., in helium, cannot be calculated 
theoretically. There is linear dependence of the energy on the momentum (the 
phonon part of the spectrum) only for the smallest momenta. For larger 
momenta, the spectrum is no longer linear and its further behavior depends 
on the particular properties of the interactions between particles of the liquid. 

The characteristic feature of the excitation spectrum of a Bose liquid 
compared to that of a Fermi liquid is that undamped (nonattenuated) Bose 
excitations can exist. From a mathematical point of view, this means that 
the solutions of equation (24.16) are real. At finite temperatures, the 
attenuation of excitations is due to the fact that they can collide with each 
other. At absolute zero, there are no real excitations. Therefore, the 
only mechanism which can lead to finite lifetimes of the excitations is the 
decay of the excitations into other excitations of lower energy, provided such 
a process is permitted by the laws of energy and momentum conservation. 
In a Fermi liquid, there can always be decay accompanied by formation of a 
particle and a hole, and as a result, the quasi-particles have finite lifetimes 
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inversely proportional to (|p| — po)?. In a Bose liquid, undamped excita- 
tions can exist for sufficiently small momenta, and it is only when the 
momentum is increased that the energy of an excitation ultimately reaches a 
certain threshold value, above which the excitation is unstable with respect 
to decay into two or more excitations with less energy. This threshold, 
which is a singular point of the curve representing the spectrum, will be called 
the (spectrum) cutoff point. In the present section, we shall try to explain 
the character of this singularity. It will emerge in the course of our dis- 
cussion that a complete analysis can be carried out without making any 
assumption whatsoever about the weakness of the interaction [see Pitayevski 
(P4)]._ Our only assumption (and one which is certainly general enough 
from a physical standpoint) is that the cutoff point of the spectrum corre- 
sponds to a threshold for decay into two (and no more than two) excitations. 

Momentum and energy must be conserved when an excitation decays into 
two excitations, a fact which is expressed by the equation 


e(p) = e(q) + e(p — q). (26.1) 
Here, p and e(p) are the momentum and energy of the decaying excitation, 
q and «(q) are the momentum and energy of one of the excitations formed in 
the decay, and p — qand «(p — q) are the momentum and energy of the other 
excitation formed in the decay. No decay is possible if for a given p, 
equation (26.1) has no solutions for q. Let p, and e, = e(p,) denote the 
momentum and energy at the decay threshold. Then the decay threshold is 
characterized by the fact that (26.1) has a solution for q ife = ¢,, but no solu- 
tion ife <,. This requires that for |p| = p,, the right-hand side of (26.1), 
regarded as a function of q, should have a minimum for certain values of q. 
For |p| = p,, the right-hand side of (26.1) depends on the two variables |q| 
and cos 0, where 6 is the angle between the vectors p and q, and can have a 
minimum both for 0 = 0 and for finite 0. 
Suppose the right-hand side of (26.1) has a minimum for a certain momen- 
tum q. Making a power-series expansion of e(q) + e(p — q) up to terms of 
the second order in the increment Aq, we have’ 


e(q + Aq) + fp ~ q ~ Aq) = (a) + op — @) + FM q 


_2P -~ Da 1 eq) 4 1 @e(p — a) A, A 
opi ie 2 pop, se 
At the point where the minimum is achieved, the linear terms must vanish. 
Obviously, there are two basic possibilities: 





qi Aq; + 


1. Vye(q) = Vpe(p — q) # 0. This corresponds to decay into two excita- 
tions which propagate in the direction of the vector p with the same 
velocity v = Vye. Moreover, two subcases are possible: In the first, 


7 Summation over pairs of repeated indices (i, k = 1, 2, 3) is implied and 2/@p, = V,,,, 
7/4p, op, = Vp, Vp,» etc. 


SEC. 26.2 PROPERTIES OF THE SPECTRUM NEAR THE CUTOFF POINT 237 


which will be called Case J, one of the excitations has momentum 
arbitrarily close to zero. Then the velocity of the excitation at the point 
Pe is comparable to the velocity of sound c, and the excitation can 
create a phonon. In Case II, both of the excitations formed in the 
decay can have finite momenta. 


2. Vae(q) = 0, Vpe(p — q) = 0. This requires that each excitation be 
formed with the momentum py for which the excitation energy e(p) is a 
minimum. For liquid helium, this point of the spectrum corresponds 
to the value 


= 1.92 x 10®cm7?. 


In the neighborhood of this point, the spectrum «(p) has the so-called 
“roton form” 


e(p) =A + (PL Po lp] — pol « po. (26.2) 


If ¢, = 2A, the excitation decays into two rotons with momenta q and 
qi, where |q| = |qi| = Po and e(q) = e(q:) = A. The angle 6 between 
the two emitted rotons is determined by the condition that the sum of 
the momenta of the rotons should equal p,. (This will be called 
Case III.) 


The three cases just enumerated exhaust all the possible types of thresholds 
for decay into two excitations. 


26.2. The basic system of equations. To investigate the form of the 
spectrum near the cutoff point, we use the quantum field theory methods 
developed earlier. Thus, we look for the form of the Green’s function neat 
the cutoff point, since the spectrum is determined by the poles of the Green’s 
function. It is physically obvious that the singularities of the Green’s 
function are related to diagrams in which one line divides into two lines, 
thereby representing graphically the process of decay of one excitation into 


two others. 
FIGURE 78 


For example, consider the diagrams in Fig. 78, involving the different 
Green’s functions G’, G and G. Each of the loops shown in the figure 
represents a self-energy part, characterized by the fact that it consists of two 
triple vertices (where only lines corresponding to particles not in the condensate 
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are considered) joined by two solid lines. The integral associated with a 
loop of this kind is 


fo@oe - a0. dq de’, (26.3) 


where G can denote any of the three Green’s functions G’, G and G, and the 
vertex parts appearing to the right and to the left of these diagrams are denoted 
by [, and I',. Suppose the external points have values of p and o lying 
close to a pole of the function w = e(p). (It was shown in Sec. 24 that all 
three Green’s functions have the same poles.) The singularity of the 
integral (26.3), if it has one, is associated with the region of integration (with 
respect to q and w’) for which the functions G(q) and G(p — q) are near their 
poles. According to (24.10), (24.12) and (24.14), near their poles these 
functions have the form 


A, Ag 


G(q) i wo — eq) +18 or oben ry eq) — i8 i’ (26.4a) 
and 
a eae. Dae ee ree 
SCS) Taw Sep ow Ls or o-oo +e&p—q—id 
(26.4b) 


where in each case the first expression corresponds to a positive pole and the 
second corresponds to a negative pole. Substituting these expressions into 
(26.3), we see that the terms which interest us are terms of the form A,B. 
In these terms we can carry out the integration with respect to w’ from 
—co tooo. Then the remaining integral with respect to q has the form 


T"..,AB dq 
e(q) + ep — q) —©@ 


in some region of values of q. 

Whether or not (26.5) is singular depends on whether or not the denomina- 
tor of the integrand vanishes for some value of gq. According to the analysis 
given in Sec. 26.1, the denominator is always greater than zero for w < e(p,). 
The integrand of (26.5) first becomes infinite for w = e(p,), i.e., the point 
® = ¢(p,) is a singular point (in the usual mathematical sense of the word) 
of the integral (26.5). Moreover, the character of the singularity is deter- 
mined only by the analytic properties of the Green’s function, and does not 
depend on which specific diagram for the self-energy part was chosen from 
the diagrams shown in Fig. 78. This fact allows us to appreciably simplify 
our subsequent analysis. In fact, as just shown, to determine the character 
of a singularity, we only need the expressions for the Green’s functions near 
their poles, and near their poles all three Green’s functions have the same 
form. Therefore, if we are not interested in the magnitude of the regular 
terms or in various unimportant coefficients, there is no need to make a 


(26.5) 
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distinction between the functions G’, G and © near their poles, since the 
diagrams for all three Green’s functions have the same structure. 

For example, suppose we add the two equations (24.2) and introduce a 
new function 


Gi(p) = G'(p) + G(p). 
Then G,(p) satisfies the equation 


Gi(p) = GO(p) + G(p)[211(P) + Z20(p)]Gi(p). 


Gio) Eo), Ep) oe 56tp) 


G(p-q) 
FIGure 79 


We divide the whole set of self-energy parts & = 2, + Yeo into diagrams 
2%» which have no singularities at the point w = «, and diagrams 2, (like 
those shown in Fig. 78) which have singularities atw = «,. If we introduce 
another new function 


1 
(G)"*(p) = Zo(p) 


the resulting equation for G, can be written in the form of a Dyson equation, 
as shown schematically in Fig. 79. Since the character of the singularity is 
determined by the form of the Green’s functions at the pole, where they are 
all the same except for coefficients, we can replace all internal lines for 
G’, G or G by G,-lines. To the left of the loop appears a “bare” vertex ™, 
which, from the standpoint of the general technique, represents the result of 
interaction of the particles in the condensate with three particles not in the 
condensate (as shown in Fig. 78, for example). To the right of the loop 
appears a triple vertex I‘ (indicated by a heavy point), obtained from [ as a 
result of the interaction of the lines leaving I. 

The diagrams expressing I'(p, p — g,q) in terms of Ip, p — q,q) are 
shown in Fig. 80(a), where a square represents I'(p,, po; Ps, Pa), the exact 
irreducible vertex part for scattering of particles not in the condensate by each 
other; [’ is the sum of all four-particle diagrams which cannot be divided 
between the external points p,, p2 and ps3, ps into two parts connected by 
only one or two lines. Summation of the diagrams shown in Fig. 80(a) 
leads to the simple equation shown schematically in Fig. 80(b). Thus, 


(a) =x + <TH + 
[- 


aes pie ims 
(6) = x + OO 


Ficure 80 


Gp) = 


240 SYSTEMS OF INTERACTING BOSONS CHAP. 5 


omitting the subscript on G,, we can write the following analytical expressions 
for our two basic equations: 


G-*(p) — (G)"(p) = oa [Pw p - 4.96) 


x G(p — QI (p, p — 4,9) aq, 





(26.6) 


Ding ye & 
Mp, p — 44) = Pp, p — 4.9) + Ge ir (P,P — k, k) (26.7) 


x G(k)G(—p — K(k, p — k; p — 9, q) a*k. 


The equations (26.6) and (26.7) have completely different properties near the 
three kinds of thresholds described at the end of Sec. 26.1. Therefore, these 
three cases must be discussed separately, as we now proceed to do. 


26.3. Properties of the spectrum near the threshold for phonon creation. 
First we consider the properties of the excitation spectrum near a point where 
the velocity of the excitations becomes equal to the velocity of sound. 
Starting from this point, the excitation can create a phonon. In this case, 
the conservation laws (26.1) take the form 


e(p) = e(p — q) + @(q), (26.1’) 
where (q) is the frequency of the phonon and q is its wave vector. For 
small q, w(q) has the form 

@(q) = clq| — «/q|°. (26.8) 
Although the third-order terms in w(q) will not be needed later, we assume 
that « > 0, ie., that the phonon spectrum is stable. The function e(p) has 
a singularity for |p| = p,. We make the assumption (to be justified by the 
final result) that this singularity appears in the terms of degree higher than 
two in the quantity Ap = |p| — p,, so that 


e(p) © «, + cAp + B (Ap)? (26.9) 


near p, (by hypothesis, for |p] = p, the velocity of the excitation v = de/0|p| 
equals the velocity of sound). 

For |p| = p, and cos @ = 1 (where 6 is the angle between p and q), the 
right-hand side of (26.1’) becomes 


e- + Blql?, (26.10) 


where we have taken account of (26.8) and (26.9). The point |p| = p, is 
actually a threshold only if the expression (26.10) has a minimum for q = 0, 
which requires that the condition 
B>0 
be satisfied. 
In the case under consideration, for |p| = p, the excitation can create a 
phonon with an infinitesimal value ofq. Therefore, the important region for 
finding the singularity of the integral (26.6) is the region where the argument 
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of one of the Green’s functions, say G(q), is small. For small q and w, the 
Green’s function is given by (24.19), ie., 

a 
[We cannot use the representation (26.4) for the function G(q), since, for 
small g, the two poles almost coincide.] The Green’s function has a singu- 
larity near |p| = p., © = &. In keeping with (26.9), we assume that near its 
zero [i.e., near the pole of G(p)], the function G~+(p) has the form 


G~*(p) = A~*[Ae — cAp — B(Ap)? + 18] 
(Ap = |p| — p-, Ae = — 2), 
plus higher-order terms, containing the singularity, which must now be 
determined. 


Thus, we now examine the properties of the vertex part I'(p, p — q, q). 
For small q, this vertex part represents a process in which a particle with 


momentum p emits a long-wavelength 


(26.12) 


excitation, i.e.,a phonon. It follows that 

I must be proportional to |q|, the magni- = a = = 
tude of the momentum of the emitted 

phonon, since, from a macroscopic point Ficure 81 

of view, this process consists of scattering 

of an excitation by density oscillations (sound). The interaction must vanish 
in the limit where the acoustic oscillations have infinitely long wavelength, 
since the excitation is not scattered in a homogeneous medium. Therefore, 
we have 


T(p, p — 9,9) = gla| (26.13) 


in the region of small |q|. 

Next, consider the integral in the right-hand side of equation (26.6). 
According to the definition of and I (see Fig. 80), to every order in I this 
integral is a chain consisting of loops joined together by four-particle vertex 
functions (see Fig. 81). Each of these loops contributes to the singularity of 
the Green’s function, and the contribution from each loop only has to be 
taken into account once, since we have assumed that the nonregular terms 
are small. Fixing our attention on one loop, we see that the sets of diagrams 
to the right and to the left of this loop can be summed independently and 
give rise to three-particle functions ['(p, p — q, q) at each vertex [recall the 
definition of the exact three-vertex function I'(p, p — q,q)]. Thus, the small 
nonregular contribution to the reciprocal Green’s function G~*(p) can be 
found by considering the nonregular part of the integral 


J M™(p, p — 9,4)G(q)G(p — 4) a%q. (26.14) 


Examining (26.14) in the region of small q, and substituting into (26.14) the 
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expressions (26.11)-(26.13) for I'(p, p — q,q), G(g) and G(p — q), we find 


2 lal* diq| dQ doo’ 

Aas? | Gay T Be —o + OBI 

The integration with respect to w’ from —oo to oo can be carried out, and 

reduces to evaluating the residue at the point w’ = clq|. Omitting coeffi- 
cients that are unimportant for our purposes, we can write (26.15) as 


lal? d|q| dcos 8 
laa Ser (26.16) 
after integrating with respect to w’. 

Although the integral (26.16) itself converges at its upper limit, it exhibits 
a singularity due to the behavior of its integrand in the region of small |q|. 
Suppose we use (26.10) to expand the denominator of (26.16). Then we can 
set cos = 1 in the quadratic terms, since it is the small angles 6 « 1 that 
are important for finding the singularity. As a result, we obtain 


f |q|? dlq| dcos 0 
x + clq|(1 — cos 6) — 28 Apiq| + Blql? 


oc {|q|? In (x — 28|q| Ap + Bq\?) dlal, 


(26.15) 


where we have written 
x = cAp — Ac + B(Ap)?. 


Factoring the argument of the logarithm and integrating, we obtain 


k,\° k,\8 
a,(3 Inky + a,(=) in ke (26.17) 


where 
ky. = BAp + V(BAp)? — Bx. 

It is clear from (26.17) that G~+(p) actually has a singularity in terms of higher 
order than those used to derive the last expression. This fact justifies all 
the assumptions made above concerning the smallness of the nonregular 
terms. 

We now determine the nonregular terms in the immediate neighborhood of 
the pole of G(p), i-e., for 


|x| « B(Ap)?. 
In this case, we can neglect the term involving k2, and then we obtain 
(Ap)? In (—Ap) (26.18) 


from (26.17). According to (26.12) and (26.18), in the neighborhood of a 
pole the Green’s function has the form 


A 
G(P) = Se, — Mp — B (Ap)? — a (Ap) In (—Ap) 
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This function determines the energy of an elementary excitation near the 
threshold. Below the threshold, there is no attenuation: 


e(p) = & + c(|p| — Pe) + B (IPI — pe)? + (|p| — Pe) In|p. — |pll. 


Above the threshold, i.e., for |p| > p,, the energy of the excitation has a 
negative imaginary part, equal to —az(Ap)*: 


e(p) = &, + c(|p| — pe) + B (|p| — Pe)? 
+ a(|p| — pe)? In |pe — |p|| —azi(|p| — p.)*. 


In particular, this implies that a must be positive. Thus, for |p| > p,, there 
are no undamped excitations, and the lifetime of the excitations is inversely 
proportional to (|p| — p.)*. The smallness of the attenuation near the 
threshold is related to the fact that the interaction with long-wavelength 
phonons is always weak, due to the presence of the factor |q| in T. 


26.4. Properties of the spectrum near the threshold for decay into two 
excitations with parallel nonzero momenta. It follows from physical con- 
siderations that in the integration with respect to q in (26.6), the important 
values of the momentum q and the frequency w’ are those with which the 
excitations are formed near the decay threshold; however, these values do 
not correspond to singularities of the Green’s functions of the excitations 
which are created. The only singularity associated with these values of the 
momentum and energy stems from the fact that in their neighborhood the 
given excitation may ‘“‘coalesce” with another excitation, a process which is 
impossible at absolute zero, due to the absence of any real excitations. 
Therefore, the Green’s functions appearing in the integrand of (26.6) have the 
simple form 


A 
Cae — e(q) + id 


near their poles [see (26.4)], where e(q) is real and has no singularities in the 
given neighborhood of values of the vector q. This fact greatly simplifies 
the subsequent analysis. 

Now consider one of the loops in the set of chains which, according to 
Fig. 81 or equation (26.7), correspond to the right-hand side of equation 
(26.6). Obviously the quantities [(p,, po; ps,ps) and Tp, p — q,q) 
associated with the vertices of the loop have no singularities. Hence, from 
now on, we shall always omit these terms in making calculations, on the 
grounds that they only lead to unimportant coefficients or to regular contri- 
butions to the Green’s function. In studying a given loop, we restrict 
ourselves to a region of integration with respect to q which is close to the 
momentum qo and energy €) with which excitations are created. Using the 
expressions (26.4) for the Green’s functions and integrating with respect to 
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w’, we find that the part of the integral (associated with the loop) which 
contains the singularity can be represented in the form 


——e 
e(q) + e(p — q) —® 


Since the expression e(q) + ¢(p — q) must have a minimum for |p| = p,, it 
follows that it can be written as 


BI(@ — o)-Pe]? 

Pe 
for values of |p| near p,. Here, v, is the velocity of each of the two excita- 
tions formed at the decay threshold, and qo is the momentum of one of the 
excitations (recall that the excitations emitted in the decay have momenta 
directed along the vector p,). The coefficients « and 8 in this expansion are 
determined by the form of the functions e(p — q) and e(q): 


a= UcPc ; 
24o(Pce — Go) 


1 Ue Cc 
=>5 [(vaeloa + (Vq)ela=n, -a0 = eal 


e(q) + e(p — q) Se, + v, Ap + a(q — qo)? + 


Introducing new variables 
u=4q- 4, U-P, = Up, COS 3, 
we obtain 


2 _——————— 
u? dudcos # = Vo, Ap Soe 


v, Ap — Ae + au? + Bu? cos? & 
Summation over all the loops does not change the character of the singularity, 
since, unlike the phonon case, for the momentum values of interest (|q| ~ qo), 
the exact three-particle function I'(p, p — q,q) can neither vanish nor 
become infinite. Thus, the nonregular part of the reciprocal Green’s function 
near p, and e, has the form 


aviv, Ap — Ac. 
Since by hypothesis, the point |p| = p,, ¢ = €, is a point of the spectrum, the 
function G-+(p) must vanish for Ap = 0, Ae = 0, and hence for small Ap 
and Ae, the regular part of G~+(p) must have the form a, Ap + 6, Ae. Thus, 
we finally have 
G-\(p) = A7![aAp + Ac + bVv, Ap — Ae). 
The excitation energy is determined by the equation 

G"*(p) = 0. (26.19) 

Solving this equation, we obtain two roots 


b? bt 
Ae. = —aAp — zt ab? Ap ape b?v, Ap, 
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from which we must choose the value Ae,, with the plus sign in front of 
the radical, in order that Ac should approach 0 as Ap->0. Expanding the 
square root near the threshold, we find that 


2 
Rte + ve (Ip — p) — (“F*) (Ap)? 


for small Ap. Substituting this expression into (26.19), we see that the 
condition 
a Ye rg 

must hold if (26.19) is to have a solution for small Ap and for negative Ap 
(beneath the threshold). For |p| > p,, when aAp + Ac and bVv, Ap — Ac 
are both positive, equation (26.19) has no solutions (either real or complex). 
Thus, in the present case, the curve representing the energy spectrum cannot 
be extended past the threshold point, and in fact terminates with slope v, at 
this point. 


26.5. Decay into two excitations emitted at an angle with each other. In 
this case also, the region of importance in the integration corresponds to the 
values of |q] with which the excitations are formed near the decay threshold. 
In this region, the Green’s functions have the usual form (26.4), for the same 
reasons as in the preceding case. However, now we can no longer assert 
that the vertex part I’ is finite fore = «,. 

We begin, as before, by considering one of the loops in Fig. 81. The 
quantities associated with the vertices of the loop do not contain “dangerous” 
integrations, according to their definitions. Therefore, it is natural to assume 
that these quantities remain finite at the threshold point. As usual, we 
examine the integral over the region of values of |q| and w’ close to the values 
with which the excitations are formed near the threshold. The singularities 
of the given loop reduce to the singularities of the integral 

dq 
Far pee (26.20) 
where for e(q) and e(p — q) we can use the expansion (26.2) of e(q) near the 
roton part of the spectrum. [We recall that Case III (p. 237) corresponds to 
decay into two rotons with momenta which equal py in magnitude and make 
a finite angle 9) with each other, where cos 40) = p,/2po.] Substituting 
(26.2) into (26.20), we obtain 
ha oe 
2A — w + ({q] — po)?/2m* + (lq — pl] — po)?/2m* 


We now go over to cylindrical coordinates g;,q, and $, defined by the 
formulas 


(26.21) 


Gz = (Po Sin 49) + 5) cos 4, 
dy = (Po Sin 48 + 4g) sin 4, (26.22) 
dz = Po COS 40 + 4:, 
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where the z-axis is directed along the vector p. Substituting (26.22) into 
(26.21) and neglecting higher powers of g, and q}, we obtain 
dq, dq: 
| sR SFC Git? og? F OED C62) 
In the last expression, it is convenient to introduce polar coordinates r and 
d, defined by 
5 q, sin 49) = rcos #, 

As a result, (26.23) becomes 

law“ aos , c In(2A — a). 
Thus, each loop leads to a large term In (2A — w), depending only on the 
frequency w of the external point. Suppose we fix our attention on one 
loop. Then, according to Fig. 80(a) and equation (26.7), the sums of all loops 
to the left and to the right of the given loop gives rise to exact three-particle 
vertex parts I’, and hence, when 2A — w is small, the principal term in the 
right-hand side of (26.6) has the form 

I*(p, P — qos qo) In (2A — o), (26.24) 
where qo is some critical value of q (the vector q is the momentum of one of 
the rotons formed in the decay at the threshold point). 

To determine I'(p, p — g,q) in the neighborhood q ~ qo, we can solve 
equation (26.7). However, it is simpler to directly sum the terms of the 
series corresponding to this equation, by using the fact (mentioned above) 
that the principal term in each loop depends only on the frequency w of the 
external point and is the same for each loop. Formally, the series in question 
is a geometric series, whose sum can be written as 


T'(p, P — Go Go) & eens eee 
? of" 1 + QIn[QA — w)/2A] 
Substituting this expression for the vertex part I'(p, p — qo, do) into (26.24), we 


see that according to (26.6), the principal nonregular term in the function 
G~*(p) near the threshold is 


, cos 40, = rsin d 


I 
Vn 


a 
in[QA — @)/a] 
Finally, bearing in mind that by hypothesis G-*(p,) = 0, we find that 


ox) =4{pl-p- max aa} 2629) 
In this case, the equation 
G-*(p) = 0 
gives the following expression for the energy spectrum for |p| < p,: 
e(p) = 2A — ge7al(P. IPD, 
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[The exponential smallness of the quantity «(p) — 2A allows us to neglect 
powers of Ac in the expansion (26.25) of the regular part of G~+(p).] Thus, 
in the present case, as in the preceding one, the curve e(p) terminates at the 
point |p| = p,, but this time it has a horizontal tangent (of infinite order) 
at |p| = p.. It should be noted that in all the cases considered, the Green’s 
function has a branch point for |p| = p,,@ = &. 

We emphasize once again that the above analysis is not based on any 
concrete form of the interaction between particles nor on the assumption that 
this interaction is weak. We only made use of certain general basic relations 
between exact quantities defined by the diagram technique.® 


27. Application of Field Theory Methods to a System of 
Interacting Bosons for T 4 0 


We conclude this chapter by considering the possibility of generalizing the 
theory presented above to the case of a system of interacting bosons at a 
finite temperature. In so doing, we naturally attempt to develop a general 
scheme which allows us to extend our previous methods. To this end, we 
begin with a thermodynamic description of the system, in which the chemical 
potential » acts as the independent variable (instead of N, the total number 
of particles in the system). It has already been pointed out that such a 
description is impossible for an ideal Bose gas at temperatures below the 
point of Bose condensation, since the chemical potential of the gas, deter- 
mined from the condition that the average number of particles in the system 
be constant, turns out to be identically zero in this temperature range. 

As is well known, in an ideal Bose gas the number of bosons in the state 
with momentum p is 


1 
Np = Feow)- wit — | 
This distribution is meaningful only for negative ». For sufficiently high 
temperatures, we have u < 0, and the point where p» vanishes is just the 
temperature at which Bose condensation occurs. For lower temperatures, 
we have to set yu. identically equal to zero. The condition that the average 
number of particles in the system be constant is satisfied because of the 
particles “‘condensed on the lowest level.” The number of such particles, 
as repeatedly noted above, is comparable to the total number of particles in 
the system, i.e., is proportional to the volume of the system. 


® Recent experimental data [see H1, P7] indicates that decay into two rotons occurs in 
real He*. 
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The formalism of the thermodynamic technique makes use of the tempera- 
ture Green’s function for noninteracting particles, which has Fourier com- 
ponents 


I 
Goo) ee eae 
P= ise eo(p) + uw 
The temperature at which the system undergoes Bose condensation is the 
temperature at which the quantity 


I 
 — €(P) 
first exhibits a pole for zero momentum (p = 0). An attempt to extend this 
expression into the region p > 0 involves us with a quantity which changes 
sign and becomes infinite for completely arbitrary values of p. On the other 
hand, it is clear from our previous considerations that for u < 0, the tempera- 
ture of a system of noninteracting particles exceeds the temperature where it 
undergoes Bose condensation. 

Actually, these difficulties are of an artificial nature, and stem from the 
fact that there is no region in which perturbation theory can be applied to a 
gas of interacting bosons below the temperature of Bose condensation. For 
example, as we saw in Sec. 25, in the region of small momenta the separate 
terms of the perturbation series give rise to divergent expressions, and to 
obtain physical results, we have to sum a whole series of dominant pertur- 
bation-theory terms. In all similar situations, the general equations and the 
relations between various theoretical quantities have a wider meaning and 
can still be applied outside the region where perturbation theory is applicable. 
Thus, if interactions are taken into account, exact quantities like Green’s 
functions have meaningful properties even at temperatures below the point of 
Bose condensation. As for the chemical potential p, it is determined by the 
condition that the average number of particles in the system should equal 
the given number of particles. In the presence of interaction between the 
particles, 1 is nowhere identically zero, and hence can be chosen from the 
outset as the independent variable, whose value for a given system is then 
determined from the condition that the number of particles be constant. 
There is no general argument which allows us to determine the sign of the 
chemical potential of a system of interacting bosons below the condensation 
point.® 

In Sec. 23 we saw that the formulation of perturbation theory for T = 0 


® In the model considered in Sec. 25, the quantity p is positive, according to (25.19). 
(Note that fo is positive; negative fo would correspond to attraction between the particles, 
and such a system would be unstable to this approximation.) For real helium, p < 0 
at temperatures below the A-point, since otherwise helium could not be in equilibrium 
with its vapor at low temperatures. (As is well known, a necessary condition for this 
equilibrium is that the chemical potential of both phases be equal, and helium vapor is a 
dilute Boltzmann gas whose chemical potential is negative.) 
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involves the exact number of particles in the condensate. However, the 
number of particles in the condensate of an ideal gas, which is the starting 
point for subsequent derivations, does not appear anywhere in the theory. 
As we shall soon see, the situation remains the same at finite temperatures, 
and is a very important feature of the problem. In particular, this fact allows 
us to make precise just what is actually meant by the Bose-condensation 
temperature of a system of interacting particles. It is entirely clear that this 
temperature, which might be called the A-transition temperature, need not 
coincide with the Bose-condensation temperature of an ideal gas. Physically, 
the A-transition temperature is defined by the condition that the number of 
particles in the condensate should vanish. There is no general rule which 
allows us to determine the direction in which the transition temperature is 
shifted when the interaction is turned on. Therefore, in principle, the situa- 
tion where the condensate can exist at temperatures above the condensation 
temperature of the ideal gas is physically possible, and so is the situation 
where turning on the interaction leads to the disappearance of the condensate 
present in the ideal gas. 

At this point, it should be emphasized that in the formulation of the 
diagram technique for T = 0 (see Sec. 23), no use was made of the fact that 
the number of particles with zero momentum is infinite for an ideal gas. The 
characteristic feature of the perturbation theory developed in Sec. 23 is that 
we tried to set up our formalism in such a way as to take account of the 
operators & and &§ exactly, because of the special role of the particles with 
zero momentum. In other words, in dealing with the particles in the con- 
densate, we did not make the usual statistical assumption to the effect that 
their contribution is relatively small. However, the remaining particles were 
treated in the usual way. 

The same sort of approach is possible for finite temperatures. To set up 
our perturbation theory, we start from the representation of the Green’s 
function in the form 

Tbs bo: Hibs -+ A> 
<> 
Here, the sign <--->, applied to a given expression, denotes the operation of 
taking the trace with respect to the states of the Hamiltonian Hy — pN for 
noninteracting particles, i.e., 


Sp {euN-HoW. .. 
Cea SP ae nate (27.1) 


Since the total number of particles is not conserved with u as the independent 
vatiable, the thermodynamic average in (27.1) can be carried out for all the 
particles independently, including those with zero momentum. Therefore, 
just as in Sec. 23, each of the operations T and <---> can be decomposed 
into two operations, i.e., 


Pa ET CRS ho 


250 SYSTEMS OF INTERACTING BOSONS CHAP. 5 


where the operations T°, <--->° act on the particles in the condensate, and 
the operations 7’, <--->’ act on the other particles. The possibility of 
making this decomposition was an essential feature of our analysis for the 
case T = 0, and as before, it means that the particles with zero momentum 
play a special role. Therefore, we shall take these particles into account 
exactly. 

Repeating almost word for word the argument leading to formula (23.14), 
we find that in order to use Matsubara’s technique to calculate any Green’s 
function of the particles not in the condensate, we have to know all the 
“exact”? m-particle Green’s functions of the particles in the state with zero 
momentum. Just as in (23.14), the Green’s functions of the particles in the 
condensate are defined by the relations 

+f! , 
Gom(T1y- 005 Tmi Tipe sey Te) = <T(Eo(t1)+ - -80(tm)&o (41) + ES (nef) 
<f> 
where the various + are the “time” parameters of the technique for T # 0. 
This last expression can be written in a form analogous to (23.16), i.e:, in 
terms of “Heisenberg” operators: 


. , os 
G oi Rise 25 Tm Ease 22 tm) 


_ Sp fee™— TT Eo(a1)- olen) Ed (ai): BS nd) (27.2) 
Sp {e@¥- DIT} 


Here, the “Heisenberg” operators £,(t) and &¢ (x) satisfy the equations 


+ E A(t) = [7 = uN, E(x], 


= Ee (rz) = [H — pN, Es(s)], 


and are related to the ordinary Schrédinger operators by the formulas 
E A(z) = eH UNIT Ep -(H—uN)T 
Et(t) = eH UNIT E+ @— (HUNT 


Thus, the Green’s functions Yo, are Gibbs averages of chronological products 
of the operators E, and &¢. 

In this connection, we recall that in quantum statistics the average of a 
quantity can be carried out in two equivalent ways. On the one hand, the 
average can be regarded as a quantum-mechanical average over the actual 
state of the system, where the state is characterized by the values of the 
energy and the particle number. On the other hand, the average can be 
carried out by using the Gibbs distribution, where the system is not regarded 
as closed; then, at a given temperature, there is a definite probability of the 
system occupying different quantum-mechanical states, with different values 
of the energy and particle number. The equivalence of these two methods 
of averaging is based on the fact that the Gibbs distribution has an extremely 
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sharp maximum near the average values of the energy and particle number, 
so that, for example, the relative fluctuation of the energy, given by 


VE — EP mi Ey log ais 
E VN 
approaches zero as the dimensions of the system approach infinity. Thus, 
the energy and particle number of a closed system subjected to quantum- 
mechanical averaging are the same as the corresponding average values when 
the Gibbs distribution is used. From a thermodynamical point of view, the 
difference between the two methods of averaging is simply that in the first 
case the value of the averaged quantity is expressed in terms of the energy as a 
thermodynamical variable, while in the case of the Gibbs average the same 
value is expressed as a function of the temperature. The introduction of the 
chemical potential has the same statistical meaning. In view of all this, we 
shall regard (27.2) as an average over the quantum-mechanical state of the 
system: 


Gom(T15- «<5 Tm3 Tye + +9 Ta) = KD*|T(E (tr) « - Fo(tmEd (1): - BS (zn) [®>. 
(27.3) 


Thus, according to (27.2), the perturbation series for any Green’s function 
of the particles not in the condensate involves exact Green’s functions of 
the particles in the state with zero momentum. When written in the form 
(27.3), these Green’s functions depend only on the properties of the operators 
E, and &¢ in the state ® corresponding to a system of interacting particles. 
Therefore, if there is a condensate in this state, the operators and Ee can 
be regarded as numbers, and then all the Green’s functions of the form 


(27.2) should be replaced by products of the factors Vn,(T): 
Fom(T1,- coat) Tn Ty ear J Tm) =. [no(T)]”. (27.4) 


The validity of (27.4) can be verified by the same argument as used to derive 
the analogous formula for T = 0 (see Sec. 23). 

In (27.3), no(T) is the density of the particles in the condensate at a given 
temperature 7, and hence the condition 


n(T,) = 0 


defines the transition temperature 7,. As we have already mentioned, this 
temperature can be either higher or lower than the “Bose condensation” 
temperature T, of an ideal gas. In the latter case, the perturbation series for 
T) > T > T, has a perfectly ordinary form, despite the fact that a condensate 
is present and the operators >, &¢ (in the interaction representation) are 
very large. We emphasize once more that this is related to the fact that the 
perturbation series involves the exact Green’s functions of the particles in 
the condensate. 
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ELECTROMAGNETIC RADIATION 
IN AN 
ABSORBING MEDIUM 


28. The Green’s Functions of Radiation in an 
Absorbing Medium 


The electromagnetic field plays a special role in the phenomena studied by 
statistical physics. In fact, all forces acting between particles of condensed 
matter (solids and liquids) are essentially of an electromagnetic nature. The 
distinctive feature of these forces is their short-range character, i.e., the fact 
that they fall off at distances of the ordet of interatomic distances. Moreover, 
the cohesive forces between the particles are chiefly due to these forces. In 
this chapter, however, we shall not study short-range forces. Instead, we 
confine ourselves to problems involving electromagnetic radiation whose 
wavelength is much greater than the distances between atoms. This category 
includes phenomena occurring when electromagnetic waves traverse matter, 
as well as various effects (known as van der Waals forces) related to long- 
range electromagnetic forces. 

As is well known, the interaction of long-wavelength electromagnetic 
radiation with matter can be described in a purely macroscopic fashion by 
introducing a complex dielectric constant 

e(@) = e'() + ie"(@) 
depending on the frequency w of the radiation (see e.g., L9).1 In this 


1 We assume that the magnetic permeability u(w) equals unity, since it is appreciably 
different from unity only in narrow frequency ranges, which, as a rule, will not be 
important for our purposes. 
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section, we shall find the expressions for the Green’s functions of electro- 
magnetic radiation in an absorbing medium in terms of the dielectric constant 
of the medium. 

In quantum mechanics, the electromagnetic field is usually described by 
the Schrédinger operators of the vector potential A(r) and the scalar potential 
g(r). We shall use “four-dimensional” notation to denote these operators,” 
i.e., 

{A,} = (A, 9) (a = 1, 2, 3, 0). 
Together with the operators in the Schrédinger representation, we shall use 
the Heisenberg operators A,(r, t), defined by 


A(x, t) = e#t4(re-***, (28.1) 


in the ordinary way. The operators A,(r, t) are related to the operators of 
the electric and magnetic fields E(r, t) and H(r, t) by the usual relations 


E(r, t) = - E AG, t) — grad 9(r, ¢), (28.2) 


H(r, t) = curl A(r, ¢). 


The vector potential, as well as the operators representing it in the second- 
quantized representation, are not uniquely defined. There remains a 
certain arbitrariness related to the gauge invariance of the theory, which 
means that A,(r, tf) can always be subjected to a gauge transformation 


A(r, t) > AG, t) + grad x(r, £), 


p(r, t) > or, t) — = x, 4), 


where y is an arbitrary operator, since it is easily verified that E and H, the 
quantities with direct physical meaning, are invariant under such a trans- 
formation. 

The fact that the wavelength of the electromagnetic radiation is large 
means that we have a closed system of Maxwell equations for (E> and <H), 
the average values? of the electric and magnetic fields: 


curl (Hr, )> = 2 EG, 1), 
(28.3) 


curl E(r, t)) = — 2 cate, t)). 


2 In this chapter, we use Greek indices to label components of the four-dimensional 
vector potential, but Latin indices i, k, ... are sometimes used to denote its spatial com- 
ponents. Moreover, summation is implied over all pairs of repeated indices, both 
Latin and Greek. 

3 Here the average is defined as the statistical average, e.g., 

<E(r, t)> = Sp fe?" Eve, 1)}, 
where F is the free energy. 
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The dielectric constant € appearing in these equations depends only on the 
properties of the medium. For absorbing media, é represents an operator 
whose action on functions of time is described by 


aE, 1)> = CE, )> + fi f(t KEG tp at’, (28.4) 
while, in Fourier components, the action of é reduces simply to multiplying 
<EG, @)> by 

e(r, o) = 1+ if et f(r, t) dt, (28.5) 
the dielectric constant of the medium. In this case, the system of equations 
(28.3) becomes 

curl (H(r, w)> = —iwe(r, o)(EC, w)>, 

curl (E(r, w)> = iw<H@, w)>. 
It can be shown (see L9, Sec. 62) that the quantity e(r, w) defined by (28.5) 
is an analytic function of the complex variable w in the upper half-plane, and 
moreover has no zeros in the upper half-plane. 


The properties of electromagnetic radiation at finite temperatures are 
determined by the temperature Green’s function* 


(28.6) 


Ba(¥1,¥2; 1 — Te) 


—Sp {eF AT eA, -T,)) A (rien 4% “A (r2)} for +1 > to, (28.7) 
—Sp {eF -DiTe- Ay -T) 4 p(T2)en -2)4.(r,)} for t1 < tT. 


In order to express 9, in terms of e(w), the dielectric constant of the medium, 
we use the relation (established in Sec. 17) between the temperature Green’s 
function and the retarded Green’s function, defined in our case by 


Dis(T1, ¥23 ti — te) 
—i Sp {eF-”!7[A4 (ry, t)A g(a, to) — A p(Te, t2)Aa(Ti, 1) ]} 


= for t, > to, (28.8) 
0 for ty < fp. 


Since these results will be applied later to inhomogeneous media, we 
shall not regard @ and D® as functions of the differences of the space 
coordinates. In keeping with this, we shall also assume that the dielectric 
constant varies inside the medium, so that e(w) = e(r, w), as anticipated in 
(28.5). 

We now repeat all the calculations of Sec. 17, omitting only the trans- 
formation to Fourier components with respect to the space coordinates. 


*In formula (28.7) we introduce the free energy F instead of the thermodynamic 
potential Q [cf. formulas (11.1) and (11.2)]. This change can be made since the chemical 
potential of the electromagnetic field is identically zero. 
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Then we easily obtain representations of the Lehmann type for Z and D*®, i.e., 


© 949(Fy, 23 Xx 
DB ap(l1, l2; On) = ee Paolta Fai) dx, (28.9) 


Dil, to5.0) = [7 Sel B25 9) gy, (28.10) 


where 
Pap(li, Fo; 0) 


= —(2z)° Dd &F-Fw (A oll 1) nm(A p(T2) )mn(1 = en mn! )8(w _ mn) 
It follows from (28.10) that D*(w) is an analytic function of w in the upper 
half-plane. Comparing (28.10) and (28.9), we see that 


Baplt1,¥23 On) = Dig (t1, Fo; in) (28.11) 


forw, > 0. To find 9 for w, < 0, we note that A(t) is an even function of 
t, since the operators of the electromagnetic field are real, ie... At = Ay 
(cf. Sec. 11.1). Therefore, the Fourier components A(w,) are even in w,, 
which implies that® 


Bap(¥is F235 On) = Dip (t1, to; ilon]) (28.12) 


for all w,. 

Next, we calculate the retarded function, making important use of the 
gauge invariance of the theory. The tensor D®, has a total of ten independent 
components (like any symmetric tensor of the second rank). However, we 
have at our disposal the arbitrariness associated with the gauge invariance. 
In fact, it is not the quantities D®, themselves (formed from the components 
of the vector potential) which are physically significant, but only the six 
quantities which are formed from the operators E,(r, t) by the same rules as 
used to form DE, from A,(r, t) [see (28.8)]. Thus, there are only six physical 
conditions imposed on the ten quantities D%,, i.e., there are four arbitrary 
functions at our disposal. This arbitrariness can be exploited to make the 
components D8, and D&, vanish. Obviously, this choice corresponds to 
choosing the gauge so that the scalar potential is zero. In this case, E and 
H are related to A by the formulas 


E=-— H = curl A. (28.2’) 
To express Df. in terms of e(), we proceed as follows: Suppose our system 


consisting of a body and equilibrium electromagnetic radiation, is in an 


5 We recall that like every Green’s function for bosons, Aw,) is nonzero only for 
“even” frequencies W, = 2nrT. 
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external field created by external currents j°**(r, t). Then Maxwell’s equa- 
tions for the average fields take the form 


curl (H(r, w)> = 4xj°“(r, o) — iwe(r, o)<E(r, w)>, 
curl <E(r, w)> = io¢H(r, o)>. 


With the choice of gauge (28.2’), the average potential <A°*‘(r, f)> satisfies 
the equation 


[e(r, w)w?8;,, — curl, Curl, )<A,(r, @)> = —4rjf*(r, w). (28.13) 
The solution of (28.13) has the form 


(APE, 0) = — [Bult 1's iP", 0) a’, (28.14) 


(28.6’) 


where D is the Green’s function (in the usual mathematical sense) of equation 
(28.13), equal to the solution of the equation 


[e(r, w)w78,, — curl,,, curl,,.]Dy,(r, r’; o) = 475,,5(r — 1’). (28.15) 


Since e(w) is analytic in the upper half-plane, so is the function D. 

On the other hand, in the presence of external currents, <A°**> can be 
calculated directly from the definition (28.1). In this case, the Hamiltonian 
of the system has the form H + H°**, where A is the Hamiltonian of the 
body and the radiation, while 


AX H J i"(r, 2) AQ) dr. 


Using the label “‘ext”’ to denote operators in the presence of an external field 
(and omitting the label in the absence of such a field), we have 
A**(r, th= et + ADEA (ple HA + Hex, 
Moreover, as in Sec. 6, we write 
e7 A+ Hextyt ets. (t) 


(cf. footnote 8, p. 57). If the external currents satisfy the condition j°** > 0 
as t-> —oo, then S,,,(t) has the form 


Sext(t) = T; exp {-i ie A(t’) ar’ 


(cf. Sec. 6). In the presence of the external currents, the average value of the 
vector potential now becomes 


KA™(F, t)> = (Sat(QAG, 2)Sexr(t)>. 


Expanding S.x, in a power series in H°**, and retaining first-order terms in 
j°*, we find that 


CAPE t)> = <i fd’ fide’ FES A, AGG, 1) 
= Ade, DAR, PND. 


(28.16) 
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The expression (28.16) can be expressed in terms of the retarded function 
DE. of the electromagnetic field. In fact, according to the definition (28.8), 
we have 


CAPE, A> = — J" ae! fede’ DRC, st — eC, 8). 


Taking the Fourier components of this expression with respect to time, we 
finally obtain 


CAPE, «)> = — [at DEG, 1; @i(", 0). (28.17) 


Comparing (28.14) and (28.17), we see that since j°*' is arbitrary, Df. 
coincides with Dj, the Green’s function of equation (28.13). Thus, we 
arrive at the conclusion that D&. also satisfies equation (28.15) [see Dzyalo- 
shinski and Pitayevski (D3)]. Of course, the analytic properties of D8. are 
exactly the same as those of e(w). The equation for 2;,(w,) is obtained 
from (28.15), if we replace w by i|w,|: 


e(r, ile, |)eo2d,. + Cut, CUT IAAF, 5 On) = —4d(r — r’)dix. (28.18) 


For imaginary frequencies, the dielectric constant appearing in (28.18) is 
connected by a simple formula with e”(w), the imaginary part of e(w) for 
real frequencies (see L9, Sec. 62): 


: = 2 52 we"(w) 
e(i|o,|) See mJ0 @ + w2 





deo. (28.19) 


Since «” > 0 everywhere, it follows from (28.19) that e(i|w,|) is a real, 
positive, monotonically decreasing function. Thus, by solving (28.14) or 
(28.18) we can express the Green’s function of the electromagnetic field in 
terms of the imaginary part of the dielectric constant. In the case of 
inhomogeneous media, this is in general a very complicated problem. In 
subsequent sections, we shall consider the special case of layered media, 
for which a complete solution of the problem can be given. 

Next, we turn to the case of a homogeneous medium, where ¢« does not 
depend on the coordinates. Since D? and @ now depend only on the 
difference r — r’, going over to Fourier components in (28.15), we obtain 

{[we(w) — k7]8;. + kiki} DEK, @) = 4708;,. (28.20) 
This equation determines D* in a gauge for which the scalar potential is zero. 
To find D® in an arbitrary gauge, we use (28.20) to calculate the function 
DE = w* DE, where DF is the retarded function in the gauge» = 0. The 
quantity defined in this way is already gauge-invariant, since it differs only 
by a constant term from the retarded function formed from the components 
of the operators of the electric field. The function D5 satisfies the equation 


{[we(w) — k7]8,, + kik} DE(k, w) = 4208, (28.21) 
and is related to the function D®, in an arbitrary gauge by the obvious 
formula [cf. (28.2)] 

DE = w* DE — wk,DR, — wk; DR + kk, DR, (28.22) 
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where D&,, D%, and DF denote the time components, the mixed components 
and the space components of D&,, respectively, in an arbitrary gauge. It 
follows from symmetry considerations that the vector Df, must be directed 
along k, the unit vector appearing in (28.21) and (28.22): 


DE, = DE = kd. (28.23) 
For the same reason, we have 
DE = asi, + bk;k;. (28.24) 


Substituting (28.22)-(28.24) into (28.21), we obtain two equations determining 
D&,, a, b and d: 
ale(w)w? — k?] = 4x, 
a + e(w)(w2b + DB, — 2wd) = 0. 


Thus, we see that in the homogeneous case, D®, is undetermined only to 
within two arbitrary functions, and not four functions, as in the case of an 
arbitrary inhomogeneous medium. 

Some special cases of these formulas should be noted. If b= d=0, 
we have 


(28.25) 


oO pe Sn ea ee 
E(w)? — k?” 00 g(a) fe(oja® — Ky 


Moreover, the case p = 0 aie to 


DE = DR, = 0. (28.26a) 


Dee Oran (wa — kK? Bl i ra: “I. Di = Dis = 0.  (28.26b) 


Finally, in the “transverse gauge” (div A = 0), we have 


4x kk; An 
R eee ; R R = 
Ds ~ e(w)w? - (8s ) Doo ~ e(@)k2 Df, = 0. (28.26c) 


The corresponding formulas for the temperature Green’s function 2 are 
obtained by changing w to i|c,|. 


4x8, 4x 


=~ Tope FR’ 2° ~ Godlee ey 27% 
(28.27a) 
4n3,; k; k; 
2 = ~ Tileo,[o2 + [3s + + Teel Doo = Bo = 0, (28.27b) 
=, 4r8,, = kik; = nr _ 
2yeS e(ile,| oz + (du 12 7): Doo = (ie, De Di = 0. 


(28.27c) 


In many problems, the ordinary time-dependent Green’s function of the 
electromagnetic field, defined by 


Dap(t1 — Ta, 41 — t2) = —iSp fe? -9 TT (A (nr, t1)A (Fe, t2))} (28.28) 
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turns out to be useful. As we saw in Sec. 17, the Fourier components of 
(28.28) are related to D®(k, w) by the formulas 
Re D(k, w) = Re D*(k, w), 
(28.29) 

Gq) 
2T 
We shall not give the complicated expressions for D obtained from (28.29). 

The function D is of particular interest at the absolute zero of temperature, 
when it can be calculated by using the ordinary technique of quantum field 
theory (Chap. 2). Taking the limit T— 0 in (28.29), we obtain 


Re D(k, w) = Re D*(k, w), 

Im D(k, ») = Im D*(k, w) sgn w. 
Bearing in mind that the real part of e(w) is an even function, while the 
imaginary part is odd (see e.g., L9, Sec. 58), we easily see that to make the 
transformation from D® to D for T = 0, we must replace w by |w| every- 


where in the formulas (28.26). In particular, for the gauge (28.26a), we 
obtain 


Im D(k, w) = Im D*(k, w) coth 


(28.30) 


eu! 4n8,, 

~ e(Jolyo? — 
ae ae 

(leo) )[e(lo[eo? — 7] 


The formulas (28.31) are a generalization of the usual formulas for the 
photon Green’s function in quantum electrodynamics (see e.g., A9). For 
the special case of transparent media [e’(w) = 0], they were obtained by 
Ryazanov (R2), who used another method. 


Di; 
(28.31) 


Doo Shes Da —_ 0. 


29. Calculation of the Dielectric Constant 


The problem of calculating the temperature Green’s function 2 of the 
electromagnetic field in an absorbing medium can be approached differently, 
by using the diagram technique developed in Chap. 3. Since we are only 
interested in electromagnetic fields with wavelengths much greater than 
interatomic distances, we represent the interaction Hamiltonian of the particles 
and the field as a sum of two terms 


Ayn. = AR + AR, 
assigning the energies of the noninteracting particles and free photons to the 
zeroth-order Hamiltonian My. Here, H,2) contains the part of the interaction 
leading to the short-range forces mentioned at the beginning of the preceding 
section, and {2 describes the interaction between the particles and the 
long-wavelength electromagnetic field. 


260 ELECTROMAGNETIC RADIATION IN AN ABSORBING MEDIUM CHAP. 6 


In the case of the gauge with zero scalar potential, we have 


B= — [AW-i@) ar, (29.1) 
where j(r) is the operator corresponding to the particle current density. 
The fact that the wavelengths appearing in (29.1) are long means that the 
Fourier-series expansion of A(r) only involves momenta k with magnitudes 
less than some cutoff momentum ko, which is itself much less than I/a, the 
reciprocal interatomic distance. Therefore, all the integrals with respect to 
k which appear in the diagram technique must be cut off at the upper limit 
ky « I/a. When the particles have nonrelativistic velocities (a condition 
satisfied in any macroscopic system), the current-density operator has the 
form 


im => { —i 52 [UE Wale) — WHEY - 5 Awd @.46)} 








2m 2m, 


where the sum is over the particles of various kinds (see e.g., L7, Sec. 128). 

We now use the number of long-wavelength photon lines to classify the 
diagrams for the corrections to the Green’s function of the long-wavelength 
radiation. For simplicity, parts of diagrams which contain no such lines will 
be denoted by shaded polygons.® Clearly, these polygons can be regarded 


c Xe K ) 
\ 
Aad -j)-- ---{))---- 
/ 
eed 
(d) “4 aa 
(e) ¢ 
(t) 
( ; ioe bem he oe \ 
XS of 
OP te ane 
(9) 
FIGURE 82 


® This category includes the oval-shaped loop shown in Fig. 82. 
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as representing sums of all possible diagrams of the indicated type, where it is 
assumed that the perturbation series in terms of the charge e has first been 
reduced to a perturbation series in terms of the number of long-wavelength 
photon lines. The various types of diagrams corresponding to this series are 
shown in Fig. 82. The quantities associated with the shaded polygons are 
completely determined by the properties of the condensed body which is 
formed as a result of the action of the short-range forces. 

It is clear at once from physical considerations that the contributions of 
diagrams (d), (e), (f) and (g) of Fig. 82 are negligibly small, since they cor- 
respond to various nonlinear processes, like scattering of light by light. This 
statement can be proved as follows: As already mentioned, all the integrals 
with respect to the momenta of the long-wavelength photon lines have to be 
cut off at some ky « l/a. Therefore, a dimensionality argument shows that 
if an integration is carried out with respect to the momentum of any photon 
line, a small factor kya must be associated with the line. The only diagrams 
which involve no integrals at all with respect to the momenta of the long- 
wavelength photon lines are diagrams like (a), (b) and (c) in Fig. 82. Sucha 
sequence of diagrams has already been summed in Sec. 10, in connection with 
the derivation of Dyson’s equation. Thus, we can immediately write down 
the following equation’ for J,;: 


Dir, T23 On) = DP(t1 — 2; Wn) 


(29.2) 
+ fats dr, BP (ty — 133 On)A im(Ka, P43 On) Dmnj(Pa, To; On) 


The quantity Z representing the contribution of the shaded loop shown in 
Fig. 82 is called the polarization operator. As the above considerations show, 
A is completely determined by the properties of the medium. 

We now express the polarization operator Z in terms of the dielectric 
constant of the system. To achieve this, we note that the Green’s function 
Q,, of the long-wavelength radiation, in the gauge such that » = 0, satisfies 
equation (28.18). Multiplying this equation from the left by the operator 


28,; + curl, curl,,, 


and bearing in mind that 2 satisfies equation (28.18) with e = 1, we obtain 
/f / v7 1 . 
far A (01, 5 OD (0, P23 On) = an [e(t1, i]o,|) — 1] ©2Fi,(t1, F253 On), 
(29.3) 


after a simple calculation. The desired formula for Z then follows from 
(29.3): 


1 ‘ 
A (01, To; On) = an [e(r1, ilw,|) = 1} 2d,,0(F1 = T2)- (29.4) 


7 Anticipating the case of inhomogeneous media, we write (29.2) in the coordinate 
representation, carrying out a Fourier transformation only with respect to 7. 
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The polarization operator A turns out to be proportional to 3(r, — r.). 
This is associated with the fact that the effects of space correlation are 
neglected in the macroscopic theory. Space correlations become important 
only in the frequency range where the anomalous skin effect occurs. The 
properties of A in this frequency range will be studied in Chap. 7. In 
the rest of this chapter, we shall be concerned with much larger frequencies, 
for which there is no anomalous skin effect. 

In the case of a homogeneous body, A is a function of the difference 
variable r, — rz, and « does not depend on r. Taking the Fourier transform 
of (29.4) with respect to r,; — rz, we obtain a simple formula relating the 
polarization operator A (k, ,) of the system to its dielectric constant: 


T. fle, on) = £ [elilog|) — 1] 0884, 


This formula allows us to calculate the dielectric constant of a body at 
T # 0 by using the methods of quantum field theory. In fact, calculating 
the polarization operator of the system, we thereby find the values of e(w) for 
the discrete set of points w, = 2nnxTi along the imaginary axis. Then, 
recalling that e(w) is an analytic function of w with no singularities in the upper 
half-plane, and repeating word for word the argument given in Sec. 17 
involving Y and G®, but this time applied to ¢, we arrive at the conclusion 
that to obtain e(w) it is sufficient to continue the quantity 


4x 
3a? A it(Wn) 


analytically from the discrete set of points w, = 2n7Ti into the whole upper 
half-plane. Although this problem does not have a solution in general 
form, it can be solved in various special cases. 

The problem of calculating e(w#) becomes much simpler for T= 0. In 
this case, to calculate the polarization operator, we can use the time-dependent 
field theory technique described in Chap. 2. Repeating step by step all the 
calculations made in this section, but this time for the case of the time- 
dependent diagram technique, and bearing in mind what was said about the 
function D,,(k, w) in Sec. 28, we obtain the formula 


Ia) = ¢ [e(lol) — 1108, (29.5) 


(in the gauge with p = 0). Moreover, recalling that 
ew) = e(—o), — e"(w) = —e"(—a), 
we can express e in terms of II: 
e'(o) = 1 + £5 Rell(o), 
(29.6) 


e"(w) = Im Ie). 


Sapot 
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Thus, calculating e(w) at T = 0 reduces to determining the polarization 
operator of the system. 


30. Van der Waals Forces in an Inhomogeneous Dielectric 


A long-wavelength electromagnetic field acts as the source of specific 
long-range forces, which can be called van der Waals forces, since they are of 
the same nature as the attractive forces between molecules at large distances. 
Although the contribution of these forces to the free energy of a body is very 
small compared to the contribution of the short-range cohesive forces, they 
lead to a qualitatively new effect, i.e., the nonadditivity of the free energy. 
It is just this nonadditivity, connected with the long-range character of the 
van der Waals forces, which enables us to separate their contribution to 
thermodynamic quantities. 

The reason for the nonadditivity can be understood if we examine the 
relation between the van der Waals forces and the long-wavelength electro- 
magnetic field. In fact, because of Maxwell’s equations, any change in the 
density (with the concomitant change in electrical properties) of the medium 
inside a given region also leads to a change in the field outside the region. 
Therefore, the part of the free energy connected with the long-wavelength 
radiation is not determined exclusively by the properties of the medium at a 
given point, and hence is nonadditive. This explains such phenomena as the 
fact that the chemical potential of a thin liquid film on the surface of a 
solid body depends on the thickness of the film (see Sec. 31.3), or the fact that 
van der Waals forces can act as the source of interaction forces between 
solid bodies, in which case, the free energy depends on the distance between 
the bodies (see Sec. 31.1). It is obvious that in all these phenomena an 
important role is played by electromagnetic fields with wavelengths compar- 
able to the relevant macroscopic distances (e.g., the thickness of a liquid film, 
or the distance between two bodies). 


This allows us to express the quantities AI” 

of interest in terms of the dielectric Ml Pa a 

constants e(w) of the various media / | \ + 

involved. NL? - / 
To calculate the correction to the Gn’ 

free energy due to the long-wavelength Al? 

electromagnetic field, we use the dia- A \ 

gram technique developed in Sec. 15 , / ear 

for calculating the thermodynamic 

potential Q (in the case of photons, Q ® 6 

coincides with the free energy F). ~--- 

Repeating the considerations of the Ficure 83 


preceding section, we see that only the 
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sequence of diagrams shown in Fig. 83 contributes to the free energy F. In 
this regard, we note that according to what was said in Sec. 15 about the 
coefficients associated with the diagrams for F, it might well turn out that we 
can no longer interpret the shaded loops in Fig. 83 as sums of all possible 
diagrams which do not contain long-wavelength photon lines. However, 
a closer look shows that this is not the case, since the coefficient associated 
with a given diagram is found to be 1/m, where m is the number of photon 
lines.° This fact allows us to sum the shaded loops in Fig. 83 and associate 
with each of them the polarization operator Z calculated in Sec. 29. 

The sequence of diagrams shown in Fig. 83 corresponds to the following 
series for the free energy F: 


T oo 
Ye (te > = [ [Tule T23 Oi) D(a — Ti; Oy) ar, dr, 


n=—@ \ 
+ 3 J FL iE 1, F23 OnAP(T2 — ¥33 On) 
x A (8a, 043 On) IWV(Ta — 01) dry dra dry dry (30.1) 
een s [Tun T23 Ony)DY(T2 — 33 On) + 
m 
x TC alanis Fam ©) ID (Cay — 1) dy tam +] 


Here Fo is the free energy of the body, and includes all corrections connected 
with short-range forces. 

The series (30.1) cannot be summed directly. Instead of the free energy, we 
determine the correction to the pressure (more precisely, the correction to 
the stress tensor) due to interaction between the medium and the long- 
wavelength electromagnetic field. Suppose the body is subjected to a 
small deformation described by the displacement vector u(r). Then the 
change 5F in the free energy is 


— [f-uay, 
where f is the force acting on a unit volume of the deformed body. The 
corresponding change in Fo is 
oF = fu-grad po dV, 


® In Sec. 15, the number of topologically equivalent nth-order diagrams was (” — 1)!, 
which led to the appearance of the factor 


= @- JD! 
n!} 





=i 


In our case, where 

Am = AG + AS 
(see Sec. 29), the coefficient which appears when the exponential is expanded is 
1/1\(2m)!, where m is the number of photon lines, and / is the number of vertices 
associated with A). A calculation like that made in Sec. 15 shows that the number of 
topologically equivalent diagrams is /\(2m — 1)!, which implies the assertion made in the 
text. 
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where p,(o, 7) is the pressure corresponding to the given density p and 
temperature 7, without taking any corrections into account. As for the 
series (30.1), only the polarization operator A is changed by the displace- 
ment, since only A depends on the properties of the medium. In fact, we 
have 


| ‘ 
SAU (81, P23 On) = an w75;.5(F1 — T2)de(F1, iJo,|) 
[see (29.4)]. 


If we calculate the variation of (30.1), the coefficients 1/m are cancelled, and 
the result is 


SF = 8h — E> af fdr 8e(r, ileyl) 


8x So 
x [ap - 0, + [ORO - 150) T ltr B25 09) 
x DBP(ta — 8504) dey dee + [AWE — 13 On) T ltr, 425 On) 


x Dre — 133 On)A pa(¥a, Fas On)IQ (te — ¥; Wy) de, dre deg dry+-- |. 


The series in brackets is just the series for the Green’s function 9 of the 
long-wavelength photons corresponding to the sequence of diagrams (a), 
(b), (c),... of Fig. 82, and hence 


BF = BF LD of [Blt 45 04) Bef, ilon|) de. 


Recalling that 2 is an even function of w,, we finally obtain 
Ta . 
SF = 8%) — = wo? J Dt, 0; Wp) Se, io, dr, (30.2) 


where w, = 2nrT, and the prime on the summation sign means that the term 
with n = 0 is taken with weight 4. 
The variation Se is connected with the displacement u by the formula® 


de = —u-grade — p ae div u. 


® The change in € at a given point consists of two terms: The first is connected with the 
transport of e by the medium, i-e., 


dice = e(r — u) — e(r) = —u-grade, 
while the second is connected with the change in density due to the deformation: 


de de. 
dae = 3p °° = gee div u. 
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Substituting this expression for Se into (30.2) and integrating by parts, we 
obtain the following expression for f: 


f = —grad py — z > @2F,AT, F; W_) grad e(F, io,) 
we (30.3) 


Tom s de(r, iw,) 
pa > w? grad [auc I; @,)p a 


n=0 
Using (30.3), we can easily calculate the correction to the chemical potential 
of the body. Noting that f = 0 corresponds to mechanical equilibrium, we 
equate (30.3) to zero. Then, after a simple calculation, we obtain 


T , Oe 
—e arad [Hole 7) — ge > w8Dule, ts) F] = 0, G04) 
where we have taken account of the relations 


Or 
grad e(e, T) = 5 grade, — dpo(e, T) = pduolp, 7), (30.5) 


which hold for constant temperature (5 is the unperturbed chemical potential 
per unit volume). As is well known, the condition for any inhomogeneous 
body to be in mechanical equilibrium is that the chemical potential be 
constant throughout the body. Therefore, it follows at once from (30.4) that 


= Tw oe : Oe 
Be, T) = voles T) — ge D/ oaDults v5 en) 5 (30.6) 
Next, we calculate the stress tensor. To do this, we must bring the 


expression (30.3) for the force f into the form 


— 2K. 

UT oe. (30.7) 
We first introduce two extra functions 

DEAT, r'; @n) = — wif, ae @n)s (30 8) 

Dir, r; @n) = curl, CUrlim Dim(F, r; On), ; 


besides the Green’s function 9,,(r, r’; @,). With this new notation, we can 
write the components of the force as 


a, T <& 
fim — P+ 2d Flot, to) 96 150) 


— p(n) lt Hen) Pelt, fon) aa DE (et, vr; io,)| (30.9) 


T ao 
= mo e(r, fon) 3, ile I; @,). 
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Then we need only transform the last term in (30.9). Except for the factor 
T/4x and the summation, this term can be written in the form 


e(r’ BE fr, vr’) + &(r) a DE (r, r’), (30.10) 


ee 


where we intend to set r =r’ at the end of the calculation. After some 
obvious manipulations, (30.10) becomes 


2 e(r)DE(r, r) — Fe (Fr, ¥’) 
Fe GE Ar, r’) + a(r) [5 BEAr, t’) ~ 7 he, r)| (30.11) 
# (0) , DE (r, ’) ~ se Tile, r). 


We now observe that equation (28.18) for the Green’s function 2 leads to 
the following identities: 


~ Dealt, ry)= —4n x dr — 1’), 
ax 2 er) DE(r, r)= 4n = BE —r), 
= Bir, r') = — x Dr, r’) = —4n a = 5(r —r’), 
et?) Dr, r’) — _ ae. (30.12) 


a sor Dit) + Zo De, w') + Br a"), 
4 


7] f / 
e(0)| ge DRUG) ~ 3 Blt, ¥)| 


é P 7) ‘ 0a(r — r’ 
= Bx, Zieh F') + Bx, Ziel) — 8x eran) 
Pee (30.12) into es 11) and setting r = r’, we obtain 


e(r) a BE(r, r) = 25 =— = off) E(r,r)+ 25 — eo f(r, r) — x BE (r, r). 
(30.13) 


Finally, substituting (30.13) into (30.9), we find that the force f can be 
represented in the form (30.7), with a stress tensor given by 


T&S 1 : Oc(r, iw, 
Cin. = ~—9yDPo(p, T) — = 2, {- 5 BuleC, ion) — “eee DE(r, v3 Op) 
(30.14) 
5 B.D, r;@,) + e(r, io, JOE, r; On) + DR, vr; oy}. 
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The formula (30.14) still has no direct physical meaning, since it involves 
the functions #*(r, r’) and D*(r, r’) which become infinite forr =r’. This 
is due to the fact that the short-wavelength electromagnetic oscillations make 
an infinite contribution to D,, unless we introduce an appropriate cutoff. 
However, the short-wavelength oscillations are not relevant as far as effects 
due to inhomogeneity of a body are concerned, since the contribution of 
such oscillations is the same for both homogeneous and inhomogeneous 
bodies with the same value of « at the given point. The contribution we are 
interested in, which comes from the long-wavelength oscillations and is 
independent of the character of the cutoff, can be obtained from formula 
(30.14) by carrying out a suitable subtraction. In fact, in (30.14) the Green’s 
function 92 (r, r) [and similarly for Dr, r)] should be regarded as the limit 


lim [Dkr v’) ~ Dir, r')), (30.15) 


where Y= is the Green’s function of a homogeneous medium whose dielectric 
constant is the same as that of the inhomogeneous body at the point where 
the stress tensor is being calculated. To avoid superfluous complications, 
we shall continue to write the formula (30.14) in its present form, with the 
understanding that the limit (30.15) has already been taken. Thesame remark 
applies to formula (30.6) for the chemical potential, which can be written as 


oJ 


T 10 9 i n. 
Me T) = wole. T) + 2 >’ EOD 6, 2504), 0.18 


azo «=P 
if we use (30.8). 

It should be noted that we regard systems consisting of several bodies, each 
of which is homogeneous, as belonging to the category of inhomogeneous 
media. In this case, when (28.18) is solved, the components Y,, must satisfy 
certain conditions at the boundaries between the bodies. In equation 
(28.18), the components of r are the independent variables, and the 
components of r’ act as parameters. Therefore, the boundary conditions we 
have in mind involve the variable r and are the conditions corresponding to 
continuity of the tangential components of the electric and magnetic fields. 
Since the point r corresponds to the index iin the tensor Y,,, it is the tangential 
components of the tensors ZF, and G# relative to this index that must be 
continuous. 

In principle, formulas (30.15) and (30.16), obtained by Dzyaloshinski and 
Pitayevski (D3), solve the problem of calculating the van der Waals part of 
the thermodynamic quantities describing a body. This problem reduces to 
solving equation (28.18) for the Green’s function Q,,,. 


31. Molecular Interaction Forces 


31.1. Interaction forces between solid bodies. We now use the general 
theory developed above to calculate the van der Waals forces acting between 
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two solid bodies whose surfaces are very close together, where it is assumed 
that the space between the bodies is filled with some liquid. We shall use 
the indices | and 2 to denote quantities pertaining to the two solid bodies, 
and the index 3 to denote quantities pertaining to the medium between the 
bodies. Although it is assumed that the region between the two bodies is 
bounded by two infinite parallel planes, it should be kept in mind that in a 
correct formulation of the problem, we must assume that at least one of the 
bodies has finite dimensions and is surrounded on all sides by the medium 3, 
and then we must determine the total force acting on this body. However, 
since the molecular forces fall off very rapidly with distance, the resulting 
force can actually be attributed entirely to forces acting across the narrow 
gap separating the two bodies. 

The total force acting on body 2 can be calculated as the total momentum 
current flowing into body 2 from the surrounding medium 3, and equals the 
integral of the momentum current density evaluated over any surface 
surrounding the body. In this regard, we must take into consideration the 
fact that the medium 3 is in thermodynamic equilibrium, one condition for 
which is that its chemical potential » should be constant, where py is given 
by formula (30.16). Since the corrections to the density of the medium 
connected with the long-wavelength fluctuations of the field are small, we 
can regard p as constant throughout the medium 3. Then, according to 
(30.5), the change in the chemical potential o(p, T) is the same as the change 
in the quantity po(p, T)/p. Therefore, the condition = const can be written 
in the form - 

Pole, T) + z >'e Faller) DE(r, 4; @,) = const. (31.1) 
n=0 p 
Because of the condition (31.1), part of the total stress tensor (30.14) turns 
out to be a constant uniform pressure throughout the liquid, and makes no 
contribution at all to the total force acting on the body. Thus, to determine 
the force in question, it is actually sufficient to write the stress tensor in 
medium 3 in the form 


, T a : 1 
o~, = — on 2 {ese [ake r; Wn) a, D) Sue Pir, r; o,)| (31.2) 
+ Bir, 63 _) — eG r; oy}. 


Let the x-axis be perpendicular to the planes bounding the region between the 
bodies, and let the width of this region be / (so that the surfaces of the bodies 
1 and 2 are the planes x = 0 and x =/). Then the force F acting on a unit 
area of the surface of body 2 equals 


FY) = o;,(/) 
= Ld lolol fs on) + PE, bo) IEC [5 ,)] B13) 
n=0 
+ DELL Is 09) + DA, fs os) ~ DEC ts 0) 
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where a positive force corresponds to attraction between the bodies, and a 
negative force corresponds to repulsion. 

Because of the homogeneity of the problem relative to the direction of the 
y and z-axes, the Green’s function %,,(r, r’;@,) involves y, y’, z,z’ only 
through the differences y — y’,z — z’. Suppose we take the Fourier trans- 
form with respect to these variables, i.e., 


Dil, x5 43 @y) = fem Wse-¥- ED yle, ws 4) dy ~ y') dle ~ 2/) 


and direct the y-axis along the vector gq. Then the equations (28.18) for the 
Green’s function become 


2 d? , r 
we — a B.Ax, xX’) = —4n8(x — x’), 


2 
(<o2 - $3) Pn(es x’) + ig 5 D,,(x, x') = —4nd(x — x’), 


w?Q,,(x, x’) + ig < D(x, x’) = 0, 
2 , ° d , 
W'DzAx, X') + ig = D(X, x') = —4nd(x — y), 


2_ a J) / : ao O =0 
EWn dx? y(X, x") + 1q ax 22(X, X’) ’ 


where 
w= Vew? + q’, 


and x’ acts as a parameter. (The components 9,, and Q,, of the Green’s 
function vanish, since the equations for them are homogeneous). The 
solution of this system reduces to the solution of just two equations 


2 d? , ’ 
we — Fe) Oe x’) = —4nd(x — x’), 


ree (1.4) 


ew? 





d? F , 
(w? as Fa) Punts x)y=- d(x — x’), 
since from a knowledge of Y,,, we can immediately determine 2,, and Q,,: 


_iqd 


Dy = Ww? x Pw oe 
-_44 4m oy! , 
Pe = w ax Pe boo! w2 (x x’). 


The boundary conditions, corresponding to continuous tangential compo- 
nents of the electric and magnetic fields, reduce to the requirement that the 
quantities D#,, DH, DE,, DH, (or equivalently, the quantities D,,, D.., 
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curly; Dy, curl; Dy.) be continuous. Using the first of the equations (31.5), 
we find that the quantities 


aD, 
dx’ 


must be continuous on the boundaries of the gap. Since we are only inter- 
ested in the Green’s function in the gap, we can confine ourselves to the case 
0 < x’ </from the outset. In the region 3 (0 < x < J), the functions 9,, 
and &,, are given by the equations (31.4) with 


se qD,y 
w2 dx 








Diz, Dyy, (31.6) 


& = &3, W= Wz = V e302 + q?: 


In the regions | (x < 0) and 2 (x > J), these functions satisfy the same 
equations without right-hand sides (since here we always have x # x’), and 
with €,, w, OF €2, We instead of e, w. 

In the present case, the remark made at the end of Sec. 30 in connection 
with the limit (30.15) reduces to the requirement that in the gap we subtract 
from all the 2-functions their values for ¢, = e2 = €3, W; = We = ws. In 
particular, it follows that we can drop the term involving the 8-function in 
the second of the equations (31.5), so that in the gap 9,, and F,, are given by 


ig a 
wz dx 

Before solving these equations, we make one further remark. The general 
solution of the equations (31.4) has the form 


File — x’) + fox + x’). 


Using (31.4), (31.7) and the definition of the functions Z* and 9", we can 
show that the parts of the Green’s functions depending on the sum x + x’ 
make no contribution at all to the expression (31.3) for the force. We shall 
not pursue this point, since the result is already obvious from physical 
considerations. In fact, if x = x’ in a solution of the form f2(x + x’), we 
obtain a momentum flow in the gap which depends on the coordinates and 
hence contradicts the law of conservation of momentum. Therefore, from 
now on we shall as a rule only derive expressions for parts of the Green’s 
functions 9+, which depend only on x — x’. 
We now find 2,,, which satisfies the equations 


By = - 35 9w Bu = - Dz, (31.7) 


2 
(3 - $3) Pn = —4nd(x — x’) for 0<x<]/, 
d? 
(3 - Fi) Px =0 for x <0, 


2 
(3 - $5) Pn =0 for x>1. 
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Solving these equations, we have 
9,, = Ae’* for x <0, 
9,, = Be~”s* for x >1. 


B,, = Cye’s* + Coes? — = e-“sl?-7'1 for O<x <1. 
3 
Determining the constants A, B, C, and C, from the conditions that 9,, and 


d@,,/dx be continuous on the boundary, we find that 


An 


+ — 
Di ne w3A 


where 


cosh [w3(x — x’)] — an e“slt-71 for O< x <i], 
3 


1 Wi + We We + Ws 
W, — Wg We — Ws 


A=I1 — es (31.8) 
Subtracting the value of D3, for w, = we = wg (which makes A infinite), we 
finally obtain 

4x 


DE= ea cosh [wg (x — x’)]. (31.9) 


Similarly, solving the equation for 9,,, we have 





Dj, = ae cosh [w(x — x’)], (31.10) 
n= 3 
ye Rs a at + €3W1 EgW3 + E3Wa 1.11) 


€yWgz — EgW, EQW3 — EgWe 


after an appropriate subtraction. Then, using the equations (31.7), we find 
that 








Ge = = 5 sak we = 21; 
@ze,A 
BS (31.12) 
GR=- ad = cosh [w(x — x’)]. 


wzegw3A 


Next, calculating the quantities D2,(x, x’ 3q,0,), BA.(x, x’ 3q,@n) 
and substituting them in (31.3), we obtain 


T << s@ 1 I 
FQ) = - an 2 I, asl + =) dq. 
Going over to a new variable of integration p defined by 
q= Veg, vp? — 1 


and returning to the usual system of units, we arrive at the final 
result, due to Dzyaloshinski, Lifshitz and Pitayevski (D1): The expression 
for the force F(/) acting on a unit area of each of two bodies separated by a 





Ficure 84 
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gap of width / filled with a liquid (see Fig. 84) is 
F() = -3 = 23/23 iv p{ [ate OP <2 Bee Rope {2pw,1Ve3/c} ~ i} 





(31.13) 
Sy + (pei/eg) Sg + (peo/es) 
5 fol sae te a-1] } ap. 
Here 
JaVGhjalt nh. eoVem ol. eke 


h 


€, € and «3 are functions of the imaginary frequency iw, [e = e(iw,)], and 
we explicitly write the velocity of light c and Planck’s constant #. For 

= |, ie., for the case of bodies separated by a vacuum, this formula was 
fst obtained by Lifshitz (L13) by another approach, without using the 
methods of quantum field theory. 

The general formula (31.13) is very complicated. However, it can be 
considerably simplified by using the fact that the effect of temperature on 
the interaction forces between the bodies is usually very unimportant.?° 
The point is that due to the presence of the exponentials in the integrand of 
(31.3), the main contribution to the sum is made by the terms for which 
ow, ~ c/lorn ~ hc/IT. Thus, in the case /T/he « 1, it is the large values of 
n that are important, and in (31.13) we can go from summation to integration 
with respect to dn = (h4/2nT) dw. Then the temperature does not appear 
explicitly in the formula, and we obtain the following result [where 
e= ae 


Fl) = = J? deo [° pare go{[2 ee ate aif te exp (2pelVe,/c} — ik 


Sy + (pe,/e3) Sy + (peo/es) — 
+e acres oP Opalvesies — 1] } 4p. 
(31.14) 


Formula (31.14) is still quite complicated, but it can be greatly simplified 
in two important limiting cases. 

First, we consider the limiting case of “small”? separations, by which we 
mean separations small compared to the wavelengths A, characteristic of the 
absorption spectra of the given bodies. The temperatures which are mean- 
ingful for condensed matter are in any event small compared to the relevant 
values of fw (e.g., in the visible region of the spectrum), and hence the 
inequality /T/fAc « 1 certainly holds. Due to the presence of the exponential 
factor exp QpwV s/c} in the denominators of the integrand of (31.14), when 
we integrate with respect to p, the main contribution comes from values of p 
such that pwl/c ~ 1. Thus p > 1, and hence the main terms can be found 





10 Here, in speaking of the effect of temperature, we do not consider the effect of the 
temperature dependence of the dielectric constant itself. 
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by setting s, ~ s, ~ p. To this approximation, the first term in braces in 
(31.14) vanishes. Then, if we introduce the new variable of integration 


x = 2lpwV s/c, (31.14) becomes 


_ oh ° @ (fr t+ese2t&s ,  1\ > 
FO) = zcaap [ae (ete tee 1) dey (31.15) 


E, — &3 &2 — &3 


(to this approximation, the lower limit of the integration with respect to x 
can be changed to 0). In this case, the force turns out to be inversely 
proportional to the cube of the separation, which might have been expected, in 
view of the ordinary laws for the van der Waals forces between two molecules. 
The function e(iw) — 1 falls off monotonically to zero as w increases. There- 
fore, starting from some w ~ po the values of w cease to make an important 
contribution to the integral. The condition that / be small means that we 
must have I « c/w. 

Next, we consider the opposite limiting case of “large” separations 
1> Xo, which, however, are not so large that the inequality /T/hc « | is 
violated. Introducing the new variable of integration x = 2plw/c in the 
general formula (31.14), and keeping p rather than w as the second variable 
[unlike (31.15)], we find that 


= hic aid « 3 S$) + DP So + So + P me 
FO) = pap |, & [r3 gn{ [Bee =p 5g =p OP Ves} i 


S1 + (per/e3) 52 + on ) me 
i [? an Gaile) Sg — ale mee {xVe9} fo" ] bm. 


where ¢ = e(ixc/2pl). Due to the presence of the factor exp {xVe,} in the 
denominator, the values x ~ 1/Ve, make the main contribution to the 
integral with respect to x, and since p > 1, the argument of the function ¢ is 
close to zero for large /, in the important region of the values of the variables. 
Accordingly, we can simply replace €,, €2, ¢g by their values at w = 0, ie., by 
the electrostatic values of the dielectric constant. Thus, making the sub- 
stitution x > x/Végo, we finally obtain 


he « (ee Sio + P S20 + P +p 
Fl) = 327714 egq Jp a {[et2 — P S20 — po 7 7 (31.16) 
A i/o Sao + (ala - i} ‘} ap | 


Sio — (Pe10/E30) S20 — 520 — (Pe20/€s0) Ea0) 
where 


Sio = V 10/€30) = lp, S20 = V €20/€30) tp", 
and €49, E20, Ego are the electrostatic values of the dielectric constant. 

Finaily, we consider the case of high temperatures. If /T/hc > 1, then, 
from all the terms in the sum (31.13) we need only keep the first term. How- 
ever, we cannot set n = 0 directly in (31.13), since this leads to an indeter- 
minate expression (the factor w? vanishes, but the integral with respect to p 
diverges). This difficulty can be avoided by first introducing a new variable 
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of integration x = 2pw,/Vego/c instead of p (this causes the factor w? to 
disappear). Then, pi @, = 0, we obtain 


F) = 7 a x fe E20 + £20 pe -1]" dx. (31.17) 


£10 — &30 20 — &30 
Thus, for sufficiently large separations /, the interaction forces fall off more 
slowly and again behave like /~*, with a coefficient which depends on the 
temperature and the electrostatic values of the dielectric constant. 


31.2. Interaction forces between molecules in a solution. We now show 
how to go from the macroscopic formula (31.14) to the interaction of 
individual molecules in a vacuum. To achieve this, we make the formal 
assumption that both bodies are sufficiently “dilute.” From the stand- 
point of macroscopic electrodynamics, this means that their dielectric 
constants are close to unity, i.e., that the differences «, — 1 and e, — 1 
are small. 

We begin by considering the case of “‘small” distances. From formula 
(31.15) with eg = 1, we obtain 


Fil) = on fe fg te7#er — Dex = 1) dx deo aaa 
= sya |” lesion) — Meal) - 1) do, 


to the required accuracy. Using (28.19) to express e(iw) in terms of e’(w) 
where w is real, we find that 


I a [ex(iw) — 1]fea(iw) — 1] do 


2 ee 
ay y RES dw, dws, 
which gives the expression 
© €1(1)e3(@2) 
F() = op | I, so Rage Hes dog (31.19) 
for the force F(/J). This force corresponds to an interaction between the 
particles with potential energy’? 


1lIf the potential energy of the interaction between the molecules 1 and 2 is 
U = —a/R®, then the total energy of the interaction between all pairs of molecules in 
two half-spaces separated by a gap of width / is 





and the force is 
F=- aU _ anNiNa. 
- ad 


This explains the correspondence between (31.19) and (31.20). 


276 ELECTROMAGNETIC RADIATION IN AN ABSORBING MEDIUM CHAP. 6 


where R is the distance between the Aedes and Nz are the numbers 
of molecules per unit volume in the first and second bodies, respectively. 
The imaginary part of the dielectric constant is related to the spectral 
density of the “oscillator strengths” f(w) [familiar from spectroscopy] by 
the formula 


U(R) = 





we"(@) = 
(see e.g., L9, Sec. 62). Substitution of this expression into (31.20) gives 


© fi(@1) fala) 

U(R) = - 7 mI [, oe ge eos tes (31.21) 
which is exactly the same as the well-known London formula (see E2), obtained 
by applying ordinary perturbation theory to the case of a dipole interaction 
between two molecules. For example, consider the interaction of two 
hydrogen atoms. Using the familiar expression 


2m 
Son = Fe (E, —_ E,)|Xon|” 


for the oscillator strengths associated with the transition between the states 
E, and E, (where xX, is the corresponding matrix element of the coordinates 
of the electron in the atom), and transforming (31.21) from an integral over 
the frequency to a sum over the energy levels of the atom, we obtain the 
expression Ip? 
6e4 |Xon|7|Xo 
U(R) = —- — —__|4on| |*om| 
® 2 E, — Ey + En — Ep 
for the potential energy of two hydrogen atoms. 
For “large” distances, the formula for the attractive force between two 
“dilute”? bodies has the form 


FO) = op (e10 — 1(€20 — 1) [° x8e7# dx [” 


fic 23 
=F Gow 64072 (Exo — 1) (E20 — 1). 


1 — 2p? + 20" ap 


8 
p (31.22) 


This force corresponds to an interaction between two molecules with 


potential energy 
23hc 


TOY 
4nR? 1” 


where a, and a, are the static polarizabilities of the two molecules 
(&) = 1 — 4Na). Formula (31.23) coincides with the result of a quantum- 
mechanical calculation by Casimir and Polder (C1) of the attraction between 
two molecules at sufficiently large distances, when the effect of retardation 
becomes important. 


U(R) = — (31.23) 
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We now consider the interaction of two molecules in a liquid [see Pitayevski 
(P5)]. To do this, let the first “‘body”’ be a weak solution of molecules of 
one kind, with concentration N, (the number of particles per cm’), and let 
the second “body” be a weak solution of molecules of another kind, with 
concentration N., where the solvent is the same in both cases. Moreover, 
let the gap be filled with pure solvent. For small concentrations of the 
solutes, the dielectric constants c, and e of the solutions differ only slightly 
from the dielectric constant of the pure solvent, which we denote by ¢3 = «. 
Thus we have 


a 
eee My) 
15 


a 
amet Nir) g 


to terms of the first order in the concentrations. If we retain only terms of 
the same order in formula (31.15) for the force at “small” distances, we 


obtain 
«o (a) (=) dw 
@N1 }y,=0\ ONe /nz=0 €*(iw) 


[cf. the transition to formula (31.18)]. This force corresponds to an inter- 
action between the dissolved molecules with potential energy 


_ _ _3h__ @ (de, (iw) dea) doy 
Ua 1673 R® I ( aN, Jaca ON2 | ng<0 (iw) Gh) 


Similarly, we obtain 
UR) = - genes (54) (F2) (31.25) 
N,=0 N2=0 





h 
FO) = yap MM | 


0 











~ 645e8/2R7 \ON, ON2 


for the potential energy at “large” distances. We see that the interaction 
forces between the molecules are no longer given in terms of their polariza- 
bilities in the case where the molecules of the solute interact strongly with the 
solvent. 


31.3. A thin liquid film on the surface of a solid body. As our last 
application of the general theory of van der Waals forces, we calculate 
the thermodynamic properties of a thin liquid film on the surface of a 
solid body, where it is assumed, of course, that the thickness/ 3 
of the film is large compared to interatomic distances. Earlier, 
we derived a formula [see (30.16)] expressing the chemical 
potential of a liquid per unit mass in terms of the Green’s 
function of the long-wavelength electromagnetic field in the 
liquid. However, in the present problem, this formula is not 
suitable for two reasons. In the first place, it involves a 
quantity about which nothing is known experimentally, i.e., | FiGure 85 
the quantity @e/2p over the whole frequency range. In the 
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second place, it gives the chemical potential u as a function of p, whereas 
we usually need to know yu. as a function of the pressure p. 

Consider a liquid film 3 lying on the surface of a solid body 1, and let the 
film be in equilibrium with its vapor 2 (see Fig. 85). As far as its electro- 
magnetic properties are concerned, we shall regard the vapor as a vacuum, 
we shall set its dielectric constant equal to zero everywhere (ce. = 1). 
According to the condition for mechanical equilibrium, the normal compo- 
nent o,, of the stress tensor must be continuous at the surface of the film. 
From this we obtain the equation 


p= Pol, T) — 6;;, 
where p is the pressure of the vapor, po(p, T) is the pressure of the “bulk” 
liquid at the given density and pressure, and &,, denotes the set of all terms 


except the first in the expression (30.14) for the stress tensor in the film. 
Solving this equation for p, we find the density as a function of the pressure? 


© = PoP + S22, T). (31.26) 


Substituting (31.26) into formula (30.16) for the chemical potential, we 
obtain 


_ ; T 2, ac(i@,) oe. 
B= vol Pp + Oz, T) + 4n >. ~ 6p Dir, rT; ®y)s (31.27) 


where 2o(p, T) is the chemical potential of the bulk liquid. Expanding wo in 
powers of the small quantity 6,,, and using the thermodynamic relation 


owt 
op]r Pe 
we can reduce (31.27) to the form 
wp, T) = po(p, T) + sou tj = =“ 9 DE, r3@,). (31.28) 


Finally, substituting the expression (30.14) for 6,, into (31.28), we find that 
the term involving de/@p drops out, and all that remains is 





Lj 
v(p, T) = Lol Ps T) + ? Oz2- 


Here, o;, is the xx-component of the ‘“‘reduced” stress tensor (31.2), and is 
constant throughout the film (since the momentum flow is constant). Accord- 
ing to (31.3), it is just o, that gives the force F(/). 

Now let ¢ denote the “van der Waals part”’ of the chemical potential of the 
film (per unit volume of the liquid), i.e., let 


ice . (31.29) 





12 The quantity 6,, is also a function of e, but since it represents a small correction to 
the pressure, we can set p = po(p, T) in (31.26). 
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Then, according to what was just said, 
C = O72 = F(/). (31.30) 


In the limit /—> oo (ie., for the bulk liquid), € goes to zero. Thus, the 
quantity € in which we are interested can be determined without making 
any special calculations. In fact, ¢ is given by the formulas for F(/) derived 
above [the general formula (31.13) and the subsequent limiting formulas], 
provided only that we set «, = I. 

The reader who is particularly interested in the problems treated in this 
section will find further details in the papers D1, D2 and L13. 


7 


THEORY OF 
SUPERCONDUCTIVITY 


32. Background Information. Choice of a Model 


32.1. The phenomenon of superconductivity. One of the most important 
and difficult problems of quantum statistics is the problem of superconduc- 
tivity. As is well known, at sufficiently low temperatures, many metals 
undergo a phase transition to a new, “superconducting” state (or phase). 
In this state, the thermodynamic and electric properties of the metal are 
radically different from its properties in the normal state. Perhaps the most 
striking manifestation of this is the fact that when a metal is cooled down to a 
certain critical temperature, it suddenly ceases to exhibit any resistance to 
electric current, i.e., no energy dissipation takes place when current flows 
in a superconductor. The transition from the normal state to the super- 
conducting state is a phase transition of the second kind, characterized by the 
fact that the heat capacity of the metal has a discontinuity at the transition 
temperature. 

Experiments have also shown that the magnetic properties of a super- 
conductor are radically different from the comparatively simple properties 
of a normal metal. In fact, a magnetic current cannot effectively penetrate 
a bulk superconductor (the Meissner-Ochsenfeld effect). Thus, if a super- 
conductor is placed in a constant magnetic field, the penetration depth, i.e., 
the effective depth (measured from the surface of the superconductor) of the 
region where the magnetic field differs appreciably from zero, is quite small 
(~1075 to 10~® cm). 

In recent years, remarkable success has been achieved in explaining the 
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phenomenon of superconductivity. It turns out that to develop a theory of 
superconductivity, we have to make extensive use of the methods of quantum 
field theory. These methods will be discussed in detail, as soon as we have 
said a bit more about the physical aspects of the problem. 

For quite some time, it has been clear that there is a close resemblance 
between the phenomena of superconductivity and superfluidity. This is 
immediately apparent from the fact that no external potential difference is 
required to maintain an electric current in a superconductor, i.e., the external 
sources are not required to do any work. Thus, in the sense that the elec- 
trons are the carriers of electric current in a metal, superconductivity is a 
kind of superfluidity of the electron liquid. In treating the superfluidity of 
liquid helium (see Chap. 1), we discussed in detail the properties of the energy 
spectrum of the excitations that are necessary for superfluidity to occur. 
However, it should be pointed out at once that for small momenta, the spec- 
trum of a superconductor cannot have the form which is appropriate for 
liquid helium. In fact, the spectrum of liquid helium starts with an acoustic 
(i.e., phonon) branch, and, as is well known, the propagation of sound 
involves long-wavelength density oscillations. However, density changes in 
the electron liquid in a metal demand a rather large amount of energy, since 
such changes are hindered by the Coulomb forces acting between the electrons 
and the lattice, and between the electrons themselves. Since changing the 
density of the electron liquid violates the condition of electrical neutrality, 
the corresponding spectrum of long-wavelength oscillations begins at some 
finite frequency (as in the case of a plasma), which in a metal is actually quite 
large (~1l ev ~ 10* deg K). Of course, this argument does not apply to the 
short-wavelength excitations, whose wave vectors have magnitudes of the order 
of the reciprocal of the interatomic distance, and as we know, it is just these 
electronic excitations that play the main role in a normal metal. According 
to the results of Chap. 1, a sufficient condition for superfluidity to occur is 
that these short-wavelength excitations be separated from the ground state 
by a gap, i.e., that the spectrum have the form shown in Fig. 86. We note 
that apart from these considerations, the fact that superconductors have 
spectra of the indicated type is implied by experimental data on the electronic 
part of the heat capacity at low temperatures, which show that the dependence 
of the heat capacity on the temperature has the form e~ 4/7. 

We have no intention of discussing the various phenomenological theories 
of superconductivity, which in some cases have been rather successful in 
explaining the experimental data. Instead, we merely note that none of 
these theories has been able to clarify the microscopic mechanism of the 
phenomenon. 

The discovery in 1950 of the isotope effect (see M3, M4, R1) was the key to an 
understanding of the relative importance of the various interactions in a 
metal in contributing to the phenomenon of superconductivity. It was 
found that the critical temperature T, (i.e., the temperature at which the 
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€(p) 





FiGure 86 Ficure 87 


metal undergoes the transition from the normal to the superconducting 
state) of the various isotopes of a metal obeys the law 7, oc M~1/?, where 
M is the mass of the given isotope. Independently, Frohlich (F3) conjec- 
tured that the interaction between electrons and phonons is the basic 
mechanism responsible for superconductivity (a mechanism which clearly 
depends on the mass of the ions in an essential way). 


32.2. The model. The interaction Hamiltonian. As we have already seen 
on p. 78, in the present case the interaction Hamiltonian has the form 


Hine = & [YE WYalr)o(e) a. (32.1) 


We want to calculate the matrix element for electron-electron scattering in 
which two electrons exchange one phonon. This process is shown sche- 
matically in Fig. 87, where the dashed line represents the exchange of one 
phonon. In the matrix element, this line corresponds to the phonon 
D-function 
ee u?(p3 — Pp)? 

g’?D(Ps — Pi, &3 — &1) = 8 CT eT EC (32.2) 
where ps — p, and eg — e, are the momentum change and energy change, 
respectively, of one of the colliding electrons. Near the Fermi surface, the 
momentum change due to the collision is generally of order py (i.e., ulps — p1| 
is of the order of the Debye frequency wp, since pp ~ a~1). However, the 
energy change can be small, i.e., |es3 — | « wp, and then the effective inter- 
action, determined by the expression (32.2), reduces simply to the constant 
—g? and hence is attractive. 

It was shown in 1956 by Cooper (C3) that the effective attraction between 
electrons near the Fermi surface, due to electron-phonon interaction, must 
lead to bound pairs of electrons, regardless of how weak the attraction may 
be. Since formation of pairs is “energetically favorable,” turning on 
the interaction causes the ground state of the system to be “rebuilt.” The 
amount of energy needed to excite the system then equals the energy of 
formation of a bound pair, which acts as a gap in the excitation spectrum. 
With this idea as the starting point, it has been possible to construct a com- 
plete theory of superconductivity, which explains the abundant data accumu- 
lated over several decades of intensive study of the phenomenon. We have 
chosen a formulation of the theory which differs from the original versions 
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(see B1, B7, B8), and is based on the use of the methods of quantum field theory. 
In our opinion, this approach has many advantages; not only is it simple 
and elegant, but it also makes it possible to obtain a number of important 
new results. 

Before going on, we note that the electron-phonon interaction is not the 
only interaction between electrons in a metal, and in fact, the colliding 
electrons experience Coulomb forces. Therefore, the effective interaction 
between the electrons will be either attractive or repulsive, depending on the 
ratio between the sizes of the electron-phonon attraction and the Coulomb 
repulsion. In its general form, the problem of taking both interactions into 
account for actual metals is very complicated, especially since real super- 
conductors are anisotropic. In this regard, it should be pointed out that 
the contemporary theory of superconductivity deals primarily with a simple 
model where the electrons have a quadratic dispersion law and where it is 
postulated in advance that the interaction between the electrons, whose 
energies lie in a narrow region near the Fermi surface,’ is attractive in nature. 
Moreover, in the treatment given below, it will be assumed (for simplicity) 
that the interaction between the electrons is constant and sufficiently weak in 
this energy region. 

So far, no theory of superconductivity has yet been constructed which is 
based on concepts of the Fermi liquid and also takes anisotropy into account. 
However, it is interesting to note that despite the crudeness of the present 
model, the theory not only explains the phenomenon qualitatively, but also 
leads to good quantitative agreement with the available experimental data. 

Having made these remarks, we now write the effective Hamiltonian for 
electron-electron interaction in the second-quantized representation: 

Xr 


Ain, = 2Qrps > 5.01% )302%02%101 9, 9pg9p.9,- (32.3) 
P1+P2=P3 +P4 


Here 4 < 0, and the 0, are cutoff factors, i.e., 


_ fl for |e@) — ep| < @p, 


% = 0 for |e(p) — e-| > wp, 


whose presence means that only electrons with energies in a narrow range of 
width 2m, near the Fermi surface (wp <« e;) participate in the interaction. 
Below, we shall often write this Hamiltonian in terms of the operators 
Y.(r) and (f(r) in the coordinate representation: 


Hin, = 5 [YEE oY ar (32.4) 


Of course, in (32.4) it is understood that the values of the four arguments of 
the {-operators are actually distinct, in keeping with the presence of the 


1 Obviously, the width of this region is of the order of the maximum energy of the 
emitted phonons, i.e., of order wp, where wp is the Debye frequency. 
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factors 0, in the expression (32.3) for the Hamiltonian. Thus, a more exact 
way of writing (32.4) would be 


Hine = 5 [9(F ~ %:)0(e ~ 6,)8(r — E5)0(r ~ &,) 





(32.5) 
xX be Evdvs Ea) Ga)ba(Gs) dt db: dE. dEs dba, 
where 6(x) is the Fourier transform of 6,: 
Q(x) = oe 5 feo 8, ap. (32.6) 


By going over to the Fourier representation, it is easily verified that the func- 
tion 0(x) behaves like a delta function, i.e., 


fox — f(y) dy = £00) 


if the function f(x) has nonzero Fourier components f,, only for momenta p 
near the Fermi surface, and in the theory given here we shall deal with just 
such functions. All this explains what is meant by (32.4). 


33. The Cooper Phenomenon. Instability of the Ground State 
of a System of Noninteracting Fermions with Respect to 
Arbitrarily Weak Attraction between the Particles 


33.1. The equation for the vertex part. We now consider the properties 
of a system with the interaction (32.4), by studying the vertex part 
T.5,yo(P1, P23 Ps, Ps) at absolute zero. Writing the perturbation series for 
I, we find that to a first approximation it equals 


MSav5p6 re Sa05y6)- (33. 1) 


The diagrams corresponding to the second term in the perturbation series are 
shown in Fig. 88. As we know, diagrams (a) and (c) are associated with singu- 
larities in the vertex part of the “‘zero-sound” type, i.e., these singularities 
are important for small momentum transfer. On the other hand, diagrams 
of the form (b) are associated with singularities in Ia, ys(p1, P23 Ps, Ps) for 
small values of the total four-momentum g = p; + Po. 

Let us examine this last case further. Using the specific properties of our 
model, we can obtain more detailed information about the vertex part in the 


1 2 My Py Ps 2 
Ps A P, AA Ps 


(a) (b) (c) 
Ficure 88 
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region of small g than is given by the general result (20.8). The matrix 
element for the diagram shown in Fig. 88(b) equals 


i 
2 Gavi BarBno ~ Bua8rs) | GGG ~ K) atk, 
where 
q = (4, &o) = (Pi + P2, 1 + Wy). 
Replacing the Green’s functions by their explicit expressions, and integrating 
by parts, we obtain 
Xe dk 
Gay Cordes ~ Bae) | —S a aq =) eae FB 
for e(k) >p, e(q — k) > pv, 
? dk 
~ Gap Cube ~ 808s) |S — Sa =H FB 
for e(k) <p, e(q — k) <p. 


In the model under discussion, only electrons in a narrow range near the 
Fermi energy e, ~ u interact, and hence the integration with respect to k in 
the integrals (33.2) is restricted by the conditions 


(33.2) 


leo(k) — p| < wp, leo(q — k) — p| < wp. 


Assuming that v|q|, a> « wp, we go over to an integration with respect to 
& = v(|k| — po), in the usual way. Then, neglecting changes of order 
v|q|, in the upper limits of integration, we transform (33.2) into 


~ Ape 





(Sxy9p6 ~— 8x55 py) 


‘Op 1 1 1 
I; dé I, lex + 2& + viq|x — id = 2& + viq|x — wo — a] a 


where x = cos 9 (6 is the angle between the vectors q and k) and the 
remaining integrations are completely elementary. In this way, we find that 
ae (b) of Fig. 88 ee to the expression 





id 
as = (Suv3p5 — Baad) [1 + 5 +5 in ee 
1 2p =F id 
Wo = id =, Wo + v|q| Ts, “I. 
+ og Magra Bt 8 


where in choosing the branches of the logarithm, we have used the condition 
that the integral of the first term in brackets is positive for w) > 0, while the 
integral of the second term is positive for wo < 0. 
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For small v|q| and wo, the principal term in (33.3) has the form 


MPo Wp 

—2? 5a (SavS85 — SuoSpy) In max fo, oa] 

Therefore, for wp > Wo, Wp > v{q|, the fact that the interaction parameter A is 
smallcan be compensated by the fact that the logarithm is large, and asa result, 
this term becomes of the same order of magnitude as the first term (33.1) of 
the perturbation series. Thus, to obtain the vertex part in the region of small 
v|q| and wo, where 

®p 


A In ————__-. ~ 
n max {Wo, v|q|} 


l, 

we have to sum all the principal terms of the perturbation series, as in Chap. 4. 
With this in mind, we write the equation for the vertex part in a form such 
that the terms leading to the singularities of Iu .s(p1, Po; Ps, Ps) for small 
q = Pi + peare isolated: 


T'25,vo(P1s P23 Pas Ps) = Pus, v0(P1, P23 Pa, Ps) 
i 2 
+ Ory [Peo.en(Pr, pas k,q—k) (33.4) 


x G(K)GqQ ~— KV en w(k, 4 — kK; Pa, ps) atk. 
Here, [xs (P15 P23 Ps» Ps) is the sum of all matrix elements whose diagrams 
are irreducible in the sense that they cannot be divided into two parts which are 
joined by two electron lines, and are such that one part contains only the two 
ingoing external lines while the other part contains only the two outgoing 
external lines. 

The kernel of the integral equation (33.4) contains a large logarithmic 
term which comes from integrating the two Green’s functions. Because of 
the smallness of the interaction parameter, 

A k R hk ax a 
2 we can replace I by the first nonvanishing 
terms in its perturbation series, since they do 
1 a+i-k jf |p+i-s4 notcontain large quantities. However, itis 

1 2 . a 
our aim to calculate the kernel of equation 
(33.4) without restricting ourselves to terms 


A ak A ak of order A In (wp/w) ~ 1, and in fact we 
(a) (b) shall try to find an expression for the kernel 
Ficure 89 up to terms of order A. At first glance, it 


seems that to do this we need to know the 
quantity I up to terms of order 22 in the perturbation series, since the loga- 
rithmic interaction in (33.4) can compensate one power of 4. Thus, we 
examine the second-order terms in the perturbation series for [', where the 
corresponding diagrams are shown in Fig. 89. Considering diagram (a), for 
example, we find that its matrix element is 


2 J G(DG(I ~ k + ps) dl, 
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except for numerical factors. Replacing the Green’s functions by their 
explicit expressions, and integrating by parts, we obtain 


dl 
2 a — 
z } Wy — ©, + Eo(d — kK + pi) — &(D) for e(l)> 4, eof —k+ a . 


dl 
(ease ae ee a 
¥ SFR Ep) rah FT SoD <u, col Kk +P) > He 


However, the regions of integration with respect to / are actually much 
narrower than if they were determined only by the indicated inequalities. 
This is connected with the properties of our model, where the only electrons 
which can interact are those with momenta near the Fermi momentum 
|v(|p| — Po)| < @p. The region of integration associated with the first 
expression in (33.5) is represented by the shaded areas in Fig. 90, and the 
region of integration associated with the second 
expression is represented by the dark areas.?_ In 
both cases, the value of the difference 
e(f —k + p,) — e(Z) in the denominator of the 
integrand equals wp in the region of integration, 
which has a volume of order m?w3/po. There- ae 
fore, the matrix elements for the diagrams shown Ficure 90 
in Fig. 89 are of order i?(mw p/pp), i.e., the ratio of 
their contribution to that from a simple vertex is of order Ampo(wp/e;). 
[In the present model, Ampy (« 1) is a small dimensionless parameter, as can 
be seen from (33.3)]. Since the quantity wp is «e,, because of its physical 
meaning, this extra smallness cannot be compensated in the given regions by 
the largeness of the logarithm. It follows that in equation (33.4) for the 
quantity [', we can confine ourselves to the simple first-order vertex (33.1). 
The resulting equation for the vertex part can now be solved easily. In 
fact, we note that according to (33.3), xs, y6(P1, P23 Ps, Ps) depends only on 
the sum of variables g = p; + po. Therefore, the integral in the right-hand 
side of (33.4) reduces to the integral in the expression for the second-order 
matrix eae Since this integral equals (33.3), we finally have 


T'a5.ve(P1s P23 Ps» Pa) = PQ) BurSe0 — 8u6dpy)s 























AMPo 2wp 1 7 
ra =a + (FH me) + in Pe? +B 4 5in[- aod 
+ Wo = Wo — riql }} 
Zola) ne Wo + vlq| 








33.2. Properties of the vertex part. For simplicity, we first examine the 
expression (33.6) when q = 0. If w is — and positive, we have 


Tw) = (33.7) 


2 Note that |k — pi] < 2po, since otherwise there is no region of integration at all. 
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Next, we consider I'(w ) as a function of the complex variable wo, defining it 
as the analytic continuation of (33.7) into the upper half-plane Im wy > 0. 
20p 


We then have 
AMNPo me 
1+ (Fee ) im * - ig| 


Thus, if the interaction is attractive (A < 0), the quantity I'(w,) has a pole at 
the point w. = iw, where 


T@o) = . 








w = 2wye~ 2*7/\AlmPo (33.8) 

In the neighborhood of the pole, P(w.) has the form 
2n2 ia 
™MDo Oo — ia 

The connection between this result and Cooper’s ideas concerning the 
formation of bound electron pairs (see Sec. 32.2) should be noted. The 
vertex part [45 yo(P1, P23 Ps, Pa) is related to the Fourier components of the 
two-particle Green’s function by formula (10.17). Therefore, the presence 
of a pole in the quantity [ implies that the same pole is present in the two- 
particle Green’s function. The fact that pairs are formed means that the 
ground state of the gas of noninteracting fermions (which is our starting 
point) is unstable, and application of arbitrarily weak attractive forces between 
the particles leads to “rebuilding” of the whole system. The existence of 
this instability is reflected by the fact that the vertex part, regarded as a 
function of the complex variable wy) = w, + We, has a pole in the upper half- 
plane. This pole, being purely imaginary, determines the relaxation time 
of the unstable ground state. Moreover, because of the uncertainty principle, 
this time corresponds to the binding energy of the actual pair. The pairs in 
the rebuilt ground state behave like ‘Bose structures’, and any number of 
them can accumulate on the level of least energy, just as in the case of 
ordinary bosons. In the superconducting state, these pairs lie on a level for 
which the momentum of the pair as a whole is zero, in complete analogy with 
the phenomenon of “‘ Bose condensation” for ordinary bosons. 

When v|q| is nonzero, the expression (33.6) can be written in the following 
form (w. > v|q|): 

Ti 


Tq, @o) = A¥ 1 + (S)|1 + inf +5 


-3n ( oo) aaa eeaa ih” 


After making the analytic continuation into the half-plane Im w, > 0 and 
using the meee - 8) of w, we find that 
| “lal @o 1, (@o- lal) is 
Med = _ nz ia a 2 a (: ~ @ ) 2v{q| = (= + v{q| } 
(33.9) 





Pw) = — 


20 'D 





+ 
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For small v|q| « w, we have 
2x iw 
MG, 00) = nye ty — Feo + K*lal"160)" 
The pole of I'(q, wo) as a function of |q] occurs when the denominator of 
(33.9) vanishes. For small v|q|, this takes place for 
2 2 
Oo = i - aa 


ie., the absolute value of w. is decreased. For a certain value v|q| max, 
which is easily found to be 


v|q|max = € @, (33.10) 


the pole occurs for w) = 0, and then I’ has no pole at all for larger values of 
v|q|. Since q is the total momentum of a system of two particles, this means 
that only those electrons which are moving with almost opposite momenta 
exhibit a tendency to form pairs. 


33.3. Determination of the critical temperature. We note once again 
that the above considerations testify to the instability of the ground state of a 
system of particles subject to attractive forces at low temperatures. This 
instability stems from the fact that two particles whose center of mass is 
almost at rest can form a bound pair. The bound pairs behave like bosons 
which “condense” on the level of lowest energy. The temperature at which 
this instability first appears is just the temperature at which the metal goes 
from the normal to the superconducting state. To determine this critical 
temperature, we can use our analogy with the Bose gas. In the weak- 
interaction model, i.e., to the approximation in which scattering of the 
particles by each other is neglected, the bound pairs form an ideal gas. 
As we know, the temperature Green’s function of an ideal Bose gas has the 
form 


; : q? -1 
Gq, io,) = (io, -i + 1) (33.11) 


representing the values at the points w = iw, = i2nxT of a function G*(q, w) 
which is analytic in the upper half-plane of the complex variable w. For 
@, = 0, this quantity equals 


( = x)". (33.12) 


For some temperature T = To, called the temperature of ‘“‘ Bose condensa- 
tion” and determined by the condition p = 0, (33.12) first becomes infinite 
at the point q = 0. 

For a bound pair, the analog of this boson Green’s function is the two- 
particle fermion Green’s function (16.5), which, regarded as a function of the 
variables 

q = Pi + Po, Won = (01 + We)n (33.13) 
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corresponding to the center of mass of the pair, must have the same analytic 
properties as (33.11) atthe transition point. The one-particle fermion Green’s 
functions in the expression (16.5) have no singularities at all in the variables 
(33.13). Therefore, we consider the vertex part I';(q, wo),° defining it as the 
analytic function (in the upper half-plane of the complex variable wo) which 
has the same values at the points wy = i(w; + Wg), as the vertex part in the 
temperature technique, i.e., I'7(q, wo) is the analytic continuation of the 
temperature vertex part 
FT 2, y8(P1s 15 P2, 23 Pas Wa, Pa, 4) = P7(q, o)(Sav8p6 — Sa09pr)- 

(We shall see later that to the approximation of interest, this quantity, like 
(33.9), actually depends only on the variables q and w .) Then, on the basis 
of the considerations just given, we assume that I’,(q, wo) has a pole in the 
half-plane Im w» > 0 at temperatures below the critical temperature, while 
at the critical temperature itself, I°,(q, wo) first has a pole for w) = 0. 

The required equation for the temperature vertex part has the same 
structure as (33.4), i.e., 


J ap, v6(P15 ©)1, Pa, @e; Ps, ®g, Pa, 4) 
= F «5,76(Pis 1, Pas 2; Pa, a, Pas 4) (33.14) 


T > , , 
ad Maa & JF eostn (Pr Or Pas O25 ky @ 3q — k, @ — ’) 


x Gk)G(q ae K)F en, v(K, w’, | os k, Wo — wo’; Ps, a, Pa, @4) dk, 
where .* is again the sum of the matrix elements of all diagrams which 
cannot be separated (by making vertical cuts) into two parts joined by 
two identically directed lines. For the same reasons as before, we can 
restrict ourselves to the first-order terms in the perturbation series for 
5 i xp. v6(P1> 1, Pos 23 Ps, 3, Pa, 4). The problem of finding the vertex part 
then reduces to a the sum and integral in the matrix element 


- aay . T> J Wk)Gq — k) dk. (33.15) 
Substituting the Green’s functions (14.6) into (33.15), we obtain an elementary 
sum with respect to w,, which is easily calculated. 

We shall not evaluate (33.15) for arbitrary values of |q|, wo, since it is 
clear from homogeneity considerations that a pole first appears in I";(q, wo) 
when |q| = wo = 0, just as in the Bose gas. Therefore, we need only find 
the solution of (33.14) for |q| = > = 0, and the point at which this solution 
becomes infinite determines the temperature of the transition from the 
normal to the superconducting state. For |q| = wo = 0, we can write the 
integral in (33.15) as 


Nei Op E de 2 MPo © In x dx 
~Fx2 Po I tanh (= \F b =e Qn? (n$2 2T~ Jo cosh? =) (33.16) 


3 Spin variables will be omitted everywhere. 
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(After integrating by parts, the remaining integral converges, and hence the 
limit x = w)/2T can be replaced by infinity.) The integral in the right-hand 
side of (33.16) equals —1n (2y/x), where In y = C ~% 0.577 is Euler’s constant, 
and hence 


UR Nea 0) 


1+ NMP o In (722) 











2n? aT 
Near the critical temperature, this expression can be written as 
2n? =, 
J (0,0) = TT (33.17) 


where the critical temperature T, equals 


= F 2eope” 2*NNImP0, (33.18) 


Moreover, 
Tey (33.19) 


Tw 
o=- 
Y 
where a is the quantity defined by (33.8), characterizing the instability of the 
system at absolute zero. 


34. The Basic System of Equations for a Superconductor 


34.1. A superconductor at absolute zero. We now derive a system of 
equations for the Green’s functions describing the properties of a metal in 
the superconducting state [see Gorkov (G6)], restricting ourselves at first to the 
case of zero temperature. In the present model, the total Hamiltonian of the 
system of electrons in the second-quantized representation has the form 


v2 
#= [[-(y 4) +5@erpy| &, 
where (J*Y) = bi,, and the operators ¢(r), Y*(r) in the Schrédinger 
representation satisfy the usual commutation relations 
{balt), YS 'D} = Sand" — vr’), 
{b.(r), ver’)} = {be (n), ver} = 0. 


Next, we go over to the Heisenberg representation, in which the operators 
b and }* depend on time and obey the following operator equations: 


(i5 ns $n) ba(x) — Xb*(x)b))b.(x) = 0, 


(34.1) 


(34.2) 


('5 - Fee + b2008-ooben = 0. 
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Then an equation for the Green’s function 
GaslX, x) = —KT ahs (X)) 


of the system can be obtained from (34.2); in the obvious way: 


(15 + Foust, x) + XE CHEN = Be - »). 
(34.3) 


Equation (34.3) involves an average of a product of four )-operators for a 
system of noninteracting electrons. Using Wick’s theorem, we can de- 
compose this average into averages of pairs of the operators } and $+. 
For interacting particles, the product of four ¢-operators can be expressed 
in terms of the vertex part, i.e., it already includes the contributions from 
various scattering processes. In the weak-interaction model under con- 
sideration, these scattering processes involving collisions of particles can be 
neglected, but at the same time, it must be borne in mind that the ground 
state of the system differs from the usual state with a filled Fermi sphere, 
because of the presence of bound pairs of electrons. As already noted (see 
p. 288), such pairs behave like “‘ Bose structures” and hence any number of 
them can accumulate on the level with lowest energy. If there is no external 
field, and if we neglect scattering processes, the pairs obviously “condense” 
in the state where each pair is at rest. 

Now consider the operator products }) and Y++. The first of these 
products annihilates two electrons, and the second creates two electrons. In 
particular, the two electrons may be in a bound state, i.e., the operators by} 
and }+* contain terms corresponding to the annihilation and creation of 
bound pairs, including pairs lying on the lowest level. Since there are many 
pairs of the latter type (the number of such pairs is proportional to the 
number of particles), the corresponding contribution to the operators >) 
and }+}+ can be regarded as a number, just as was done for a system of 
bosons. We observe that in a metal, there are special reasons for not con- 
sidering pairs which do not lie on the lowest level. In fact, a bound pair of 
electrons with finite momentum (associated with its motion as a whole) 
represents a Bose excitation with spin zero, and as we have already noted 
(see p. 281), it follows from the charge-neutrality condition in a metal that 
such excitations require a considerable amount of energy (~ 1 ev), which is 
much larger than the characteristic energies encountered in constructing a 
theory of superconductivity. 

Returning to equation (34.3) for the Green’s function, and taking the above 
remarks into account, we can write explicit expressions for averages of four 
}-operators. For example, we have 


<T Vol xs)9 (Xa) DF (xa) GE (%4))> = —<TbalxrbF (X5))>< Tb xa) bE (X4))> ¢ 
KT Vol xr) GE (X4))>< TH a Xa) (x5))> 
+<N|T( Gali) (%2))|N + 2><N + 2|T(bs (xa) bE (x4))ND, (34.4) 
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where |N)> and |N + 2> are ground states of systems with N and N + 2 
particles, respectively. This way of writing things means that we have 
neglected all effects of scattering of particles by each other, and the presence 
of the interaction has been taken into account only to the extent that it leads 
to the formation of bound pairs. The third term in the right-hand side of 
(34.4) has been written in complete analogy with the case of a Bose gas, 
in keeping with the fact that a large number of bound pairs are “‘condensed 
on the lowest level.”” The quantity 


<NITHP|N + 2><N + 2|TG*G*)ND, 


obviously has the same order of magnitude as the density of pairs, and it is 
easily seen that we can write 


<NITGa(x)b0(%’))|N + 2> = e- F(x — x’), 

iN + 2|T HEE )IND = MF E(x — x’). 
In the homogeneous problem (i.e., in the absence of an external field), the 
Green’s function G(x, x’) depends only on the coordinate difference x — x’. 


The extra dependence on ¢ in (34.5) comes from the general quantum- 
mechanical formula for the time derivative of an arbitrary operator A(t): 


(34.5) 


S<NIAQIN + 2) = By — EyasXNIAOIN + 2). 


By definition, the chemical potential 1 equals 0E/@N, and hence the energy 
difference Ey,2 — Ey equals 2u. 

We now substitute (34.4) into the equation (34.3) for the Green’s function. 
In so doing, we shall everywhere omit the first two terms in the right-hand 
side of (34.4), since, as is easily verified, they lead to an additive correction to 
the chemical potential in the equations for the functions G, F, F*, and hence 
are of no interest. Asa result, we obtain the following equation* connecting 
G and F*: 


(i5 + $a) Gtx — x’) —DFO+)Ft(x — x’) = Wx — x’). = (34.6) 


The quantity F(0+) is defined as 
Fyg0+) = &™N|P (PN + 2> = lim Fag(x — x’). 34.7) 
tot +0 


An equation for F+(x — x’) can be obtained in a similar way, by using the 
second of the equations (34.2): 


3 v ee Te eee 
(*5, -7 au) Fo — x) + AFHO4)Ge — x)= 0. (34.8) 





‘Here G, F, F + denote the matrices whose elements are Gus, Fao, Fa, respectively, 
and products of G, F, F* are matrix products. 
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According to (34.7), we have 
FiQ0+) = e7™N + 21h2(x)b3 ()ND. (34.9) 
In the absence of interactions depending on the spins of the particles, the 
Green’s function G(x — x’) is proportional to the unit matrix in the spin 
variables, i.e., 
Gap(X — x’) = dugG(x — x’). 
The functions F and F* are proportional to a matrix / which is antisymmetric 
in its indices. In fact, since the operators },(x) and $,(x’) anticommute 
when evaluated at the same instant of time, we have 
Fy — 1’, 0) = —Foo(r’ — r, 0). 
It follows that 


[Fao(r — r’, 0)]* = —Fao(t — r’, 0), (34.10) 


ll 


and in particular, 

[Feg(O+)])* = —Fup(0+). (34.11) 
It is convenient to write F and F* in the form 

F+(x — x’) = [F+(x — x, 

F(x — x’) = [F(x - x’), 
where (f?),3 = —5as. We see from (34.10) that F*(x — x’) and F(x — x’) 
are connected by the relation 
[Ft(r — r’, 0)]* = Far — r’, 0). 

The antisymmetry of F and F* in their spin indices corresponds to the fact 
that the bound pairs are in a singlet state. To within a constant factor, the 
function F,,(r — r’, 0) can obviously be regarded as the wave function of a 
bound pair of particles (the center of mass of the pair is at rest). 


Eliminating all dependence on the spin variables, we can now write (34.6) 
and (34.8) in the form 


(34.12) 


.@ , V? ae oe : 
(‘5 + 35) Ox — x’) — TAFOO+)F*(x — x’) = 8 - x, 
Sn ae (34.13) 
rE RE NaS + sed bah . + —~;Y)= 
(: as 2u)F (x — x') + AF*O-+)G(x — x) = 0, 
where F*(0+) = F*(0+). Finally, taking the Fourier components of these 
equations, we obtain® 


( 2 F law) — iAF(O+)F*(p) = 1, 
; (34.14) 
( +2 - 2u)F*(p) + DF *+(0+)G(p) = 0. 


5 This system of equations closely resembles the system of equations for the functions 
G’ and G for a Bose system, but it should be kept in mind that then the operators &> 
and &¢ (corresponding to particles in the condensate) are the analogs of the functions 
Fand F+. Therefore, we use the notation G and F*, instead of G’ and G for bosons. 
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So far, we have used thermodynamic variables such that the number of 
particles is specified. Itis much more convenient to use the chemical potential 
wu as the independent variable. As usual, the transformation to these new 
variables can be achieved by setting w = w’ + u. In this way, we rewrite 
the system (34.14) as 


(wo — §)G(p) — iAF(0+)F *(p) = 1, 
(w + &)F*(p) + iF *(O+)G(p) = 0, 


where & = v(|p| — po), Po X V2mu is the Fermi momentum and v = p,/m. 
(The prime on w’ has been dropped.) Solving (34.15), we obtain 


(34.15) 


OP) = FF 
: F*(0+) 
+(p) a jp eee ee 
F*(p) = iho — '2 AB 
where 
A2 = 7|F*(0+)|?. (34.16) 
The determinant of the system (34.15) vanishes at the points w = +e(p), 


where e(p) = V&? + A2. Therefore, our solution of (34.15) has been 
determined only to within arbitrary terms of the form 


Ax(p)3[m — e(p)] + A2(p)d[o + e(p)]. 
As a boundary condition determining the choice of the functions A; and A, 
appearing in the functions G and F'*, we can use Landau’s result, which states 
that the sign of the imaginary part of the Green’s function G is the opposite of 
the sign of w, and that the function 


G*(p, w) = Re G(p, w) + iIm G(p, w) sgn w 
must be analytic with no singularities in the upper half-plane (see Sec. 7.2). 
It is easily verified that the solution of (34.15) satisfying these requirements is® 


u2 2 


D vp 
COE ree Bey) 
re F+(0+) 
ED) Toe) a lle + a) aa Ge18) 


where the functions uZ and v2 are given by 


w= 5 [I +z) B= 5 (1 - a]: (34.19) 





® We have chosen F+(0+) to be real. This is always possible in the absence of an 
external field, since the equations (34.13) are invariant under the transformation 


F(x — x‘) —> F(x — x’) exp {2ix}, F(O+) — F(O+) exp {2/7}, 
F(x — x) > F*(x — x’)exp{—2ix}, Ft(0+) > F*(0+) exp {—2ix}, 
with constant phase y. For further details, see Sec. 34.2. 
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The positive pole w = e(p) in the Green’s function (34.17) determines the 


excitation spectrum e(p) = V2? + A2. This spectrum hasa gap A, which we 
can determine as follows, starting from the relation 


1 
F‘O) = oy i F*(p) dp do. (34.20) 
Substituting (34.18) into (34.20), we obtain the equation 


a dp 
= ~30mp I TRE G42) 
To prevent this integral from diverging, we introduce a cutoff, using the 
condition that in the present model, only electrons with energies in a layer of 
thickness 2p about the Fermi surface participate in the interaction. Carry- 
ing out the integration, we find that 


l= — MP \n ee 
and hence 
Ay = 2wpe7)™, (34.22) 
where 
= |Almpo. 
21? 


Comparing (34.22) and (33.18), we find that the size of the gap in the energy 
spectrum at absolute zero is connected with the initial temperature by the 
relation 


Ay = ole (34.23) 


34.2. The equations in the presence of an external electromagnetic field. 
Gauge invariance. If the superconductor is in an external field (e.g., an 
electromagnetic field), the system of equations (34.13) becomes a bit more 
complicated. First of all, we note that in an external field, G, F and F* are 
functions of both coordinates x and x’, and not just the difference x — x’. 

The electromagnetic field can be introduced in the usual way, by making 
the change 

V>V-—ieA or V—>V +4 ieA, (34.24) 


depending on whether the differentiation is applied to the operator ¢ or the 
operator +. (It is usually convenient to choose the gauge in which the 
scalar potential is zero.) Then the equations for G and F+ become 


(i5 + sr [Vs — ieAQE + v) G(x, x) 

— iF (x, x)Ft(x, x’) = 8(x — x’), 
(«3 a = [V, + eA? — u) F*(x, x) 

+ iAF*(x, x)G(x, x’) = 0, 


(34.25) 
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and are obviously gauge invariant. If the vector potential undergoes the 
gauge transformation 


A>A+ Vix, (34.26) 
then 
G(x, x’) > G(x, x’) exp {ie[x(n) — xr}, 
F(x, x’) > F(x, x’) exp fielx(n) + x0), (34.27) 
F* (x, x’) > F*(x, x’) exp {—ielx(r) + x(r)}, 
while the “gap” |A|F(x, x) or |A|Ft(x, x), which in an external field is 
generally a function of x, transforms according to 


F(x, x) > F(x, x) exp {2iex(n}, 
F*(x, x) > F*(x, x) exp {—2iey(n)}. 


The gauge invariance of the equations (34.25) will allow us to give a con- 
sistent treatment of the properties of a superconductor in a magnetic field 
(see Sec. 37.1). It should be emphasized that this gauge invariance is con- 
nected with the expression (32.4) for the interaction Hamiltonian. Strictly 
speaking, the Hamiltonian (32.3) is not gauge invariant, which is, of course, a 
feature of the particular model chosen. It is easily verified that in this model, 
the quantity 


(34.28) 


F(x, x) = J O(r — y)6(@r — 2)F(y, z) dz dy 


and a similar quantity F*(x, x), appear in the equations (34.25), instead of 
F(x, x) and F*(x, x) [the values of the functions F and F* for identical argu- 
ments]. The function Fly, z;¢ = t’), being the wave function of a pair, is 
correlated over a distance &) ~ v/T,, called the coherence distance, of the 
order of the dimensions of a pair, and falls off rapidly for |y — z| > &. 
Furthermore, as already mentioned in Sec. 32.2, the function 0 behaves 
like a 8-function, with a maximum whose width is of order v/wp. Thus, 
changing F(x, x) to F(x, x) leads to an error of order T,/@p, which is always 
small for real superconductors. 


34.3. A superconductor at finite temperatures. We conclude this section 
by considering the problem of extending the above considerations to the case 
of nonzero temperature. Clearly, such a generalization can be made by 
using the technique for T # 0, presented in Chap. 3. In the superconducting 
state, the system is characterized by the nonzero averages 


Fix. x!) = SEO) 
(x, x ) = < a» , 

tee on — STAVCOVX)S)> 
BO apy 


where the averaging operation and the operators (x), ¢(x) have the same 
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meaning as in Chap. 3. (Recall that the chemical potential has been chosen 
as the independent thermodynamic variable.) Suppose we regard the Gibbs 
averages in the definitions of F(x, x’) and F +(x, x’) as quantum-mechanical 
averages over a state with energy equal to the average energy E and particle 
number equal to the average number of particles. Then the annihilation or 
creation of a bound pair of electrons belonging to the set of bound pairs in 
the ‘‘Bose condensate’’ has practically no effect on the overall state of the 
system, since the number of such pairs is very large (in fact, proportional to 
the total number of particles in the system). In other words, just as at 
T = 0, for a system in the superconducting state at T # 0 there are terms 
involving the products bp and by) which can be regarded as numbers. 

We shall assume that (thermodynamic) averages of products of four 
p-operators can be written in terms of the Green’s function 


G(x, x’) = — FMI 


and the functions A(x, x’), F *(x, x’), exactly as was done in the expression 
(34.4) for the case T = 0. Just as before, this means that the effects of scatter- 
ing of particles by one another are neglected. Thus we have 


Pio Nala lrdlada 
(34.29) 
= —G(%1, ous X4) + Goo(X1, X4)F py(X2, Xa) +F ap(X1, X2)F (Xa, X4)- 
The corresponding derivation of equations for the functions Y and F* will 
not be given here, since it is completely analogous to the derivation of 
(34.13). We hye write down the final result 
(-5 2 ye tu) SO — x) FAR x) = BO 2), 


2m 
(34.30) 


(2 i v a pw) F(x ~ x’) —At@(x — x’) =0, 


where 
= |[A|FO+), A* = [Al FtO+). (34.31) 
It is sometimes necessary to determine the function F(x — x’). As is easily 
verified, F(x — x’) satisfies the equation 
2 
(-z nm ce ie w) F(x ~ x) -AW(x — x) = 0, 

where the function Y appears with the arguments x and x’ reversed. 

It is not hard to see that the set of four equations for the functions 
G(x — x’), Ft(x — x’), F(x — x’) and Y(x' — x) can be written as a single 
matrix equation 


(EE Br 7-9), 
) 


—A* at 2m Ft(ix—x’) —-G(x' -— x) 
(34.32) 
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In other words, the four functions in question form a single matrix Green’s 
function for the operator in the left-hand side of (34.32). 

As we know, in the temperature technique all quantities are expanded in 
Fourier series with respect to the frequency, and not in Fourier integrals. 
Just as in the case of the Green’s function in Chap. 3, suppose we introduce 
Fourier components for the functions F and F*, i.e., suppose we write 


/ T ates = 
Fr(ix-—x)= One De 1@_% fe F & (p) ap, 
7 (34.33) 
a eS —10, ip-r 
Fx — x)= Gap Dever’ fe "Fu, dp, 
where ©, = (2n + 1)x7. Then the system (34.30) corresponds to the system 
(iw — §)9.(p) + AF 5 (p) = 1, 


34.34 
(io + DF S(p) + A*F(0) = 0, oe 
with the solution 
iw + - A* 
aye = ale FO = area 439) 


Moreover, we note that in the absence of an external field, the functions 
F and F* are equal, and the quantity A is real. Unlike the situation 
encountered in the case of the system (34.15), the solution (34.35) is unique. 
This is connected with the fact that the analytic properties of functions in 
the temperature technique are defined uniquely. The size of the gap can 
be found from the condition 


AIT 
~ (On 4 > J aTeTR 


The sum over frequencies in (34.36) is easily calculated, and as a result, 
instead of the condition (34.21) for T = 0, we obtain a new relation determin- 
ing the size of the gap for T # 0: 


6 2 2 

l= [Ampo i p tanh [VE? + AXT) + A(T)/2T] dé. (34.37) 
ant Jo VER + AAT) 

At the point where the phase transition occurs, i.e., at the temperature 

T =T,, the gap A(T) vanishes, and, as must be the case, the condition 

(34.37) goes into the condition (33.15) determining the critical temperature T,. 


(34.36) 


35. Derivation of the Equations of the Theory of 
Superconductivity in the Phonon Model 
We now derive the equations of the theory of superconductivity, using a 


“phonon model” in which the electrons interact with one another via the 
electron-phonon interaction (only the case 7 =O will be considered). 
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Although this model suffers from the same defect as the model considered 
above (since it does not take account of the Coulomb forces acting in the 
metal), it does, of course, have a more direct physical meaning than the model 
involving four-fermion interactions. However, the latter model is somewhat 
more convenient for obtaining practical results. The basic advantage of the 
phonon model is the fact that the Hamiltonian (32.1) for electron-phonon 
interactions is gauge invariant from the very outset, unlike the Hamiltonian 
(32.3) for four-fermion interactions, which is only approximately gauge 
invariant, because of the inequality T, <« wp. In general, the inequality 
T, « @p is only satisfied in the weak-coupling approximation.’ It will be 
shown later that the weak-coupling approximation is not essential in the 
theory of superconductivity, and that it is actually only the ratio wp/er « 1 
which plays the role of the small parameter in this theory (wp/er ~ u/v ~ 107? 
to 10%, where w is the velocity of sound in the metal, and v is the velocity of 
the electrons at the Fermi surface).® 

Thus, let the interaction Hamiltonian of the system of electrons and 
phonons have the form 


Hin. = 8 [(Y*@Y@)9C) at. 
If the system is in the superconducting state, then, in addition to the 
Green’s function G, its properties are characterized by two more functions F 


and F*. Therefore, instead of the usual Dyson equation (see Sec. 21), we 
must in general study three equations, connecting the three functions 


GaplX, x’) = —KT(Yaxb5 (x'))> = 8anG(x — x), 
Fig(x, x’) = (TE (@)UE(X'))> = LasF*(x - *), (35.1) 


Fag(x, x’) = (Tbalx)b0(x'))> = —JasF(x — *). 
As we shall see, the equation for the phonon Green’s function 


D(x, — X2) = —iKT(9(%1)9(%2))>, 


remains practically unchanged. 
er ; The equation for the Green’s function can 
Gix-x')  E*(x-x') Flax-x') _ be obtained by using the diagram technique 
x rok xk x" of perturbation theory. Just as in the case 
HicuRE oI of a system of bosons below the point of 
‘*Bose condensation,” the set of all possible 
perturbation-theory diagrams is enlarged by the appearance of lines corre- 
sponding to the functions F and F*. Suppose we represent the functions 
G, F* and F by thick lines equipped with two arrows (actually arrowheads), 
as shown in Fig. 91, whose directions at the points x and x’ are chosen in 


7 However, the condition T, « wp is always satisfied in real metals. 
8 ae an analysis of the electron-phonon interaction in the theory of superconductivity, 
see B6, B7. 
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keeping with (35.1), i.e., an arrow directed away from a given point corre- 
sponds to the operator , while an arrow directed towards a given point 
corresponds to the operator )*. Then it is easily seen, in complete analogy 
with the Bose gas, that there are three types of irreducible self-energy parts, 
shown in Fig. 92 and denoted by %,(x, x’), Zao(x, x’), Uoo(x, x’). In Fig. 
92, a dashed line represents a phonon D-function, a point represents a simple 
vertex or a factor g, and a heavy point or rectangle represents the modifi- 
cation of a simple vertex due to the various electron-phonon interactions. 
Taking Fourier components of all quantities, we consider one of the self- 
energy diagrams, say 2,(p). It is not hard to see that to within terms of 


order wp/ep, we can neglect all phonon corrections to the See 
three-vertex part in the simplest diagram for 2,,(p), ve Ny 
indicated in Fig. 93. In fact, as shown in Sec. 21, the 

values of the D-function (and of the phonon vertex) for Ficure 93 


phonons whose momenta are of the order of the Fermi momentum of the elec- 
trons are the important values in the integrand of the corresponding analytical 
expression. For this reason, the estimate made in Sec. 21 of the corrections 
to the phonon vertex coming from electron-phonon interactions is still valid 
in the present case, since the size of these corrections is determined by the 
values of the Green’s functions in energy and momentum regions far 
from the Fermi surface. Moreover, it is clear that the Fourier components of 
the electron Green’s function for a metal in the superconducting state are 
different from their values for a normal metal only in a narrow region near 
the Fermi surface, with excitation energies no larger than the order of magni- 
tude of the maximum energy of the phonons (of order wp), and accordingly, 
the functions F*(p) and F(p), which are peculiar to the superconducting state, 
are nonzero only in this region. In the diagrams of Fig. 92, for the self- 
energy parts &,, X29 and Xog, we show in each case two different types of 
diagram, depending on which modification of the phonon vertex is chosen. 
According to what has just been said, we can immediately omit the diagrams 
of the second type, where the phonon vertices are indicated by heavy rec- 
tangles, since diagrams of this type can be constructed only by using the 
Green’s functions F and F* characteristic of superconductors. Thus, for 
the phonon vertices in the irreducible self-energy parts X11, Yao and Xog, we 
can restrict ourselves to the zeroth-order approximation of perturbation 
theory. 
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For the same reasons, the phonon Green’s function D(x, — x2), whose 
Fourier components can be found directly by using (21.21), remains practically 
unchanged. The structure of the equations for the functions G and F* is 
shown in Fig. 94, and is clear without further explanation. In the coordinate 


representation, the analytical versions of these equations are 
2 


0,9 ' 
(15, + 3 + HOw - x) 


= (x — x’) + gi J G(x — z)D(x — z)G(z — x’) d*z 


+ gti I F(x — z)D(x — 2)F+(z — x’) d*z. ese 


2 


6 VY ‘5 , 
(-i5 +5, +4)F (x — x’) 


= gi J G(z — x)D(z — x)Ft(z — x’) d*z 


+g J F+(x — 2)D(x — )G(z — x’) d’z. 


The effect of an electromagnetic field can be included in these equations in 
the usual way, just as was done in Sec. 34.2. We emphasize that the resulting 
system is completely gauge invariant, unlike the system (34.13) in which the 
gauge invariance is only approximate, to within terms of order T,/wp. 
Unfortunately, the system (35.2) is much more complicated than (34.13) and 
contains nonlinear integral terms which make it unsuitable for solution in 
the coordinate representation, as required in a variety of problems involving 
inhomogeneous magnetic fields. However, as a rule, equivalent practical 
results are obtained by using either model. 

For the homogeneous problem (i.e., in the absence of a magnetic field), 
transforming to the momentum representation in (35.2), we easily obtain the 
following equations involving the Fourier components of all quantities: 


(@ — & — g7iG,)G(p) — g7iF.F*(p) = 1, 


= — 35.3 
(—w — & — giG_.)F*(p) — g?iF3G(p) = 0. ee 
Here we have introduced the notation 
G. = od. = 4 
Go = Gat | OW — HDW dk, 
| : 
F. = aay | F(p — k)D(k) atk, (35.4) 


FE = aa [F*? — WDW atk, 
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where G_.(p) = G,(—p). The system (35.3) is completely analogous to 
the system (34.15), derived on p. 295. The only difference is that whereas 
in (34.15) the quantities G,, F, and FZ are constant in the region 
|x([p| — Po)| < #p near the Fermi surface and vanish outside this region, 
these quantities are in general functions of p and w, which fall off smoothly 
to zero for |v(|p| — po)| > wp, @ > wp. 

Solving for the functions G and F* in terms of G,, F, and FZ, we find that 


_— @ — gi. + E 
OP) = Crea Fido + 84 ei OP 
(w E & iG..)(w +E + & iG_.) & |Fé| 
—ig?Fe 
F*(p) = g 


( a E aa g7iG..)(o + ig + 87iG _«) — gt|Fz |? 
Substituting these expressions into the equations (35.4) which define G, and 
FZ, we obtain two integral equations for G,, and F?. These equations have 
been solved by Eliashberg (E3). Omitting computational details, we merely 
give the final result. It turns out that for small energies, the excitation 
spectrum has the form 


e(p) = VE? + AG, 


where, however, in keeping with (21.45), the quantity & = v,(|p| — po) 
involves v,, the renormalized velocity at the Fermi surface. At absolute 


zero, the energy gap is related to |F3_o| by the formula 
Ayo = git [Fa-ol- 
Vo 


In the weak-interaction limit (i.e., for g? « 1), these formulas agree with the 
results of the preceding section. 


36. The Thermodynamics of Superconductors 


36.1. Temperature dependence of the energy gap. We now examine in 
more detail how the size of the gap in the energy spectrum depends on the 
temperature. We first consider the case of low temperatures (T <« T,), 
carrying out a suitable series expansion of the condition (34.37). We have 
the ig: 


= Op dé 1 : 
7 anh 7Eom +h 2J, Ve? + A exp (VE? + AY/T) + 1 OSA) 


where 1 = |A|mp,/2n?. (Since the second integral converges, we can set its 
upper limit equal to co.) Expanding the exponential in the integrand of the 
second integral in (36.1), transforming to an integral with respect to «, and 
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using the definitions of the appropriate Bessel functions, we can represent 
equation (36.1) as a series of Bessel functions of order zero, i.e., 


=2 2 (—1)"#3K, (=) (36.2) 


where A, = A(T = 0). For low temperatures, A > T and hence, using the 
asymptotic expansion of the Bessel functions, we obtain 


WS Ky V3RTH,(1 z gr)”. (36.3) 
5A, 


To determine the behavior of the gap for temperatures near the transition 
temperature 7,, it is most convenient to start from the relation (34.36). Near 
T, the size of the gap is small, and hence in (34.36), we can carry out an 
expansion in powers of A?/T?: 


A? At 
17 TSI, Share are t eet} 
Interchanging the order of summation over the frequencies and integration 
over & in the (convergent) terms of the aan side, we obtain 


t= f° F tanh 3 2 os 


Qn +1 t Aap PEs: +1 


yr 
(36.4) 
AI7)/7, Expressing the series appearing in (36.4) in terms 
of the Riemann zeta function, i.e., writing 


1 27-1 
Zz (Qn + 1) ae &(z), (36.5) 
Ie and substituting (36.5) into (36.4), we find that 


Ficure 95 in 5 ieee 6 Ee rs 93@(5) At 
To 8 (xT 128 (xT)* 


Then, to a first approximation, we find that the size of the gap near T, is 


a= xtalaey [1-2 7 3067.1 - 2 (36.6) 


The curve representing the behavior of the gap as a function of the temperature 
over the whole temperature range is shown in Fig. 95. 


oy a are >On + 1p : i 








36.2. Heat capacity. To find the various thermodynamic quantities 
characterizing a superconductor, we use the relation derived earlier [cf. 
pp. 95, 140] for the derivative of the thermodynamic potential with respect 
to the interaction parameter, i.e., 


AQ. _ 1 
Or x <Aint>, 
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where in our case, Hin, is the expression (32.4). Retaining terms in the 
average which are nonzero only in the superconducting phase, we find that 


0Q _ - 
apy ~ Te AP: 


sinceA < 0(V = 1). The relation between 1/|A| andA at a given temperature 
is given by (36.1). Therefore, the difference between the values of the thermo- 
dynamic potential for the superconducting and normal states of the metal is 


Q, ~— OQ, =~ oe aun) A2 dA. 


According to the general principles of statistical physics, this correction is the 
same for all the thermodynamic potentials, since it is expressed in appropriate 
variables. — (36.2) which implies 


WT = ee Pe Yin = ZOD 5 > (- y*K,("Z)]; 
and also using the formula 
Ko(x) = —Ki(x) 
(familiar from the theory of Bessel functions), we obtain 


A? nA/T 
F,~F,= - 5) 5-2 > (- ye : K,(2)x? de]: 


To evaluate this expression, we write 
nA/T 2 _ = coo) 2 
ih K,(x)x? dx = 2 ihe K,(x)x? dx, 


and then note that since A/T > | at low temperatures, we need only calculate 
the integral on the right for 7 = 1 [this can be done by using the asymptotic 
expansion of the function K,(x)]. The remaining sum with respect to n is 
easily evaluated, and the final result is found to be 


2 
Fi + F, = Mol _ Mole ae VRE (1 poe 7a -su. (36.7) 

The first term in the right-hand side of (36.7) is the negative of the principal 
term in the expansion of the free energy of the normal metal in powers of T. 
As is well known, this term leads to the formula 


MP r’ 
3 


ie., the electronic part of the heat capacity of the normal metal is a linear 
function of T. Substituting (36.3) into (36.7), we find that in the super- 
conducting phase at low temperatures, the entropy is 


C, = 
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while the heat capacity is 
MPo 2nA 


5 
er i, en 
Then, using (34.23), we obtain the following expression for the ratio of the 
heat capacity of the superconducting metal in the region T « T, to the heat 


capacity of the normal metal for T = 7,: 


CT) _ a Ae)? agit 
Cry Nalz) om cee 
Next, to derive asymptotic formulas for the temperature region near T,, 
we start from the expansion (36.4): 


Ba = — (S28) gape. 








Using (36.6), we find that the difference in free energies is 
2 2 
F- Fy = — (35) toa = HE (1-7), G69) 








2x?) 16(nT)? 7C(3) ie 
and hence the entropy in the superconducting phase equals 
= — op ( ~ 7) 
aes | one 


Carrying out another differentiation and retaining principal terms, we find 
that the heat capacity of the superconductor at the transition point is given by 


4m 
CAT) = Cole) + 5 G55 Te 
Thus, when the metal makes the phase transition to the superconducting 
state, its heat capacity undergoes a jump equal to 


AmpoT 
783) 


Taking account of higher-order terms in T, — T in the expansion (36.9), we 
find the following expression for the ratio of the 

C(r) heat capacity of the superconducting metal in the 
region near T, to the heat capacity of the normal 


| metal for T = T, 








C(T) _ aan 
Cry = 243 + 3.17 1). 
: The behavior of the electronic part of the heat 
FIGURE 96 


capacity of a metal is summarized in Fig. 96. 


36.3. The critical magnetic field. An important thermodynamic quantity 
in the theory of superconductivity is the critical (magnetic) field H,. In 
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fact, at a given temperature T < T,, a metal in a magnetic field can be either 
in the superconducting state or in the normal state, depending on whether or 
not the magnetic field is less than H,. Suppose a superconductor is placed 
in a magnetic field H. Then the surface current screening the field H 
produces a magnetic moment M which interacts with H. The extra energy 
(per unit volume) associated with this interaction is —}H-M. Let the 
superconductor be of cylindrical shape, and let H be parallel to the axis of 
the cylinder. Calculating the surface current from the condition that the 
magnetic field be zero in the body of the superconductor, and determining the 
magnetic moment due to this current, we find that the extra magnetic energy 
is H?/8r, i.e., the free energy of the superconductor in the magnetic field is 
2 
Fyy = Fy + a 
Therefore, as the magnetic field is increased at a given temperature, the metal 
makes a transition from the superconducting phase to the normal phase. 
This phase transition of the first kind takes place at a critical field H, deter- 
mined by 
H2 
or = F, — F,. 
Once again, we consider only limiting cases. For low temperatures 
(T « T,), neglecting exponentially small terms, we find from (36.3) and 


(36.7) that 
Ay = T= J Arno (36.10) 


HAT) = HAO! ee CF): (36.11) 


2m 
H.0) = {2 


and 


In the temperature region near 7,, we use formula (36.9) and express H,(T) 
near 7, in terms of H,(0), as given by (36.10). This leads to the following 
expression for H,(T) as a function of T: 


HT) = HAO, | 5 (! a z) x 1.73H-(0)(1 = z): (36.12) 


It should be noted that the experimental data is usually described by the 
curve 


H{T) = HLO)(1 = mn): (36.13) 


In both limiting cases, the theoretical formulas (36.11) and (36.12) are in 
satisfactory agreement with the experimental formula (36.13) [see B1, K5]. 
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37. A Superconductor in a Weak Electromagnetic Field 


37.1. A weak constant magnetic field. Next, we study the electro- 
magnetic properties of superconductors. For the time being, we shall only 
consider the behavior of superconductors in ‘‘weak”’ fields, i.e., in fields 
which are small compared to the critical magnetic field. We assume that a 
superconductor with a plane surface occupies the half-space z < 0, and is 
situated in a constant magnetic field, directed parallel to its surface, as 
shown in Fig. 97. In terms of the vector potential A = (4,, A,, Az), we have 


H = curl A. 
In vacuum, H is constant, and we can choose 
A, = —Hz, A, = A, =0 (37.1) 


(say) as the components of the vector potential. The action of the magnetic 
field produces a current in the superconductor, and the Maxwell equation 
VA = —4rj (37.2) 

relates the field distribution in the superconductor to the current density j. 

Since the current density is itself due to the presence 
of the field, j is proportional to A, to the approximation 
which is linear in the field. Then it follows by a 
homogeneity argument that the relation between the 
current density and the field in an infinite superconduc- 
tor must have the general form 


FIGURE 97 i) = - J Q(x — y)A(y) dy, (37.3) 


or in Fourier components, 





jk) = —QA)AK). (37.3’) 
In what follows, we shall not concern ourselves with the detailed solution of 
the electromagnetic problem defined by (37.2) and (37.3) in the half-space 
z <0. Instead, we shall just derive an expression for the kernel Q(x — y), 
with a view to demonstrating how the methods of quantum field theory are 
applied to this case. 
The current density j(x) at a given point is (as usual) the thermodynamic 
average of the familiar quantum-mechanical expression for the current- 
density operator in the second-quantized representation: 


0) = £ ve ~ Webern ~ AS Geopon. 67.4 


Therefore, we can immediately write the current density j(x) in terms of the 
Green’s function of the system: 


iG) = 2 [2 , - Wa, x)-AXee, x]. O75) 


ar,vott+oO 
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We now proceed to find the Green’s function, or more exactly, the corrections 
to the Green’s function which are of the first order in the magnetic field. 
In a constant magnetic field, the Green’s functions Y, F¥, F* do not depend 
on the variables t, and t. separately, but only on the “time” difference 
7 — % . Thus, going over to Fourier components Y, and FZ , we can write 
the following system of equations for the values of these quantities in a 
constant magnetic field [cf. (34.25)]: 


(io + 521%, ~ AP + u) 90,0) + AOFS( 1) = 8 — 1), 
e (37.6) 
(—io + 5510, + cAMP + FSO, 1) — AMOS) = 0. 


Now suppose we write the Green’s functions Y and ¥* in the form 
G=Gt+ GQ, FaFit+ FF, Fr aFer Fr, 


where ¥,, Fo, Fé are the Green’s functions in the absence of the field, and 
GY), FY, F*™ are the corrections which are linear in the field. Linearizing 
the equations (37.6), we obtain 


2 
(ie + ia + 1) 9M, V’) + ACF EME, 1’) 

= -AM HF s(t ~ Fr) + 5 (V-A + AVG elt — ¥), 
(37.7) 


2 
(-ieo + a + u) FEM, r) — A@92, r’) 


= A*Q)9,,(r — 1) — x (V-A + A-V)Fe(r — Yr’). 


Using these equations, we can quite easily express G(r, r’) and Fé (r, r’) 
in terms of the quantities appearing in the right-hand side of (37.7). To do 
this, it is convenient to use the expression (34.32) for the inverse of the 
operator appearing in the left-hand side of (37.7). However, before writing 
the corresponding result for Yr, r’), we first examine the structure of the 
equations (37.7) in more detail. 

The system (37.6), and consequently the system (37.7), is gauge invariant, 
i.e., invariant under the transformations (34.26) and (34.27). Therefore, in 
calculating the current density j(r), which in the linear approximation equals 

, 2 
i) = ET Sy — Wer WE N-AL™, 78) 
the final result can only depend on the transverse part of the vector potential 
A. In other words, adding the gradient of any scalar to A, i.e., changing A to 
A + V,x, cannot change the current density j(r). However, the functions 
Gr, xv’), FE, r’) are by no means invariant under such a transformation 
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of the vector potential, and the same applies to the quantities A?(r), A*(r) 
appearing in the right-hand side of (37.7), which must satisfy the equation 


AOR) = [AIT > FEM, v. 


When the vector potential A(r) is arbitrary, A*(r) is generally an unknown 
function of A. Nevertheless, because of the homogeneity of the problem, it 
can be asserted that the function A*(r), being a scalar, depends only on the 
quantity div A, to the approximation which is linear in the field. Therefore, 
if we choose the gauge so that 


div A = 0, 


the problem can be simplified considerably, since with this choice of A(r), the 
function A*(r) vanishes identically. The results derived below apply only 
to such a “purely transverse”’ vector potential. 

The method just given (in which A*™, A® vanish), can be generalized in 
such a way as to be applicable to problems that do not have spatial homo- 
geneity in the absence of the field (e.g., the problem of a superconductor of 
finite dimensions in a magnetic field). In such cases, we can form a scalar 
from the field A(r) and the vector r (or any other vector characterizing the 
problem). Thus, in the general case of an inhomogeneous problem, the 
functions A?"(r), A*(r) in equations (37.7)® now depend on both the longi- 
tudinal and the transverse components of the vector A(r). However, it is 
always possible to choose the longitudinal part Ajng = grad y in such a way 
thatA®, A*® vanish. The function y which achieves this can be determined 
from the condition div j = 0, i.e., from the law of charge conservation. 

We now return to the equations (37.7) for an infinite superconductor. 
Setting A?(r) = 0 and using (34.32), we find the following expression for 
G(r, r’), the correction to the Green’s function which is linear in the field: 


GE) =~ [Foul — DIAM: VFoull ~ ¥') 


+ Fol — NAM): VF cae’ ~ D} dl. 


In this formula, we have already used the condition div A = 0, and as a 
result, we can assume that the differentiation in the operator A(/)- V, applies 
only to the functions ¥),(/ — r’) and F3,(r’ — J). According to (37.8), the 
current density equals 


i) = STD (V — Ve) [Goal ~ DIA: VIF eull ~ ¥) 


(37.9) 


y (37.10) 
+ Foull ~ IAW): VIF a(t” ~ Die ae dl ~ XE ac 





® The functions Y and F¢ in (37.7) must now be understood to be the Green’s 
functions of the given body, subject to the appropriate boundary conditions. 
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At this point, it is convenient to go over to the Fourier representation, by 
introducing the Fourier components of the current density j(r) and the vector 
potential A(r) in the usual way, i.e., 





= fidoe™ dk, A(r) = os J Adde%-* dk. 


TT. 


i = 


The equation relating the components j(k) and A(k) is then 


i) = ~ a Sara D [rlP- AWN. )%u(0-) 
(37.11) 


+F.§pF5(p-)) dp ~ XE ac, 


where pz = p+ 43k, and Y,, F,, Fé are given by (34.35). We emphasize 
once again that our result pertains only to the case where the gauge is such 
that the vector potential is purely transverse. However, (37.11) remains 
valid for any gauge, provided we replace A(k) by its transverse part. 

In a superconductor, the field A(r) and the current j(r) vary in distances of 
the order of the penetration depth 8 (usually ~ 107-5), i.e., in distances much 
larger than atomic distances. Therefore, in (37.11) the components j(k) and 
A(k) are only important in the region 


kw ; «K Do. 
We shall see below that the contribution to the integral in (37.11) comes 
mainly from a narrow region of values of |p| near the Fermi surface, of order 
|p] — Pol ~ [kK]. Moreover, (37.11) involves only the two vectors k and 
A(k), with k-A = 0. Expressing the variable p in a system of spherical 
coordinates with k as the polar axis and averaging over angles in the azi- 
muthal plane, we immediately find that the vector j(k) has the same direction 
as the vector A(k). In fact, these considerations show that the result of sub- 
stituting the expressions (34.35) for the functions Y, and F{ into (37.11) is 


iw = -XE daacw, 
where 


ae 3T me, +0 (iw +&,)(io + &_) + A? 
OW) = 1+ FD fp sine a0 fT dk art aS 


(37.12) 
(Here, we use the fact that p3/3x? = N.) For small k, we have 
v-k 
be. =Et zx 


To make further calculations, we must bear in mind that for large w and 
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£, the integrand in the right-hand side of (37.12) behaves like w~? for w > &, 
and like &-? for & »>w. Therefore, strictly speaking, the integral over 
& and the sum over the frequencies w diverge. To understand what is at 
issue here, we consider the singularities of this expression for a normal 
metal (i.e., for A = 0): 


3 mg 1 

First we note that in (37.13), it is of vital importance in which order the 
summation over the frequencies and the integration over & are performed. 
In fact, if we first integrate over &, the poles of the integrand lie on one 
side of the real axis for any sign of w, and hence the resulting expression 
turns out to be zero. On the other hand, suppose we first sum over the 
frequencies w = (2n + 1)nT. Then it is easily seen that the result of 
summing this simple series is 


5 [isi n° 9a0 [4% = (tanh 32 = — tanh $4) =-1. (37.14) 


The reason for the dependence of (37.13) on the relative order of integration 
and summation is contained in the fact that (37.13) is formally divérgent. 
However, it can be seen that the essential point here is the following: If we 
first sum over the frequencies, it turns out that the resulting sum is nonzero 
only in a very narrow energy region near the Fermi surface [it follows from 
(37.14) that the width of this region is ~v-k]. In this region, the integral 
with respect to the momentum is rapidly convergent, and it is only for this 
reason that we can write the expression for the energy of the excitations, 
measured from the Fermi surface, in the form 


iy see pee eae 
b= am fond v( |p| Po)- 


Therefore, in integrals of the given type, we must always calculate the sum 
first, and only afterwards integrate with respect to &. Otherwise, the integral 
with respect to & will include the region ||p| — po| ~ po, and then it is no 
longer appropriate to write all quantities as expansions near the Fermi surface, 
as we have done. 

Having made these remarks, we now describe a method which allows us to 
avoid the necessity of evaluating the rather complicated sum over the 
frequencies in (37.12). To the integrand in (37.12) we add and subtract the 
similar expression for the normal metal [cf. (37.13)]. Then the integral and 
the sum over frequencies of the difference between the integrands converge 
rapidly, and hence we can interchange the order of summation and integration. 
The corresponding expression for the normal metal, given by (37.14), cancels 
the first term on the right (equal to 1) in (37.12). Integrating with respect 
to &, we obtain 


~..  3nT ua pti (1 — 82) dB A? 
00 = 2) Vere ee OMS 
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It is difficult to transform the kernel O(k) any further without making some 
assumptions about the size of |k|. It is clear from the structure of the 
integrand in (37.15) that only the ratio of the quantity v|k| to the transition 
temperature 7, is important. In fact, for T « T,, the gap Ag is of order T,, 
while near T,, i.e., for |T—T,| «T,, the gap is small, but then 
w = (2n + 1)nT~ T,. The quantity & ~ v/T., with the dimensions of 
length, is the “‘coherence distance” of the bound electrons (see p. 297), and 
acts as a characteristic parameter in the modern theory of superconductivity. 
The penetration depth 5 can be either larger or smaller than &). In the first 
limiting case, where 3 > & , the important values of |k|, which are of order 
1/8, satisfy the inequality v|k| « T,, while in the second limiting case, where 
3 « &, they satisfy the inequality v|k| > 7,. 

We begin by examining the first limiting case, where v|k| « 7,. In the 
expression (37.15), we retain only the first term in an expansion with respect 
to v|k|: 

+1 (1 — d 1 
O(k) =, 7A > J. ri fe Vee CEs aa aw TA? 2 (o? + A%)32 + ADS 


Thus, for § >> &, the kernel O(k) does not depend on k, and the relation 
between the current and the field is of a local character, in the sense that the 
current at a given point r is determined only by the field A(r) at that point: 


(37.16) 





i@ = -£&, A(r). (37.17) 


An equation of this form was first suggested by London and London (L14, 
L15), and therefore superconductors for which 8 > & will henceforth be 
called superconductors of the London type. The function N,(T) can be 
thought of as the number of:“‘superconducting” electrons. Using formula 
(37.16), we can express the ratio N,(7)/N as a function of the temperature. It 
should be emphasized that the gap A appearing in (37.16) is the equilibrium 
gap at the given temperature in the absence of the field, and is determined by 
the condition (34.37). At T= 0 the sum over frequencies can be replaced 
by an integral, by setting 2xT5n = dw. Evaluating this integral, we find 
that at T = 0 the number of “superconducting electrons” equals N, the total 
number of electrons. 

Near 7, the quantity A(7) is small compared to T, andw. Thus, neglecting 
A? in the denominator of (37.16), we obtain the series 





MAD 
a > (2n : (2n + 1)* 


which has already been evaluated on p. 304. Using the expression (36.6) for 
the size of the gap near 7,, we find that in this case 
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Next, we consider the second limiting case, where v|k| > 7,. The inte- 
grand in (37.15) has poles at the points 





Since v|k| is large, this means that the integrand has a sharp maximum in the 
range of angles B ~ T,/v|k| « 1. Therefore, in the numerator we can neglect 
B? compared to unity, and the remaining expression is a rapidly converging 
integral with respect to 8, whose integrand falls off like B=? in the region 
T,/v|k| « 8 « 1. Substituting v{k|® = x and going over to infinite limits of 
integration, we can evaluate this integral by using residues: 


3T x? > A? 3x? 


O(k) = TKI Atanhi: (37.18) 


Sw? + A? 40[k| 2T 

We see that in this case the kernel Q(k) depends on k in an essential way. 
Therefore, if the penetration depth of the field is such that 3 « & , the relation 
(37.3) is nonlocal, i.e., the value of the current density j(r) at a given point r 
is determined by the values of the vector potential in a whole neighborhood of 
r, with linear dimensions of order &). The fact that there is a nonlocal 
relation between the field and current in certain superconductors was first 
predicted by Pippard (P2), on the basis of an analysis of experimental data. 
Accordingly, superconductors for which 8 « & will henceforth be called 
superconductors of the Pippard type. 

The following important fact should be pointed out at once: As already 
mentioned, in deciding which of these two cases actually occurs, all that 
matters is the ratio of the penetration depth 5 to the parameter & ~ v/T,. 
Therefore, if the condition § « & holds at sufficiently low temperatures, 
then, since 5 increases as we approach T,, it follows that at temperatures 
sufficiently close to T, the opposite case prevails, i.e., § becomes much larger 
than &). In other words, the superconductor is always of the London type 
for temperatures in the immediate neighborhood of T,. A considerable 
number of known superconductors are of the Pippard type over almost the 
whole temperature region, and only go over into superconductors of the 
London type in a very narrow neighborhood of T,, i.e., for T, - T « T,. 
The remaining pure superconductors are of an intermediate type at low 
temperatures, and then have a rather marked “London region” of tempera- 
tures near T,. The case of superconducting alloys will be considered in 
Sec. 39.3. 

Now that the expression (37.15) for the kernel Q(k) is at our disposal, we 
can use Maxwell’s equations to solve the problem of the penetration of a 
magnetic field into a superconductor with a plane surface. In the London 
case, this problem has a particularly simple solution. Substituting (37.17) 
into (37.2), and assuming that all quantities are functions of the coordinate z 
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only, we find that the distribution of the vector potential in the supercon- 
ductor is given by the expression 


A,(z) = — H(0) 8e?’, 
where 





5= pe (37.19) 


is the London penetration depth.'° The solution of the analogous problem 
in the Pippard case is very complicated and requires the use of special 
mathematical methods. We shall not discuss this case here, but instead we 
refer the reader who is particularly interested in the theory of superconduc- 
tivity (and the results to which it leads) to the original literature (see e.g., 
BI, KS). 


37.2. A superconductor in an alternating field. So far, we have only con- 
sidered the properties of superconductors in a constant magnetic field. 
However, the behavior of superconductors in an alternating electromagnetic 
field is also a problem of great physical interest (in particular, the nature of 
absorption and reflection of electromagnetic radiation incident upon the sur- 
face of a superconductor). The thermodynamic or equilibrium approach to 
this problem, which was used in our previous treatment, is not directly 
applicable to the case of a variable field. In this case, the analytic relations 
derived in Sec. 17, connecting the various time-dependent functions with the 
corresponding functions in the temperature technique, turn out to be 
extremely useful. 

Thus, consider an infinite superconductor, in which there is an alternating 
field A of frequency w (as before, we assume that the scalar potential ¢ is 
zero). Clearly, formula (37.3) still describes the relation between the field 
and the current which appears in the superconductor because of the action 
of the field. The difference between the case of an alternating field and the 
case of a constant field is that we must now know the Fourier components 
Q(k, «) for nonzero w [the kernel Q(k) defined previously obviously satisfies 
the relation O(k) = Q(k, 0)]. We again start from the quantum-mechanical 
expression for the current-density operator 


J0) = 2 We — Ved) — Face 
= 1.) — £ aed odn, 


10 In ordinary units, 


/ mc? 
c= 4nN.e? 
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where the operators are written in the Heisenberg representation and depend 
on the field. According to (6.28), the relation between these operators and 
the corresponding operators in the interaction representation is given by the 
formula 


j = S-(OIS(O, 
where 


S(t) = T exp {i | * G)-AG) ax}. 


To the approximation which is linear in the field, we have 


IG) = ha) — [AC COHO) + Ff this), boDIARO) ay. 


The current density in the superconductor at a given point and at a given 
time is given by the average 


i(%) = G@®)> = D el t¥%m- Fn? Cmli(x)|m). 


Since <j.> = 0, it follows that 


: e?N R 4 
ja(x) = —* A(X) + [PRG — AsO) dy, (37.20) 
where we have introduced the function 
Rey — vw — SK), 580) D for t > ty, 
Pao(® — ¥) = { 0 for t, < ty. ie) 


Then, going over to Fourier components, we find that the kernel of the 
integral relation (37.3) has the form 


2 
Daslk, 0) = 3,5 ~ Pik, 0). (37.22) 


Next, we consider the same problem, using the finite-temperature technique. 
Formally regarding the field A(r, 7) and the current density j(r, 7) as functions 
of the “time” parameter 7, we have the relation 


: 2N 8 
a(t, 2) = ~~ AAG, +) + fade [° Paglx — y)Ao() dry, 


instead of (37.20), where 

Papt — 2,7 — 7’) = (Taal, tio’, 7'))>. (37.23) 
Moreover, taking Fourier components of the temperature quantities, we 
now have 


e?N 
Qus(k, Wo) = in Sap = Pag(k, Wo), (37.22b) 


instead of (37.22a), where w, ranges over the discrete values w) = 2nrT. 

We now prove quite generally that the Fourier components P2,(k, w) and 
P ,9(k, @o) are the values of one and the same function of the complex variable 
@, which is analytic in the upper half-plane, provided the values of w are 
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taken along the real axis in the first case and at the points w = iw, in the 
second case. The method of proof is identical with that used in the previous 
chapters. Writing (37.21) and (37.23) as sums over intermediate states, we 
find that the appropriate expressions for the Fourier components of the func- 
tions (37.21) and (37.23) are 

Pis(k, ©) = — p> Ppm(K) a= a fie 


i (37.24) 
Pas(k, Wo) = 2 Ppm(k) jag ae 
where 
Prm(k) = 0+ UNm — En T(J _ e~ °pm!T)(ju1)mp(i51) pm(27)°O(k =: Kym). 

It is clear from (37.24) that P®,(k, w) is obtained from 7,4(k, #9) by replacing 
@ ) by —iw, where the values of P2,(k, w) along the real axis must be defined 
as the limit as w approaches the real axis from above. Thus, using the 
Matsubara technique to calculate P,(k, w), and then continuing this 
function to real frequencies by setting P2,(k, w) = P,,(k, —iw) in such a way 
that the resulting function has no singularities in the upper half-plane of the 
complex variable w, we can in principle find the kernel Q,,(k, w) which 
determines the relation between j and A in the case of an alternating 
electromagnetic field. 

With this as our objective, we proceed to examine formally the equations 
for the temperature quantities Y and F* in a field of the form 

A(r, t) = A(k, ene M0", 


which depends on +. For the Fourier components of the current density, we 
now have 


ik, 3) = — Gare TD [PPA oI(P.)9P-) 
+ F(p.)F*(p-)dp — “© Atk, 00) 
instead of (37.11), where 
« = (Pz, ©) = (Pt 3k,’ + 4a). 


Repeating the whole argument which led to (37.15) in the case of a constant 
field, we obtain the following expression, after integrating with respect to &: 


O(k, wo) = FES J" aB (1 - 8) 
8 {is + Vor +o. + Vor +) — fk +4? 795 
Vor + A*[w2 + A? + (v[k|B — Vw + A?)?] 


i@- + Vo? + A*fio, + Veo2 + A?) + v[k/B] + ~"\. 
Vor + A®fo% + A? + (vo|k|8 + iVw2 + A?)?] 
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To simplify (37.25) further, we have to make certain assumptions about 
the size of v|k|, just as before. In what follows, we shall confine ourselves 
to the case of greatest practical interest, where v{k| >> T,, v|k| >> wo. In this 
case, by the previous argument, the main contribution to the expression for 
Q(k, )) comes from the range of angles B ~ T,/v|k|, 8 ~ w’/v|k|, and 
therefore, in the numerator of the integrand we can neglect 8? compared to 
unity. For 8 >» T,/v|k|, 8 > w'/v|k|, the remaining expression in braces 
falls off more slowly than in the case T = 0, i.e., like 8~?. For this reason, 
it is convenient to regroup terms in (37.25), by isolating the terms which 
fall off more slowly: 


Ok, ae Te dp 


—(w, + Vat + A%2(o_ + Vo? + A?) 
won + A®[w2 + A? + (v|k|8 — iV¥o2 + A?)?] 
—(w@_ + Va? + A%@, + Vo? + A?) 
Voz + A®[w2 + A? + (v|k|B + im? + A?)?] 
wo, + Var + A? 
Ba acarars + A®[v|k|B — i(Vw2 + A? + Vw? + A?)] 
@. + Vo? + A? \. 
tat eo + A®[v|k|B + (Vo% + A? + Vo? + A?)] 
Carrying out the pros and taking the limit v|k| + 00, we obtain 
A? — w'(@’ — &o) ) 
= SS OF]? 37.26 
Ok, eo) i om 1 (1+ Va’? + A?V(a’ — wo)? + A? ( ) 
which goes into (37.18) when w, = 0. 


Since in evaluating the sum in (37.25), w’ ranges over the values 
w’ = (2n + 1)xT, we can represent Q(k, wo) in the form of a contour es 


_ 3x A? — w'(w’ — Wo) 
Ot 0) = sean (1 + eapasvie Segre) ar 
(37.27) 


where the contour C consists of the two parts C, and C_ shown in Fig. 98. 
The choice of the analytic branches of the functions Vw’? + A? and 
V(o’ — @o)? + A? is clear from the figure. On the 
cuts, the values of these functions are purely imagi- 
Cy ‘A lwo+/4 nary, while the imaginary part is positive to the 
Soe 2 8 ttt right of the upper cut and to the left of the lower cut. 
Cc “tA [Wo-th : 
Next, we transform the integral along the contours 
C, and C_ into an integral along the four contours 
FiGuRE 98 C?® and C2: shown in Fig. 99. It is easily seen 
that the integrals along C? and C®, regarded 


, 
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formally as functions of wo, have singularities for w) = (2n + 1)xT + iA, 
since then the contour of integration goes through the points w’ = (2n + 1)xT, 
where the function tan (w’/2T) becomes infinite. Therefore, to determine 
the branch of the function which is analytic in the upper half-plane of the 
variable w = iwo, we have to transform the expression (37.27) for the special 
values @ = 2n7Ti in such a way that the contour of integration does not go 
through singularities of the integrand when we later extend (37.27) to 


(a) (b) 
cl" ace 
+ 
(-)\ HP 
tA i(A-w) 
(-) (+) 
Wo +ih -iA 
. (H/F\O 
i(A+w) 
i Or ih 
) 
ce ig (+it-) 
FIGURE 99 Ficure 100 


arbitrary values of w. To accomplish this, we note that ifw>) = 2nnT, then, 
because of the periodicity of tan (w’/2T), the integral along the contour C® 
equals the integral along the contour C%, and similarly for the contours 
C® and C®. (This can be seen, for example, by introducing the new 
variable of integration w’ ~ w) = —u in the integral along the contour C@.)- 
Therefore, (37.27) can be written in the form 


O(k, 9) = TE Loo + Js) 


A? — w’(w’ — wo) ) wo’ 
————SlooSS—_——__S——_—-—-—-—— t —. de a 
(1+ Vet ERVGl= oy ea) lr 


This expression, regarded formally as a function of the variable w = iw, 
represents an analytic function in the upper half-plane, since in the given 
case, the contour of integration never goes through any singularities of the 
integrand, if Imw > 0. 

We are interested in the quantity Q(k, w) for w > 0, which can now be 
written down immediately. When this is done, two cases arise, i.e.,w < 2A 
and w > 2A. In both cases, the calculation can be carried out in an ele- 
mentary fashion, in keeping with Fig. 100, where in parentheses we indicate 
the choice of the sign of the imaginary part of the functions on different sides 
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ofthecuts. The final result is given by the following expressions (A6, A7, M2): 








A+a w'(w’ — w) + A? wo ,, 
26.0) = at” Tara a So eae 
(a) 
w'(w’ + w) + A? =) | 
+i ane Vato Vig ot Ve Foro (tanh aT ~ tanh = oT dw 
for w < 2A, 
a+ w'(@’ — w) + A? ow ,, 
O60) = a es Tae RIVET Sar ap ome aT 
para w'(w’ — w) + A? ee 
+i], A pean OP GE EG © MV LoD tanh 57, dw (b) 
. 2 w'(w’ + w) + A? ( ox) i 
+if CEO TERT MV Por tanh 2, — — tanh aT dw 
for w > 2A. 


38. The Properties of a Superconductor in an Arbitrary Magnetic 
Field Near the Critical Temperature 


The properties of superconductors near the critical temperature constitute 
a special case, since then the size of the gap is small enough to cause all the 
equations to become much simpler. It is easily seen from the results of 
Sec. 36 [see (36.4)] that in this case the equations can be expanded in the 
quantity 1 ~ (7/T,) « 1. Moreover, as already noted in the preceding 
section, near T, the penetration depth 3 of a weak magnetic field is > &, i-e., 
all quantities in the field, including the field itself, vary over distances much 
larger than & ~ v/T,, the characteristic parameter of the theory. This fact 
allows us to construct a theory for this temperature region, which describes 
the behavior of superconductors in arbitrary magnetic fields, of the order of 
the critical field [see Gorkov (G7)]. 

With this aim, we again write down the equations (37.6), i.e., 


t 


(ic + 5 [V, — ieAQP? + 1) G(r, 1’) + AF E(t, ") = 30 — V), 


(iw + = [V, + ieA@)]? + r) F(t, r’) — A*(n)Y,(t, r’) = 0, 
together with the equation determining the size of the gap: 


At(r) = [AIT > Far, 0). (38.1) 


Since |A] is small, we can expand the function Fj (r, r’) in powers of |A], and 
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then, substituting this expansion into (38.1), we find an equation for A*(r). 
In doing this, it is convenient to introduce the Fourier components of the 


Green’s functions Gor, r’) for electrons in the normal metal [in the given 


field A(r)]. The equation satisfied by 4(r, r’) can be written in two ways, 
either as 


(io + = [V, — ieA(r)]? + x) G(r, r’) = Xr — 1), (38.2a) 
or as 


(io + - [Vy + ieA(r’)}? + 1) G(r, r’) = Xr —r’). (38.2) 


Using the function G(r, r’) and equation (38.2b), we can transform the 
system of equations for Y, and # into integral form: 
Gtr) = G(r) — [FE DAOFSLr) dl, 
(38.3) 
Fi(1,¥') = | GOL NA*(DG,AI, r’) dl. 


Before going further, we derive an expression for the function Yr, r’). 
In the absence of the magnetic field, G(r — r’) equals 


— piroR-WlR) for w > 0, 


R 
GOX(R) = (38.4) 
— 9 ~tPy R-(lolR/v) 
IR? Po » for ow <0, 


where R = |R| = |r —1’|. This can be verified by direct substitution of 
(38.4) into (38.2a) in the absence of the field, or by using our familiar expan- 
sion for the Fourier components 9p) = (iw — &)7}: 


IPR) = Gays [IOO) CP a 





m efPoR+iER/v) _ g—tPoR—tUER/v) 
=~ onan | iw — & 

[Of course, we are interested in the form of the function Y‘(R) at distances 

large compared to atomic distances, i.e., such that Rpp > 1.] Carrying out 
the integration with respect to &, we obtain (38.4). 

The function YR) is rapidly oscillating; since pypR > 1, this fact allows 

us to use a kind of quasi-classical approach to determine the function 


Gr, r’) in the presence of the magnetic field. In fact, suppose we look for 
G(r, r’) in the form 

GNr, v’) = OMG OY — pv’), (38.5) 
where 9(r,r) = 0. Then, substituting (38.5) into (38.2) and differentiating 
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only principal terms, we find the following equation for ¢(r, r’), the correction 
to the action: 


R 
n-V,9(r, 1’) = en-A(r) (a = Ri) (38.6) 


In (38.6) we have dropped all terms which are quadratic in A, since for the 
magnetic fields H in which we are interested, the quantity ep,/H (the Larmor 
radius) is very large compared to the penetration depth 8, i.e., p>) > eA ~ eH. 

Returning to (38.3), we now expand these equations in powers of |A(r)|. 
It follows from (38.4) and (38.6) that the expansion for F;(r, r’) need only 
be carried out to terms of the third order in |A| inclusive, while the expansion 
for the Green’s function ¥,,(r, r’) need only be carried out to terms of the 
second order in | Al: 


G(r, r’) = G(r, r’) — i} G(r, NANYO(m, r’)A*(m)FY©,(m, 2), dm dl. 
(38.7) 
Substituting (38.7) into the second of the equations (38.3), we find an ex- 


pansion for Fi (r,r’). Then, using this expansion and (38.1), we obtain the 
following equation forA*(r): 


A*() = [AIT >, [IPD NAM FRE) dl 


-|AT> | GOL, m)A(m) GOs, NA*(s) G(s, m)A*(1)G(1, x) dl dm ds. 
(38.8) 


In (38.8) the important distances in the integrals are of order &, since, as 
can be seen from (38.4) and (38.5), the function G(r, r’) falls off exponenti- 
ally for |r — r’| > &. Moreover, the gap A(r) and the field A(r) change 
over distances of the order of the penetration depth, which is much larger 
than & near the critical temperature. For the same reasons, the phase 
g(r, r’) in (38.5) can be written in the form 


g(r, r’) © eA(r)-(r — r’). 
Near 7,, 





ag ~ Ha f1-F 


and hence the phase ¢(r, r’) is small and the exponential can be expanded with 
respect to 9. 

We begin by examining the first term in the right-hand side of (38.8). 
Suppose that 


Ki) = T > GOL NG2L 1) = Koll — ¥) exp (2ieA(r)-(I — v)}. 


Then, using the representation (38.4) for the Green’s function in coordinate 
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space, and carrying out the sum over frequencies, we find the following 
expression for K,(R): 

is ae ee 
(27R)? sinh (27 RT/v) 
As we have already noted, all quantities change only slightly in distances of 
order &). Therefore, in the integral 


i K,(1 ~— ¥) exp QieA(r)-(I — n3A*() dl, 


KR) = (38.9) 


we can make series expansions of all quantities in powers of / — r near the 
point r. Retaining only terms up to the second order in / — r, we obtain 


A*(r) f K,(R) dR + ; [V, + 2ieA(r)]2A*(r) f K,(R)R? dR. (38.10) 


According to (38.9), the function K,(R) goes to infinity like R-* at R = 0, 
and hence the first of the two integrals on the right is formally divergent. A 
cutoff for this divergent expression is best introduced in momentum space. 
As a result, we find the familiar expression 
i a E dé 
[Ko(R) dR = 32 [*? tanh (SIF : 
The integrand of the second seats in (38.10) has no singularity at R = 0. 
Evaluating this integral directly in the coordinate representation, we obtain 
TE3)v* mpo, 
8(xT)? 2x? 
Next, we examine the second term in the right-hand side of (38.10), which 
is of the third order in |A]. The dependence of A(r) on the coordinates can 
be neglected in this term, which can then be written as 


(8) arolaeer JaeSeem ~ (MPs seers 


Collecting all the results just obtained, we finally find that near the critical 
temperature A*(r) satisfies the equation 


~ [V, + 2ieAQ)? + i "a is - as AC i>] }aec =0, (38.11) 


where 





J R?K,(R) dR = 





In the absence of the field, A(r) does not depend on the coordinates and 
equation (38.11) agrees with the initial terms of the expansion (36.4). 

We now calculate the current density j(r). Of course, formula (37.5) of the 
preceding section is still valid in the present case. However, using the fact 
that the quantity A is small compared to T,, we shall only write the first terms 
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of the expansions in powers of A and A. We note that the second term in 
the right-hand side of (37.5) can be written in the form 


.  2e?A(r) see 
— lim ae G(ir,r) = - = A(r)N (38.12) 


where N is the total electron density, equal to the electron density in the 
normal metal. A change in N would violate the condition of electrical 
neutrality.14 Subang (38.7) into (38.5) and using (38.12), we find that 


= 2 
Da £ (Vy — Vader FOG, ¥') ~ & NAG) = 0, 


since the current in a normal metal is zero in a constant magnetic field. 
Thus we have 


. ie j 
i®) = m (Vy ~ We 2, dY,(r, r ), 
where 


$9,(r, r’) = — [ae DAOFOm, r’)A*(m)F©,(m, 1) dm dl. (38.13) 


Then, substituting (38.5) into (38.13), expanding all quantities near the 
point r up to first-order terms, and dropping terms which vanish when 
integrated with respect to the angular variables, we obtain 


i@ = =(A ae At =)- “BF acc (38.14) 


where 0/ér = V,, and 
Cie 7D i} { [201m - 9 2 0 - !) 
— 99(0 1) 5 9m ~ 1)]-m}9°2(m — 1) dm a 


It is convenient to calculate C in Fourier components, by replacing r by iV, 
in the usual way. We omit the details of this rather simple calculation, 
which leads to the final result 

_ 763)N 

~ 16(nT.)? 

The system of equations (38.11) and (38.14) describes the properties of a 

superconductor in a constant magnetic field near the critical temperature T,. 
Suppose we introduce the wave function 


— | 7C(3)N A 
r) = r 38.15 
ue) = [ROX ve (38.15) 
11 The solution (38.7) satisfies this condition, i.e., if 

90,0) = 990) + 89.07, Pr), 


as 89Y,(r, r) = 0. 








then 


SEC. 39.1 THEORY OF SUPERCONDUCTING ALLOYS 325 


proportional to A(r). Then, taking the complex conjugate of (38.11) and 

using the expression (38.15) to replace A(r) by )(r) everywhere, we can write 
the system (38.11) and (38.14) in the following form: 

1 He a, 1fTe-—-T lis = 

{Fe IV.— eawT + 3[p— - FIVE] YO = 0, 


ie = ~ ge vg —y voy - SE acpi. 


The reason for introducing the wave function (r) is now apparent, i.e., the 
equations (38.16) resemble the quantum-mechanical equations for a particle 
of mass 2m and charge 2e. Physically, this result is entirely understandable, 
since A(r) is a quantity proportional to the wave function of a bound pair 
(more exactly, the wave function of the pair relative to its center of mass). 
It is interesting to note that equations of this form were proposed in the 
phenomenological theory of Ginzburg and Landau (G5), where, however, e 
appeared instead of 2e. Apart from this important change, the new theory 
of superconductivity confirms the correctness of the Ginzburg-Landau 
theory near T,, and moreover enables us to calculate the constants appearing 
in the Ginzburg-Landau theory. 

We conclude this section by noting once again that our derivation makes 
use of the fact that all quantities vary only slightly over distances of order 
E>. It is easily seen from (38.13) and (37.19) that in the general case all 
quantities vary over distances of the order of the London penetration depth 
near the critical temperature 7,. However, for superconductors of the 
Pippard type this penetration depth becomes larger than & only in the 
immediate neighborhood of T,. Therefore, for superconductors of the 
Pippard type, the region of applicability of our equations is a very narrow 
region of temperatures near 7,. For superconductors of the London type 
(or of the intermediate type), these equations are applicable in a rather wide 
region of temperatures near T,. From the experimental standpoint, this is 
the interesting region, and it should be pointed out that in this region the 
equations (38.16) lead to a very good agreement between theory and experi- 
mental data. 





(38.16) 


39. Theory of Superconducting Alloys 


39.1. Statement of the problem. We conclude our discussion of the 
theory of superconductivity by studying the interesting problem of the 
properties of superconducting alloys, by which we mean superconductors 
containing impurities, i.e., atoms of foreign elements or lattice defects of 
other kinds [see Abrikosov and Gorkov (A3, A4)]. In the normal state, these 
lattice defects cause the residual resistance of the metal. In the super- 
conducting state, the impurities play a different role. As already indicated, 
the interaction between the electrons in a superconductor causes a definite 
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spatial coherence (or correlation) to be established between them. In 
particular, the dependence of the various Green’s functions in the co- 
ordinate representation on their spatial arguments at distances of order & 
(the effective size of a pair) undergoes an essential change when the metal 
makes the transition from the normal to the superconducting state. In 
an alloy, the electrons are scattered by the impurities, and since this scat- 
tering takes place randomly at arbitrary angles and the scattered electrons 
have very small wavelengths, the correlation between the electrons is very 
sensitive to the scattering processes. This means that impurity scattering 
must decrease the spatial coherence between the electrons. 

For very low concentrations, the role of the impurities is small, but an 
increase in the concentration leads to a decrease in the coherence distance 
of the electrons in the superconductor. For sufficiently high concentrations, 
the role of the coherence distance & is taken over by the mean free path of 
the electrons, and for such concentrations we have a right to expect new 
characteristic properties of the superconductor to appear. It is not our aim 
to give an exhaustive treatment of the whole subject here. Instead, we shall 
confine ourselves to an analysis of a single aspect of the theory, i.e., the 
properties of superconducting alloys in a weak constant magnetic field (see 
Sec. 39.3). However, this will allow us to demonstrate the full scope of the 
characteristic field theory techniques which are so useful in studying problems 
of this kind. 

It has already been remarked in Sec. 37.1 that, as far as their electro- 
magnetic properties in weak fields are concerned, the majority of real super- 
conductors are of the “nonlocal” type (i.e., of the Pippard type or of the 
intermediate type). Ifa superconductor of this type is placed in an electro- 
magnetic field, the current density at a given point is determined by the 
values of the field in a whole region around the point. In fact, this non- 
local effect lies at the very foundation of any theory based on Cooper’s ideas 
on the formation of bound pairs of electrons. The finite dimensions of 
the pair give rise to coherence between electrons at distances of order 
—& ~ 10-*cm, an effect which also manifests itself in the nonlocal relation 
between the current and the field, if the field varies over distances appreciably 
less than & (these distances are of the order of the penetration depth of the 
field). In the opposite case, i.e., for superconductors of the London type, 
the field varies only slightly over the distances of order &) which are important 
in the integral relation (37.3), and hence the field at the point r can be brought 
out in front of the integral. The considerations just given, concerning the 
role of impurities in superconductors, show that for sufficiently high im- 
purity concentrations, a superconducting alloy must be of the London type. 
Since the mean free path begins to take over the role of the coherence distance 
as the impurity concentration is increased, a point arrives at which the mean 
free path becomes less than the penetration depth, and then the London case 
prevails. 
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Before going on, we have to clarify one further point. In real super- 
conductors, the order of magnitude of & is 10-*cm, but according to the 
above remarks, the superconductor exhibits new properties for concentrations 
such that the mean free path becomes comparable to the penetration depth, 
whose order of magnitude is 10-° cm. It is an extremely important fact 
that this new behavior takes place for concentrations that are still quite low 
(~1%). The point is that for large impurity concentrations, we are essenti- 
ally dealing with a new substance, whose properties have nothing in common 
with the original superconductor. In particular, the properties of the 
electron-phonon interaction change, and so does the temperature at which 
the transition to the superconducting phase occurs. These changes in the 
basic properties of the lattice can be neglected for sufficiently low concentra- 
tions. However, even these low impurity concentrations cause essential 
changes in the behavior of the superconductor in a magnetic field. At the 
same time, it is interesting to note that the thermodynamic properties of the 
superconducting alloy are practically the same as those of the pure super- 
conductor, as confirmed by experiment. 

The ordinary methods, based on the transport equation and used (for ex- 
ample) to study the problem of the residual resistance of a normal metal, turn 
out to be unsuitable for solving the problem just posed. Accordingly, in 
what follows, we shall again resort to the methods of quantum field theory. 


39.2. The residual resistance of a normal metal. In order to clarify our 
subsequent analysis, we first illustrate the technique to be used later by 
applying it to the problem of calculating the residual resistance of a normal 
metal at the absolute zero of temperature [see Abrikosov and Gorkov(A3, A4), 
Edwards (E1)]. Of course, the results obtained in this case are completely 
equivalent to those generally known, which were derived by using the trans- 
port equation. 

It is well known that the presence of impurities in a normal metal leads to a 
finite conductivity o. Therefore, for sufficiently small frequencies, the current 
density j in the presence of an applied homogeneous electric field E is given 
by the formula 


j= oE. 
Introducing the vector potential A in the usual way, i.e., writing E = —0A/ét, 
we can represent this relation in the following form (for a monochromatic 
field component): 
jo = iwoA,,. 
Then our relation agrees with (37.3’), with a kernel Q(k, w) which is simply 
equal to 
O(k, w) = —iwe. 

It is our intention to find Q(k, w) by using the methods of quantum field 
theory. 
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Bearing in mind the difference between the definition of the Green’s func- 
tion in the field theory technique for T = 0 and in the corresponding tech- 
nique for T # 0, we have 


e : Ne? 
i = V ed V. Jor ‘ WN es fens 
ix) = 5 (Ve — Vader lim G(x, x’) — 7 AG) 


instead of (37.5). Expanding the Green’s function in the usual way up to 
linear terms in the field, we obtain 


: ie? 
i) = = 525 (Ve — Wear f AQ): — Vedyrny 
(39.1) 
r , Ne? 
x GOUx, y'VGOC(y, x’) d*y — —— AC). 


where the functions G(x, y) are the Green’s functions in the absence of the 
field. We note that these functions no longer depend just on the argument 
difference x — y as has always been the case until now. In (39.1) we assume 
that the functions G(x, y) incorporate the interaction between the elec- 
trons and the impurity atoms, but from now on, the Green’s functions of 
the metal containing impurities will be written without the superscript, e.g., 
G(x, y), and the superscript will be used to denote the Green’s functions of 
the pure metal, e.g., G(x — y). The interaction between the electrons 
and the impurity atoms corresponds to the Hamiltonian 


Ayn, = > Ay, 
where 


H, = [ule — re)b*(x) (x) ar. 


Before transforming (39.1) further, we first find the function G(x, x’). 
When impurities are present, the Green’s function is not given by the 
expression (7.7). Instead, we write the Green’s function in the form 


G(x, x’) = way [G0 p's open 2"- 19-9 dp dp’ deo. (39.2) 


By the usual rules of field theory, the function G(p, p’; w) corresponds to 
the sum of diagrams shown in Fig. 101, where G(p) is associated with each 
line, and impurity vertices are indicated by crosses. A factor 


u(q)e't"a8(wo — w’) 


is associated with each impurity vertex, where u(q) is the Fourier component 
of the potential u(r), and q is the momentum transfer. Summing the dia- 
grams, we obtain the following integral equation for G(p, p’: w): 


G(P, p’; ©) = dp — p')G(p) 


; (39.3) 
Gaps > FCP) J ulp — piJet-P”""-G(p", p's a) dp 


+ 
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pp Sip-p) p p op p 
Figure 101 


The exact solution of (39.3) does not interest us. Since the impurity atoms 
are randomly distributed throughout the metal, we have to average all 
expressions over the position of each impurity atom. In doing this, we use 
the important fact that the average distance between impurity atoms is much 
larger than the lattice spacing, because of our assumption that the impurity 
concentration is low. As a result, the averaging can be carried out over 
volumes with dimensions that are large compared to the interatomic distances. 
After performing this averaging, the Green’s function G(p, p’; w) obviously 


becomes 
G(p, p's @) = G(p)d(p — p’). (39.4) 


The momenta p, p’ of interest here have magnitudes of the order of the 
Fermi momentum po, which in turn is of the order of the reciprocal of the 


(a) aan ae SLO ~~ > 
p p p Pp p- ~p 
(b) “~~ ory ees a 
AP C5 Ke HF 
pipip2p 2p pip2peptip Pip2p\ ep 


p-p'+p" 
(c) — I — 
114 


Ficure 102 


interatomic distance. This fact immediately makes it simpler to carry out 
the averaging. In making the calculations, we shall use the Born approxi- 
mation, i.e., we shall assume that 


p3 fuq) dr & ep. 


It can be shown that the final result, expressed in terms of collision times, is 
still valid in the general case. 

The simplest diagram for G(p, p’; w) contains only one cross. Averaging 
over the position of the impurity atom, we obtain a constant, i.e., 


u(qe't'*s = u(0), 


which can be included in the ground-state energy and will henceforth be 
regarded as zero. The diagram which is next in complexity contains two 
crosses [see Fig. 102(a)]. If these crosses refer to different atoms, the matrix 
element contains the factor 


u(p” - p’)u(p —- pete P') Fa +o" ~PI'Ty, 
whose average vanishes. However, if scattering by the same atom takes 
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place at the two crosses and if p = p’, then the average value of the diagram 
in question [without the external G(p)] is nonzero and equals 


; i} u(p — p’)/?GP') ane (39.5) 


where V is the volume of the system. [To obtain this result, it is convenient 
to transform from integrals with respect to the momentum to discrete sums in 
formulas (39.2) and (39.3), and then go back to integrals, after evaluating the 
average.] 

In what follows, we shall be interested in values of p whose magnitudes are 
close to pp. As in Sec. 21.3, the integral in (39.5) can be divided into two 
parts, one with respect to values of p’ far from the Fermi surface, and the 
other with respect to values of p’ near the Fermi surface. (We can choose 
the limits of the second integral with respect to |p’| to be symmetric in 
|p| — Po.) The integral over the distant region gives a real constant, which, 
together with u(0) represents a renormalization of the chemical potential and 
need not be considered. In the second integral, we can regard u(p — p’) asa 
slowly varying function. Substituting the expression (7.7) for G(p) into 
(39.5), and summing over the impurity atoms (which simply means multiply- 
ing by the number of atoms), we find that the main contribution to the self- 
energy is 

isgn w 
2t 





> 
where 


a ee [ la®)l? a0, (39.6) 
and 0 is the angle between the vectors p and p’. According to (39.6), 7 is 
the mean time between collisions in the Born approximation, where n is the 
number of impurity atoms per unit volume. Thus, it is clear that the region 
near the Fermi surface, where v(|p| — po) ~ 1/7, plays the main role in our 
integrals. 

From this point of view, not all of the diagrams are equivalent. For 
example, suppose we compare the three diagrams shown in Fig. 102(b), 
where the dashed lines join crosses referring to the same atom. It is not 
hard to see that in the expressions corresponding to the first two diagrams, 
the integration with respect to p’ and p” can be carried out near the Fermi 
surface for arbitrary angles between the momenta. On the other hand, in 
the integral corresponding to the third diagram, the requirement that the 
arguments of all the Green’s functions be near the Fermi surface leads to a 
restriction on the angles. As a result, the contribution of such a diagram 
turns out to be (vp pG)~! times smaller than the contributions of the other 
diagrams. Since the values of w and & needed below are of order t~*, where 
7 is the mean time between collisions, the factor (vpyG)~! can be estimated as 
(pol)~1, where | = vt is the mean free path. 
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Moreover, it is easily shown that diagrams containing more than two 
crosses corresponding to the same atom make a small contribution. For 
example, suppose the total contribution (from all the impurity atoms) of 
diagrams like the first diagram shown in Fig. 102(b) is compared with the 
contribution of diagrams like that shown in Fig. 102(c). The first set of 
diagrams gives rise to a quantity of order 


1 (0) 1 
a G(p) es 
while the second set of diagrams gives rise to a quantity of order 


2, 2 
LoD os ~ a [28 u at] «K : 
(if the Born approximation is valid). It follows that we need only consider 
diagrams containing two crosses for each impurity atom. 

Summing all the “important”’ diagrams [i.e., only the “‘paired” diagrams 
which contain no intersecting dashed lines as in the third diagram of Fig. 
102 (b)], we obtain the following equation for the G-function: 


n 


Gp) = GP) + Gas OCP) flue — PIG WIG) ap’. (39.7) 


If the Born approximation is not used, we have to take account of diagrams 
with many crosses corresponding to a single impurity atom, but it can be 
shown that the resulting change is equivalent to replacing the Born amplitude 
u(0) by the total scattering amplitude. The same applies to the rest of our 
calculations, and hence we can interpret u(0) as the total scattering amplitude 
in any relevant formula. 

The solution of equation (39.7) is 





1 
OOS ease Ge 
where G,, satisfies the equation 
ee _ py? _—__-_ — ap’ 
Go = Gaps | MP ~ PI? See 
Taking G, to be purely imaginary, i.e., setting G, = —i®, and calculating 
the integral on the right by the method used in connection with (39.5), we 
find that 
_ sen B 
Bis 20 
wheré + is defined by (39.6). Comparing the function obtained in this way 
with the result for the case of a small number of impurities (G > G®), we 
obtain 
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or 
1 


Go). 2 

() w — & + (iw/2||7) 

Going over to the x-representation, we easily see that the entire change in 

G as compared to G™ reduces to multiplication by an exponentially damped 
factor: 


(39.8) 


G(x — x’) = GO(x — x'Jer oral, (39.9) 
In fact, after carrying out the angular integrations, we have 


-tott-t') of 
G(x -— x’)a [op dw ge 
elle + GIR _ p- tpg + (IR 
Rio — & + (e/2Jo|=)] 
Then, integrating with respect to & and taking the residue, we obtain (39.9). 
We now turn to the calculation of the kernel Q(k,w). Taking Fourier 


components, we find it convenient to write the expression for Q obtained 
from (39.1) in the form 


om fae dw e~ te¢-) 


Ne 2 2i 2 , t , , t 
Qas(k, ©) = = Bag ~ [pel y(p'., p) dp’ deo’, (39.10) 


where 

Ds = (p' + tk, ow’ + 4). 
In (39.10), one of the photon vertices is singled out and the second is con- 
tained in II,(p,, p_), which to within a constant factor can be regarded as the 
result of inserting the photon vertex pj into an electron line. Substituting 
this vertex into the electron Green’s function G(p, p’; w), we obtain 


NP.) = gays [G@s,Pi0" + 40)G(W", p30" — 4o)p"dp". (9.11) 


The functions G(p, p’;) appearing in (39.11) correspond to the sum of 
diagrams shown in Fig. 101, and they satisfy equation (39.3). In averaging 
over the positions of the impurity atoms, it must be borne in mind that the 
average of the product of two Green’s functions does not equal the product 
of the separate averages. 

For a pure metal, the expression (39.11) corresponds to the diagram shown 
in Fig. 103(a). After averaging over the positions of the impurity atoms, in 
addition to the simple diagrams corresponding to the transition from the 


(a) (b) (c) 
Ficure 103 
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zeroth-order Green’s functions Gp) to the Green’s functions G(p) given by 
(39.8), the diagrams shown in Fig. 103(b) turn out to make important 
contributions to (39.11). The large contribution from these diagrams is 
due to the fact that at a vertex the photon momentum k « po, and hence the 
main contribution to the integral comes from the momentum region near the 
Fermi surface. A diagram of any other type, e.g., the diagram shown in 
Fig. 103(c), makes a much smaller contribution, since one of the integrations 
is over a momentum region far from the Fermi surface. Thus, averaging 
the quantity (39.11) reduces to summing the “ladder diagrams”’ shown in 
Fig. 103(b). 
The integral equation for II(p,, p_) has the form 


(p,,p-) = G(p.)G(p-)]p + Gaps fle — PIMC, p-) dp’), (89.12) 


and the following two limiting cases are possible: 


1. The anomalous skin effect (v|k| > 1/7). It is easy to see that in this 
case, the integral in the right-hand side of (39.12) is negligibly small, 
of order (v|k|t)~? « 1. 


2. The normal skin effect (v|k| « 1/t). In this case (the one in which we 
are interested), we can set p, = p-_. 


The vector obtained by evaluating the integral in (39.12) is obviously 
directed along p. Suppose we write 


pA(o’, 0) = Gs [lam — PIM, p-) dp’. (39.13) 
Then A(w, w’) can be regarded as independent of |p|, since |p| % po. Multi- 
plying (39.12) by 
n 
On |u(@ — p)|?, 


and integrating with respect to p, we obtain 


IN, 0) = Gras flu — PIIFPG(P+)G(p-)UL + Ao’, o)] dp. (39.14) 


Substituting the expression (39.8) for G(p) into (39.14), we easily find that 
Aw, w’) is nonzero only for |w’| < 4, since otherwise, according to (7.7), 
both poles in (39.14) [for the integration with respect to &] lie in the same 
half-plane. In this interval A(w’,w) does not depend on w’. Integrating 
with respect to &, and using the relation 


cos 8 = cos 6’ cos 6” + sin 0’ sin 6” cos (6’ — 6”), (39.15) 


i u for w’? < a 
ioe Someaee eer FT EE ore. 
TW + (i/Ttr) 4 


we obtain 


A(w’, o) = (39.16) 


0 for w’? > a 
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where 





Pol_1, Lamp a) — 
"G7 ao |u(0)|2(1 — cos@)dQ. — (39.17) 
Substituting (39.16) into (39.12) and (39.10), and carrying out the integration 
(with the assumption that wt « 1), we find that 


Qag(m) = —iwody,. 
As was to be expected, the conductivity 


Ne?x, 
o= tr 
m 


involves 7,,, the “transport” time between collisions. 

Thus, we see that the calculation of various characteristics of a metal, 
averaged over the positions of the impurity atoms, can be carried out by 
using a special kind of field theory technique. In our case, the averaging 
reduces to pair averages of scattering by the same atoms, each of which 
corresponds in a diagram to a dashed line connecting two crosses. Sucha 
line carries momentum q and corresponds in a matrix element to a factor 
n|u(q)|?, which plays the role of a D-function for the dashed line. The 
frequency of an electron line is not changed at any vertex to which a dashed 
line is attached. A very important fact is that a small contribution is made 
by any dashed line “bridging”’ a vertex at which an electron line undergoes a 
large momentum change (g ~ po). In particular, for this reason we can 
neglect diagrams with intersecting dashed lines [the relative order of magni- 
tude of the contributions made by such lines is (pol) « 1]. 


39.3. Electromagnetic properties of superconducting alloys. We now use 
the above method to study superconductors containing impurities, where the 
case of arbitrary temperatures will be considered from the very beginning. 
First we write the equations of the superconductor in the field due to the 
presence of the impurities: 

F Vv? ; : 
[io $e + e= Due r)| G,(t, r’) + AMF Ee, v) = 3" — ¥), 


2m = 


2 
[- ace — Ps > u(t — r.)| Fir, r’) — A*WY,(t,r') = 0. 
Of course, just as before, we are only interested in the quantities Y and F * 
averaged over the impurities. Tocarry out this averaging, we have to expand 
all the Green’s functions in series like (39.3) [see Fig. 101] in powers of the inter- 
action potential in the presence of impurities. In so doing, it must be kept in 
mind that in general the introduction of impurities also changes the gap A(r), 
A*(r). This might greatly complicate the diagram technique since the correc- 
tions to A must themselves be determined from an integral equation, because of 
the condition A(r) = |A| F(x, x). Nevertheless, it turns out that after perform- 
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ing this averaging, A(r) = A“ and all the corrections vanish. We could con- 
vince ourselves of this fact directly by examining the structure of the corrections 
to A(r). However, we shall assume this fact from the outset, writing A(r) = A® 
This assumption will be confirmed later by the final result, according to which 
all quantities of the type A(x, x) do not change when nonmagnetic impurities 
are added. Therefore, the only difference between this problem and the one 
discussed above is that the superconductor is now described by three Green’s 
functions Y, F and F¥*. This compels us to modify our diagram technique 
somewhat. It is easily seen that the resulting modification is entirely in 
keeping with the considerations of Sec. 35, and leads to the appearance of 
F and F*-lines in the diagrams for Y, as well as Y-lines in the diagrams for 
F and F*. 
The Hamiltonian for interaction with 
me ee + ee) tthe impurities contains operator prod- 
- ~ +--+. ucts. Therefore, when an impurity 
a2 ~, JA 5, , 5H, vertex is inserted into an electron line, 
Ficure 104 two possibilities arise for each of the 
lines Y, F and F*. These possibilities 
are shown in Fig. 104. The result can be written in the form 


G(x, x’) > G(x, V)A(y, x') — F(x, WF *(, x’), 
F* (x, x) > F*(x, WAY, x’) + WY, NF *(y, x’), 
F (x, x) > A(x, WAY, x’) + F(x, YG’, y). 
Instead of (39.3), we have the following equations for the functions 
and F*: 
Ap, p's o) = F(p)3(p — p’) 


1 w -p”):-r ” , ” 
a a| 9°) fue — p’) > e-P?"*4 Gp", p's w) dp 











— Fp) | ulp — p’) D>, el-P"*e F*(p", p's 0) ap" |, 
F*(p, ps0) = F+W) — Pp’) 
1 uw —-p”)-r ” , u” 
al F 1) [uw — pS 0-97 BE, B's 0) dp 


+ GV —p) i} u(p — p”) > eP-P)-86 F+(p", p's 00) dp’|: 

: (39.18) 

In principle, we have to consider one more equation, for the function 
F(p, p’;@). However, for a pure superconductor, 
FOX, x’) i F tx, x’) 

in the absence of a field, and without giving the proof, we note that the 


same is true for superconducting alloys after averaging the equations (39.18) 
over the positions of the impurity atoms. 


+ 
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The generalization of the averaging technique developed in Sec. 39.2 to 
the case of finite temperatures, and its application to superconductors, can 
be carried out quite simply. When an electron is scattered by a static 
impurity, only the three components of its momentum change. Therefore, 
as before, we associate the factor n|u(q)|? with each dashed line. Moreover, 
the frequency of an electron line is not changed at an impurity vertex. All 
the estimates allowing us to neglect diagrams with intersecting dashed lines, 
and also diagrams in which a dashed line “bridges” a vertex where the momen- 
tum transfer is of the order of the Fermi momentum, are still valid. In 
making these estimates, it is essential to use the properties of the Green’s 
functions of the normal metal. The equations for the averaged functions 
Gp) and F*(p) are shown schematically in Fig. 105, and their structure is 


o~ ony 27N o7N 
eee eet le tere + ee ft eee 
crs wny ors on™ 
ee ws tf el + eee + ee + wre he 
Figure 105 


apparent without further explanations. We note that from a diagram point 
of view, the equations of Fig. 105 resemble the equations of Sec. 35 (see 
Fig. 94) for a system with electron-phonon interactions. The difference is 
that in Fig. 105 there are “zeroth-order” lines of all kinds, i.e., G(p), 
F* Vp) and FY Pp). i 

Using the explicit expressions for the functions Y and F +, correspond- 
ing to a pure superconductor, we can bring the system of equations shown in 
Fig. 105 into the very simple form 


(imo — & — G,)H(p) + (A + F3)F *(p) = 1, 


= oe (39.19) 
(io + 6 + G_)F*(p) + (A + F5)Hp) = 0, 
where 
G, = On [lu - p»?90 ap’, 
F5= On J |u(p — p')?F*(p') dp’, (39.20) 


G _.(P) = G.(—p), 
and we have written p’ = (p’,w). The solution of the system (39.19) is 


ae res hare ee ew 7 
oo ? (39.21) 
oe A+F; 


(iw — G,)? + + (A+ FzY 
(it is shown below that Y, = —GY_,). Substituting (39.21) into (39.20), 
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we obtain two equations determining Y, and F;. We see that Y,, contains 
a constant term (as before), signifying an additive correction to the chemical 
potential, which does not depend on the temperature and comes from 
integrating with respect to p’ over a region far from the Fermi surface. 
Therefore, this term is the same as for the normal metal: 


due aoe [lap - wl? 


After subtracting Su, the remaining part of G.,, as can be seen from (39.20) 
and (39.21), is determined by exactly the same integral as F{, and hence 


If we introduce the notation 
A=A+ Fi =, A, i6 = io — Y, = ino, 
the function y,, satisfies the equation 


Pe a eee 
to = 14+3 lear Tae 
whose solution is 


1 


No = 1+ Vora At (39.22) 


Thus, the functions Y(p) and F *(p), which are averaged over the positions 
of the impurity atoms, can be obtained from the corresponding functions for 
the pure superconductor, by making the substitution 


Ooty wo, A>y,A. (39.23) 


It is not hard to see that just as in the case of the normal metal, in coordinate 
space these formulas imply that the zeroth-order functions are multiplied by 
e~®/2| In particular, it follows that the quantity 


A = |A|F *(x, x) 


is the same in the alloy as in the pure superconductor. Since, as we saw in 
Sec. 36, the thermodynamic properties of a superconductor depend only on 
A, this justifies our earlier statement that the thermodynamic properties of a 
superconductor remain the same in the presence of impurities with a sufficiently 
low concentration. 

Strictly speaking, in the electron-electron interaction model under considera- 
tion, this conclusion is true only to within terms of order 1/wpt ~ 107° cm/I. 
However, in the more realistic phonon model, there is a frequency cutoff, and 
consequently no such terms arise. In other respects, both models give the 
same results. It should also be noted that in an anisotropic superconductor, 
the thermodynamics depend on the impurity concentration. For example 
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(see T1, and P. Hohenberg, private communication), the variation of T, has 

the form = 

A? — (A)? 1 
(A)? Teot 

for 1/T.t « 1, where A and A? denote the averages of A(p) and A*(p) over 

all directions of the momentum. In the known cases, [A? — (A)?]/(A)? is of 

order 10-2. 

We now turn to the problem of determining the temperature dependence 
of the penetration depth of a weak static magnetic field in a superconducting 
alloy. According to (37.10), the expression for the current density j(r) has 
the form 


10) = STD We — Vee [Gol DAO: VAG.) 





men 
~ 8 


+ FL niaw-vaFs(, oat — XE aw, 


to the approximation which is linear in the field, where, however, the func- 
tions Y,(r, r’) and ¥;(r, r’) include the interaction with the impurity atoms. 
Averaging this expression over the positions of the impurity atoms, and trans- 
forming to Fourier components, we can represent the kernel Q,,(k) in the 
form ; ve 

Dusk) = TE Ban + Grooms > [PAM DSP) dp’ (39.24 


[p'. =p’ + 4k, k = (k, 0)], where II@(p,, p_) is the Fourier component of 
' i i@iw Glo a) . Bw NETO 
TIX — YY — XY = —5A(Vy — Voy a A% VIVA, X) — FY YF (% 
i.e., 
1) , ie (1) 
M%-yy-x)=Gy > J W@.,r-) 
x oon ee (t, —tyetp_ -(y- x) -to_ Cy- dp, dp... 


As in the case of the normal metal, the average of a product of two Green’s 
functions does not equal the product of the two separate averages. To carry 
out the averaging over the positions of the impurity atoms, we again have to 
sum a whole set of diagrams. Since the superconductivity modifies the 
Green’s functions only near the Fermi surface, the required diagrams are 
of the ‘“‘ladder type” (see Fig. 106), as in Sec. 39.2. However, the fact that 


AM AAAA 


Ficure 106 
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superconductors involve three different Green’s functions leads to equations 
which are considerably more complicated than equation (39.12) [correspond- 
ing to the sum of diagrams in Fig. 103 for a normal metal]. 

It is clear from Fig. 106 that to determine II(p,, p_), we need to know 
three more quantities, whose diagrams differ from II?(p,, p_) by having 
electron lines with arrows pointing in other directions. Each of these 
quantities is characterized by its own combination of the functions 9, F 
and F*: 


T(x — y, y — x) 

= 40, — Wy al FG IVIO®) + WO DFO) 
T(x — y, y — x’) 

= = 40, — Wy, DION) — FIFO EDL 
T(x — y,y — x’) 


2 5 (Vy — Vy) sl A(x, YF, x) + F(x, NGA’, yY)- 


Thus, in the present case, we have to solve a system of four equations for the 
Fourier components II(p,, p_), i = 1, 2, 3, 4, instead of the single equation 
(39.12). 

The way in which the equations are constructed is clear from Fig. 106. 
For example, introducing the functions 


A%G') = On flew — p)|*1(p',, p’.) dp’ (i= 1,2,3,4), (39.25) 
we have 
TI(p,, p-) = PIF(p-)F(p-) + F(p.)F *(p-_)] 
+4(ps)G(p_)AM%(w) — Ft(ps)G(p_)A?w) 


—F (Ds )F *(p-)\A%w) — (Ds )F (p-)AM%), 


and similarly for the other three equations. Substituting these equations 
into (39.25), we obtain a system of equations for the quantities A°(w). We 
shall not write this system out completely, since in its general form it can 
only be solved when the scattering is spherically symmetric. However, we 
shall not be interested in the solution of the system in the general case. For 
very low impurity concentrations, the properties of a superconducting alloy are 
close to those of the pure superconductor, and, as we have already mentioned, 
most pure superconductors are of the Pippard type or of the intermediate 
type. When impurities are introduced, the coherence distance decreases, 
until, for a sufficiently high impurity concentration, the superconductor 
becomes a superconducting alloy of the London type, whose electrodynamics 
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are now “‘local.”” Whether or not the electromagnetic behavior is local in a 
given case depends on the ratio between 5, the penetration depth, and /, the 
mean free path for scattering by impurity atoms (or equivalently, on the ratio 
between the sizes of the characteristic quantities |k| ~ 57? and /-?). 

From now on, we shall assume that the impurity concentration is such that 
the pure superconductor has turned into a superconducting alloy of the 
London type (|k|/ « 1). In this case, the system of equations mentioned 
above becomes greatly simplified. In fact, we can neglect the quantity k 
in II@(p,, p_), so that p, = p_. Then it turns out that 


AM) = — A(x), 
APw) = AM), 





and 
Ao) = pA), 
Aw) = pAM(w). 
Therefore, 
TI (p, p) = P(F*(p) + [F *()PHI + AM(o)} — 2pH(—)F * (PIA), 
(39.26) 
and the system of equations for the functions A®(w) takes the form 
BNO eee) AGN = 28 AMO, 
AM) = 2G,F 5 [1 + AM)] — [F + FIFA), , 
where 
PFE = os | up — p')?F*(p')p' dp’ = eee 
(2m) 4tyj(Veo? + AS 
ae A2 
ca nie — p’)|F*(p’) 2p’ dp’ = ———PS—_____., 
FEF = oy | le — pIAF (PPD dp ma 
Gta n , +p! \n! , ipwA 
3} Gy = = °F g dp’ = : 
pF amp | lp - PF “(PSP IP’ dp a 
Solving (39.27), we find that ; 
AM) = —_—____t___ __, 
21,(co? + An)( Var +ai + =) 
sk (39.28) 
Aw) = bees 1 OND 2 
27, (w? + A%)( Vor +A? + u ) 
2Ter 


Substituting (39.28) into (39.26), and then substituting Ip, p) into (39.24), 
we obtain the expression 


Q = Ok) 
{1 + TS fale — wg + Ang (1 = RF R,,) 


a 2A2w2y2 1 } 
203(@? + A)? ny, end [E? + (w? + A? ns? 


(39.29) 
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for the kernel Q(k), where we have written 
1 
1+ —— == ' 
QtpVeo® + A? 
Here, as in Sec. 37.1, we again encounter a formally divergent integral, and 


for the same reasons, we have to first carry out the sum over the frequencies. 
Writing the first term in parentheses in the right-hand side of (39.29) as 


£2 + (w? + A®)n2 — 2072, 
we apply the Abel transformation 


Notr = 


k k-1 
> (B, — By-1)Un = Bit, — Bott — > (Un+1 — Un)B,, (39.30) 
n=1 n=1 


which is the generalization to the case of series of the principle of integration 
by parts. Applying (39.30) to the series 


~ 1 
mnt > EP OE 
where 
B, = (2n + 1)nT = ©, 
B, _ Bi-1 => 2xT, 
we are able to formally cancel the divergent terms in (39.29). This gives 
the formula 
Ne? oO 1 
= — 2nTA? a Ea ee en 
m 2 (wo? + A( Vor + + =) (39.31) 
tr 


which involves only the transport time between the collisions. For the 


penetration depth, we have 
1 


Sees 


v4nQ 


As 1/7 —> 0, this formula goes into the usual London formula 


m 
i r 4nN,e? 
where N, is the number of “superconducting” electrons. In the opposite 
limiting case 1 « &), we can neglect the square root in (39.31), and the re- 


maining series can easily be summed. As a result, we find that the penetra- 
tion depth for “dirty” alloys is 


a a es 
ana Ac tanh (A/2T)’ 


where o is the conductivity of the normal metal. 





Al 


A2 


A3 


A4 


AS 


A6 


Al 


A8 


A9 


Bl 


BIBLIOGRAPHY’ 


Abrikosov, A. A., Contribution to the theory of highly compressed matter, II, 
Sov. Phys. JETP, 14, 408 (1962). 

Abrikosov, A. A. and I. E. Dzyaloshinski, Spin waves in a ferromagnetic 
metal, Sov. Phys. JETP, 8, 535 (1959). 

Abrikosov, A. A. and L. P. Gorkov, On the theory of superconducting alloys, 
I. The electrodynamics of alloys at absolute zero, Sov. Phys. JETP, 8, 1090 
(1959). 

Abrikosov, A. A. and L. P. Gorkov, Superconducting alloys at finite tempera- 
tures, Sov. Phys. JETP, 9, 220 (1959). 

Abrikosov, A. A., L. P. Gorkov and I. E. Dzyaloshinski, On the application 
of quantum field theory methods to problems of quantum statistics at finite 
temperatures, Sov. Phys. JETP, 9, 636 (1959). 

Abrikosov, A. A., L. P. Gorkov and I. M. Khalatnikov, A superconductor 
in a high-frequency field, Sov. Phys. JETP, 8, 182 (1959). 

Abrikosov, A. A., L. P. Gorkov and I. M. Khalatnikov, Analysis of experi- 
mental data relating to the surface impedance of superconductors, Sov. Phys. 
JETP, 10, 132 (1960). 

Abrikosov, A. A. and I. M. Khalatnikov, On a model for a non-ideal Fermi 
gas, Sov. Phys. JETP, 6, 888 (1958). 

Akhiezer, A. I. and V. B. Berestetski, Quantum Electrodynamics, second 
revised edition, translated by G. M. Volkoff, Interscience Publishers, New 
York (1963). 

Bardeen, J., L. N. Cooper and J. R. Schrieffer, Theory of superconductivity, 
Phys. Rev., 108, 1175 (1957). 


1 The titles of all papers from Russian journals are given in English. The translations 
of titles given in the journal Soviet Physics, JETP (a translation of the Journal of Experi- 
mental and Theoretical Physics of the Academy of Sciences of the USSR, published by the 
American Institute of Physics, New York, N.Y.) have been preserved, except for a few 
corrections of style and spelling. The Russian original of this journal is abbreviated as 
Zh, Eksp. Teor. Fiz. The papers B1, B3, B4, B7 (part I), C3, G1, G2, G3, G6, H4, 
L3, L4, L6 and M6 are reprinted in D. Pines (editor), The Many-Body Problem, W. A. 
Benjamin, Inc., New York (1961). (Translator) 


342 


B2 


B3 


B4 


BS 


B6 


B7 


B8 


B9 


BIBLIOGRAPHY 343 


Belyaev, S. T., Application of the methods of quantum field theory to a system 
of bosons, Sov. Phys. JETP, 7, 289 (1958). 

Belyaev, S. T., Energy spectrum of a non-ideal Bose gas, Sov. Phys. JETP, 
7, 299 (1958). 

Belyakov, V. A., The momentum distribution of particles in a dilute Fermi gas, 
Sov. Phys. JETP, 13, 850 (1961). 

Bogoliubov, N. N., On the theory of superfluidity, Izv. Akad. Nauk SSSR, 
Ser. Fiz., 11,77 (1947). 

Bogoliubov, N. N., A new method in the theory of superconductivity, I, Sov. 
Phys. JETP, 7, 41 (1958); Part III, ibid., p. 51. 

Bogoliubov, N. N., V. V. Tolmachev and D. V. Shirkov, A New Method in 
the Theory of Superconductivity, translated from the Russian, Consultants 
Bureau, Inc., New York (1959). 

Bogoliubov, N. N. and S. V. Tyablikov, Retarded and advanced Green’s 
functions in statistical physics, Dokl. Akad. Nauk SSSR, 126, 53 (1959). 
Brewer, D. F., J. G. Daunt and A. K. Sreedhar, Low-temperature specific 
heat of liquid He® near the saturated vapor pressure and at higher pressures, 
Phys. Rev., 115, 836 (1959). 


B10 Brueckner, K. A. and K. Sawada, Bose-Einstein gas with repulsive interac- 


Cl 


C2 


C3 


D1 


D2 


D3 


El 


E2 


E3 


E4 


ES 


Fl 


F2 


F3 


tions. General theory, Phys. Rev., 106, 1117 (1957). 

Casimir, H. B. G. and D. Polder, The influence of retardation on the London- 
van der Waals forces, Phys. Rev., 73, 360 (1948). 

Cohen, M. and R. P. Feynman, Theory of inelastic scattering of cold neutrons 
from liquid helium, Phys. Rev., 107, 13 (1957). 

Cooper, L. N., Bound electron pairs in a degenerate Fermi gas, Phys. Rev., 
104, 1189 (1956). 

Dzyaloshinski, I. E., E. M. Lifshitz and L. P. Pitayevski, Van der Waals 
forces in liquid films, Sov. Phys. JETP, 10, 161 (1960). 

Dzyaloshinski, I. E., E. M. Lifshitz and L. P. Pitayevski, The general theory of 
Van der Waals forces, Advances in Physics, 10, 165 (1961). 

Dzyaloshinski, I. E. and L. P. Pitayevski, Van der Waals forces in an 
inhomogeneous dielectric, Sov. Phys. JETP, 9, 1282 (1959). 

Edwards, S. F., A new method for the evaluation of electric conductivity in 
metals, Phil. Mag., series 8, 3, 1020 (1958). 

Eisenschitz, R. and F. London, Uber das Verhdltnis der van der Waalsschen 
Krdfte zu den homéopolaren Bindungskraften, Z. fiir Physik, 60, 491 (1930). 
Eliashberg, G. M., Interaction between electrons and lattice vibrations in a 
superconductor, Sov. Phys. JETP, 11, 696 (1960). 

Eliashberg, G. M., Temperature Green’ s function for electrons in a superconductor, 
Sov. Phys. JETP, 12, 1000 (1961). 

Eliashberg, G. M., The low-temperature specific heat of metals, Sov. Phys. 
JETP, 16, 780 (1963). 

Feynman, R. P., Atomic theory of the two-fluid model of liquid helium, Phys. 
Rev., 94, 262 (1954). 

Fradkin, E. S., The method of Green’s functions in quantum statistics, Sov. 
Phys. JETP, 9, 912 (1959). 

Frohlich, H., Theory of the superconducting state, I. The ground state at the 
absolute zero of temperature, Phys. Rev., 79, 845 (1950). 


344 BIBLIOGRAPHY 


Gl 


G2 


G3 


G4 


GS 


G6 


G7 


Hl 


H2 


H3 


H4 


KI 
K2 


K3 


K4 


KS 


LI 


Galitski, V. M., The energy spectrum of a non-ideal Fermi gas, Sov. Phys. 
JETP, 7, 104 (1958). 

Galitski, V. M. and A. B. Migdal, Application of quantum field theory methods 
to the many-body problem, Sov. Phys. JETP, 7, 96 (1958). 

Gell-Mann, M. and K. A. Brueckner, Correlation energy of an electron gas 
at high density, Phys. Rev., 106, 364 (1957). 

Gell-Mann, M. and F. Low, Bound states in quantum field theory, Phys. 
Rev., 84, 350 (1951). 

Ginzburg, V. L. and L. D. Landau, On the theory of superconductivity, Zh. 
Eksp. Teor. Fiz., 20, 1064 (1950). 

Gorkov, L. P., On the energy spectrum of superconductors, Sov. Phys. 
JETP, 7, 505 (1958). 

Gorkov, L. P., Microscopic derivation of the Ginzburg-Landau equations in 
the theory of superconductivity, Sov. Phys. JETP, 9, 1364 (1959). 

Henshaw, D. G., A. D. B. Woods and B. N. Brockhouse, Dispersion curve 
in liquid helium by inelastic scattering of neutrons, Bul. Am. Phys. Soc., 
series II, vol. 5, no. 1, part 1, p. 12 (1960). 

Huang, K. and C. N. Yang, Quantum-mechanical many-body problem with 
hard-sphere interaction, Phys. Rev., 105, 767 (1957). 

Huang, K., C. N. Yang and J. M. Luttinger, Imperfect Bose gas with hard- 
sphere interaction, Phys. Rev., 105, 776 (1957). 

Hugenholtz, N. M. and D. Pines, Ground-state energy and excitation spectrum 
of a system of interacting bosons, Phys. Rev., 116, 489 (1959). 

Keesom, W. H., Helium, Elsevier Publishing Co., New York (1942). 

Kerr, E. C., Orthobaric densities of He®, 1.3° K to 3.2° K, Phys. Rev., 96, 
551 (1954). 

Khalatnikov, I. M., Theory of transport phenomena in He II, Uspekhi Fiz. 
Nauk, 59, 673 (1956). 

Khalatnikov, I. M., The hydrodynamics of He II, Uspekhi Fiz. Nauk, 60, 69 
(1956). 

Khalatnikov, I. M.and A. A. Abrikosov, The modern theory of superconductivitys 
Advances in Physics, 8, 45 (1959). 

Landau, L. D., The theory of superfluidity of helium I, Zh. Eksp. Teor. Fiz., 
11, 592 (1941). 

Landau, L. D., On the theory of superfluidity of helium I, J. Phys. USSR, 11, 
91 (1947). 

Landau, L. D., The theory of a Fermi liquid, Sov. Phys. JETP, 3, 920 (1956). 
Landau, L. D., Oscillations in a Fermi liquid, Sov. Phys. JETP, 5, 101 (1957). 
Landau, L. D., The properties of the Green’s function for particles in statistics, 
Sov. Phys. JETP, 7, 182 (1958). 

Landau, L. D., On the theory of the Fermi liquid, Sov. Phys. JETP, 8, 70 
(1959). 

Landau, L. D. and E. M. Lifshitz, Quantum Mechanics, Non-Relativistic 
Theory, translated by J. B. Sykes and J. S. Bell, Addison-Wesley Publishing 
Co., Inc., Reading, Mass. (1958). 

Landau, L. D. and E. M. Lifshitz, Statistical Physics, translated by E. 
Peierls and R. F. Peierls, Addison-Wesley Publishing Co., Inc., Reading, 
Mass. (1958). 


L9 


L10 


Lil 


L12 


L13 


L14 


L15 


L16 


L17 


MI 


M2 


M3 


M4 
M5 


M6 


Nl 


Pl 


P2 


P3 


P4 


P5 


P6 


BIBLIOGRAPHY 345 


Landau, L. D. and E. M. Lifshitz, Electrodynamics of Continuous Media, 
translated by J. B. Sykes and J. S. Bell, Addison-Wesley Publishing Co., Inc., 
Reading, Mass. (1960). 

Lee, T. D. and C. N. Yang, Many-body problem in quantum mechanics and 
quantum statistical mechanics, Phys. Rev., 105, 1119 (1957). 

Lehmann, H., Uber Eigenschaften von Ausbreitungsfunktionen und Re- 
normierungskonstanten quantisierter Felder, Nuovo Cimento, 11, 342 (1954). 
Lifshitz, E. M., Superfluidity (Theory), Supplement to Russian translation of 
Reference K1, Izd. Inostr. Lit., Moscow (1949). English translation available 
as first chapter of A Supplement to “Helium,” by E. M. Lifshitz and E. L. 
Andronikashvili, Consultants Bureau, Inc., New York (1959). 

Lifshitz, E. M., The theory of molecular attraction forces between solid 
bodies, Zh. Eksp. Teor. Fiz., 29, 94 (1955). 

London, F. and H. London, The electromagnetic equations of the supra- 
conductor, Proc. Roy. Soc. London, Ser. A, 149, 71 (1935). 

London, F. and H. London, Supraleitung und Diamagnetismus, Physica, 2, 
341 (1935). 

Luttinger, J. M., Fermi surface and some simple equilibrium properties of a 
system of interacting fermions, Phys. Rev., 119, 1153 (1960). 

Luttinger, J. M. and J. C. Ward, Ground-state energy of a many-fermion 
system, II, Phys. Rev., 118, 1417 (1960). 

Matsubara, T., A new approach to quantum-statistical mechanics, Prog. 
Theor. Phys., 14, 351 (1955). 

Mattis, D. C. and J. Bardeen, Theory of the anomalous skin effect in normal 
and superconducting metals, Phys. Rev., 111, 412 (1958). 

Maxwell, E., Isotope effect in the superconductivity of mercury, Phys. Rev., 
78, 477 (1950). 

Maxwell, E., Superconductivity of Sn'?+, Phys. Rev., 79, 173 (1950). 
Migdal, A. B., The momentum distribution of interacting Fermi particles, Sov. 
Phys. JETP, 5, 333 (1957). i 
Migdal, A. B., Interaction between electrons and lattice vibrations in a normal 
metal, Sov. Phys. JETP, 7, 996 (1958). 

Noziéres, P. and D. Pines, Electron interaction in solids. General formulation, 
Phys. Rev., 109, 741 (1958). 

Peierls, R. E., Quantum Theory of Solids, Oxford University Press, New 
York (1955). 

Pippard, A. B., An experimental and theoretical study of the relation between 
magnetic field and current in a superconductor, Proc. Roy. Soc. London, 
Ser. A, 216, 547 (1953). 

Pitayevski, L. P., On the derivation of a formula for the energy spectrum of 
liquid He*, Sov. Phys. JETP, 4, 439 (1957). 

Pitayevski, L. P., Properties of the spectrum of elementary excitations near 
the decay threshold of the excitations, Sov. Phys. JETP, 9, 830 (1959). 
Pitayevski, L. P., Attraction of small particles suspended in a liquid at large 
distances, Sov. Phys. JETP, 10, 408 (1960). 

Pitayevski, L. P., On the superfluidity of liquid He®, Sov. Phys. JETP, 10, 
1267 (1960). 


346 BIBLIOGRAPHY 


P7 


Rl 


R2 


Ti 


vil 


Yl 


Zi 


Pitayevski, L. P., The problem of the form of the spectrum of elementary 
excitations of liquid helium I, Sov. Phys. JETP, 12, 155 (1961). 

Reynolds, C. A., B. Serin, W. H. Wright and L. B. Nesbitt, Superconduc- 
tivity of isotopes of mercury, Phys. Rev., 78, 487 (1950). 

Ryazanov, M. I., Phenomenological study of the effect of a nonconducting 
medium in quantum electrodynamics, Sov. Phys. JETP, 5, 1013 (1957). 
Tsuneto, T., On dirty superconductors, Technical Report of the Institute of 
Solid State Physics, University of Tokyo, series A, no. 47 (1962). 

Vedenov, A. A., Thermodynamic properties of a degenerate plasma, Sov. 
Phys. JETP, 9, 446 (1959). 

Yarnell, J. L., G. P. Arnold, P. J. Bendt and E. C. Kerr, Excitations in liquid 
helium. Neutron scattering measurements, Phys. Rev., 113, 1379 (1959). 
Zubarev, D. N., Double time Green’s functions in statistical physics, Uspekhi 
Fiz. Nauk, 71, 71 (1960); English translation, Sov. Phys. Uspekhi, 3, 320 
(1960). 


NAME 


A 


Abrikosov, A. A., 27, 36, 120, 149, 172, 
195, 307, 315, 320, 325, 327, 342, 
344 

Akhiezer, A. I., 43, 67, 259, 342 

Andronikashvili, E. L., 345 

Arnold, G. P., 10, 346 


B 


Bardeen, J., 283, 307, 315, 320, 342, 345 

Bell, J. S., 344, 345 

Belyaev, S. T., 204, 210, 222, 343 

Belyakov, V. A., 42, 343 

Bendt, P. J., 10, 346 

Berestetski, V. B., 43, 67, 259, 342 

Bogoliubov, N. N., 32, 148, 283, 287, 
300, 343 

Brewer, D. F., 23, 343 

Brockhouse, B. N., 247, 344 

Brueckner, K. A., 32, 191, 343, 344 


Cc 


Casimir, H. B. G., 276, 343 

Cohen, M., 152, 343 

Cooper, L. N., 282, 283, 288, 307, 315, 
326, 342 


D 

Daunt, J. G., 23, 343 

Dzyaloshinski, I. E., 27, 120, 149, 257, 
268, 272, 279, 342, 343 

E 


Edwards, S. F., 327, 343 
Eisenschitz, R., 276, 343 


INDEX 


Eliashberg, G. M., 176, 188, 303, 343 


F 


Feynman, R. P., 8, 152, 343 
Fradkin, E. S., 120, 149, 343 
Frodhlich, H., 282, 343 


G 


Galitski, V. M., 36, 51, 344 

Gell-Mann, M., 49, 191, 344 

Ginzburg, V. L., 325, 344 

Gorkov, L. P., 120, 149, 172, 291, 320, 
325, 327, 342, 344 


H 


Henshaw, D. G., 247, 344 
Hohenberg, P. C., 338 
Huang, K., 32, 36, 344 
Hugenholtz, N. M., 226, 344 


K 


Keesom, W. H., 15, 344 

Kerr, E. C., 10, 23, 344, 346 

Khalatnikov, I. M., 14, 15, 36, 172, 307, 
315, 320, 342, 344 

Kochkin, A., 195 


L 


Landau, L. D., 2, 6, 9, 10, 11, 14, 15, 16, 
18, 21, 23, 27, 28, 30, 31, 32, 36, 
41, 43, 50, 55, 96, 97, 141, 144, 
146, 150, 154, 160, 168, 172, 232, 
252, 254, 257, 259, 260, 295, 325, 
344, 345 

Lee, T. D., 36, 345 


347 


348 NAME INDEX 
Lehmann, H., 56, 147, 255, 345 


Lifshitz, E. M., 2, 9, 10, 14, 28, 30, 31, 
32, 36, 41, 50, 55, 96, 97, 141, 
144, 150, 168, 232, 252, 254, 257, 
259, 260, 272, 273, 279, 325, 343, 


344, 345 
London, F., 276, 313, 343, 345 
London, H., 313, 345 
Low, F., 49, 344 


Luttinger, J. M., 32, 141, 143, 166, 344, 


345 


M 


Matsubara, T., 98, 104, 345 

Mattis, D. C., 320, 345 

Maxwell, E., 281, 345 

Migdal, A. B., 51, 62, 176, 344, 345 


N 


Nesbitt, L. B., 281, 346 
Noziéres, P., 152, 345 


P 


Peierls, E., 344 

Peierls, R. E., 3, 345 

Peierls, R. F., 344 

Pines, D., 152, 226, 342, 344, 345 
Pippard, A. B., 314, 345 


Pitayevski, L. P., 6, 160, 236, 247, 257, 
268, 272, 277, 279, 343, 345, 346 


Polder, D., 276, 343 


R 


Reynolds, C. A., 281, 346 
Ryazanov, M. I., 259, 346 


S 


Sawada, K., 32, 343 

Schrieffer, J. R., 283, 307, 315, 342 
Serin, B., 281, 346 

Shirkov, D. V., 283, 300, 343 
Sreedhar, A. K., 23, 343 

Sykes, J. B., 344, 345 


T 


Tolmachey, V. V., 283, 300, 343 
Tsuneto, T., 338, 346 
Tyablikov, S. V., 148, 283, 343 


Vv 


Vedenov, A. A., 200, 346 
Volkoff, G. M., 342 


WwW 


Ward, J. C., 141, 143, 166, 345 
Woods, A. D. B., 247, 344 
Wright, W. H., 281, 346 


Y 


Yang, C. N., 32, 36, 344, 345 
Yarnell, J. L., 10, 346 


Z 


Zubarev, D. N., 148, 346 


SUBJECT INDEX 


A 


Abel transformation, 341 

Acoustic branches, 3 

Adiabatically turned-on interaction, 49, 
50 

Anomalous elements, 155, 167 

Attenuation, 5, 17 ff. 


B 


Boltzmann distribution, 11 
Born approximation, 32, 34, 228, 229, 
234, 330 
Bose condensation, 204, 212, 247, 248, 
249, 251, 288, 289, 300 
Bose distribution, 10 
Bose gas, dilute, 31-36, 222-235 
effective interaction potential for, 231- 
234 
ground state of, 32, 35 
low-density approximation for, 228- 
231 
weakly excited states of, 32, 34 
energy spectrum of, 34 
Bose liquid, 6 ff. 
ground-state energy of, 8 
spectrum of, 6-11 
properties of, near cutoff point, 235- 
247 
superfluidity of, 11-15 
two-velocity hydrodynamics of, 14 
Bose statistics, 4 
Bosons, systems of interacting, 204-251 
at T = 0, 204-247 
at T # 0, 247-251 
Bound electron pairs, 282, 288 ff. 
Bubble diagrams, 191 


Cc 


Chemical potential, 2 ff. 

Coherence distance, 297, 313, 326, 339 

Collision integral, 14, 24 

Collision time, 23 

Compact diagrams, 93, 136, 142 

Condensate, 32, 52, 206 ff. 

Condensation temperature, 110, 204 

Condensed state (see Condensate) 

Cooper phenomenon, 40, 284-291 

Coulomb interactions between electrons, 

27, 175, 176, 187, 189-203 fff. 

Debye screening of, 193 

Coupling constant, 78, 119, 129 

Critical magnetic field, 306-307, 308 

Critical temperature, 176 ff. 
determination of, 289-291 

Cutoff point, 236 


D 


Damping (see Attenuation) 
Debye frequency, 176, 282, 283 
Debye radius, 193, 194 
Debye’s formula, 4 
Decay threshold, 236 
Degenerate plasma, properties of, 189- 
203 
thermodynamic functions of, 200-203 
Density correlation function, 9, 152 
Density matrix, 19 
Diagrams (see Feynman diagrams) 
Dielectric constant, complex, 149, 252 
calculation of, 259-263 
Dispersion relations, 147 
Dyson’s equation, 85, 88, 89, 92, 94, 95, 
135-139, 142, 176, 178, 181, 182, 
215, 239, 261, 299, 300, 301 


349 


350 
E 


SUBJECT INDEX 


Effective mass, 21-22, 24, 39-40, 155, 
163 
Elastic scattering of X-rays and neutrons, 
101 
Electron-phonon (or particle-phonon) in- 
teractions, 77-80, 84, 88-89, 93- 
95, 118-120, 128-130, 176-189 ff. 
Elementary excitations, 5 ff. 
gas of, 12 
Energy gap, 17, 281 ff. 
temperature dependence of, 303-304 
Energy spectra, 5 ff. 
of the Bose type, 5 
of the Fermi type, 5 
Exchange interaction, 21 
External fields, 80, 84-85, 89 


F 


Fermi gas, 16 ff. 
almost-ideal, 18, 26 
dilute, 36-42 
Fermi liquid, 15 ff. 
excitations of the Bose type in, 165- 
166 
ground-state energy of, 40 
heat capacity of, 22-23, 169-172 
correction to linear term in, 188 
propagation of sound in, 23-27 
superfluid, 17, 27, 281 
theory of, 154-203 
basic relations of, 
168 
Fermi momentum, 16, 17, 43, 62, 154 ff. 
relation to particle number, 164, 166- 
168 
Fermi sphere, 16 ff. 
Fermi surface, 19 ff. 
Feynman diagrams, 68-71 ff. 
connected, 69, 91, 208 
disconnected, 69, 70, 208 
graphical summation of, 85 
of ladder type, 155, 173, 208, 230, 333, 
338 
nonanomalous, 172 
rules for construction of, 71-85 
in coordinate space, 71-80 
in momentum space, 80-85 


160-164, 166— 


Feynman diagrams (Cont.) 
technique of, 43, 52, 64 ff. 
basic principles of, 64-71 
for T ~ 0, 97-153 
topologically nonequivalent, 71 ff. 
First sound, 14 
Free energy, 10, 97, 254, 264, 306, 307 
phonon part of, 11 
roton part of, 11 


G 


Gap (see Energy gap) 
Gauge invariance, 161, 253, 297, 302, 
309 
Gauge transformation, 253 
Gibbs average, 99, 105, 250, 251 
Gibbs distribution, 2, 250, 251 
Ginzburg-Landau theory, 325 
Grand partition function, 2 
Graphical summation, 85 
Green’s function(s), 51 ff. 
advanced, 58, 147, 171 
analytic properties of, 55-59 
definition of, 51 
of electromagnetic 
252-259 
of electrons, 79, 182-187, 301 
of free particles, 52-53 
many-particle, 94, 95 
of phonons, 55, 58-59, 79, 178-182, 
300, 302 
physical meaning of poles of, 59-63 
retarded, 58, 147, 171 
of a system in an external field, 63-64 
temperature (see Temperature Green’s 
functions) 
two-particle, 90, 94, 95 


radiation, 149, 


H 


Harmonic oscillators, 3, 8 
zero-point energy of, 8 
Heisenberg representation, 45 ff. 
connection with interaction represen- 
tation, 49 
Holes, 16 


I 


Interaction representation, 43-51, 103- 
106 

Tonic sound, 199 

Isotope effect, 281 


K 


Kronecker delta, 122, 127 


L 


Lambda (A-) point, 15, 248 

Lambda (}-) transition temperature, 249 

Larmor radius, 322 

Lattice vibrations, 3-4, 5, 53, 78 ff. 
anharmonic terms in potential en- 

ergy of, 4 

isotropic Debye model of, 4, 54 
longitudinal, 53, 78 

Liquid helium, 6, 9, 10 ff. 


M 


Magnetic permeability, 252 
Mass operator, 87 
Matsubara’s technique, 98, 
135, 136, 137, 250, 317 
Maxwell’s equations, 253, 263 
Mean free path, 149, 326, 327, 330, 340 
Meissner-Ochsenfeld effect, 280 
Molecular interaction forces, 268-279 
between molecules in a solution, 268- 
275 
between solid bodies, 275-277 


100, 120, 


N 


Neutron scattering in a liquid, 150-152 
Normal liquid, 13 
density of, 13, 15 
phonon part of, 13 
roton part of, 13 
Normal product, 67 
relation to T-product, 67 


SUBJECT INDEX 35] 


O 


Occupation numbers, 28, 30, 37 


P 


Pairings, 67 ff. 
Pauli matrices, 20 
Penetration depth, 280, 311 ff. 
London, 315, 325 
Perturbation series, 43, 69 ff. 
principal terms of, 43 
relation to Feynman diagrams, 69 
Phase transition of the second kind, 15 
Phonons, 3 ff. 
creation of, 240 
interaction processes between, 4 
longitudinal, 4, 54 
system of, 53-55 
transverse, 4 
Plasma oscillations, 195 
Poisson’s equation, 232 
Polarization operator, 261 ff. 


Q 


Quasi-momentum, 3 

Quasi-particles, 5 ff. 
energy and attenuation of, 60-62 
energy of, in a Fermi liquid, 18-23 
interactions between, 5 
momentum distribution of, 41 


R 


Residual resistance, 325 
of a normal metal, 327-334 
Rotons, 10, 237, 245, 246 


Ss 


Schr6édinger representation, 45 ff. 
connection with interaction represen- 
tation, 49 
Second quantization, 28-31, 43 
Second-quantized representation, 28 ff. 
Second sound, 14 
Self-consistent field, 18 


352 


Self-energy part, 86 ff., 237-239 
irreducible, 86 ff., 213-217 
relation to chemical potential, for 
boson systems, 224—228 
Skeleton diagrams, 88, 167 
Skin effect: 
anomalous, 262, 333 
normal, 333 
S-matrix, 48-50, 205, 206, 207, 208 
of -matrix, 104-107, 130 
Spin waves, 26, 27, 157 
Spin-dependent interactions, 19 
Spin-orbit interaction, 21 
Spur, 19, 98 
Stress tensor, 264, 266-268, 269, 278 
Structure function, 151 
Superconducting alloys, 325-341 
electromagnetic properties of, 334-341 
of the London type, 339, 340 
Superconducting electrons, 313, 341 
Superconductivity, 17, 40, 110, 150, 168, 
175, 176, 280-341 
equations for, in the phonon model, 
299-303 
Superconductor(s): 
in an arbitrary magnetic field, 320- 
325 
in an alternating field, 315~320 
basic equations for, 291-299 
at absolute zero, 291-296 
in an external electromagnetic field, 
296-297 
at finite temperatures, 297-299 
heat capacity of, 304-306 
impurities in, 325-341 
of the London type, 313, 314, 325, 326 
of the Pippard type, 314, 325, 326, 339 
thermodynamics of, 303-307 
in a weak constant magnetic field, 308- 
315 
in a weak electromagnetic field, 308- 
320 
Superfluidity, 11-15, 281 
condition for, 12, 13, 281 
Symmetrized diagram technique, 74-77, 


SUBJECT INDEX 


83-84, 87-88, 90-93, 115-118, 
126-128 

T 

Temperature Green’s function(s), 97- 
103 ff. 


Temperature Green’s function(s) (Cont.) 
for free particles, 102-103 
for phonons, 99, 101, 103 
many-particle, 100, 137 
relation to thermodynamic potential, 
139-143 
time-dependent, 144-153 
two-particle, 100, 101, 138 
Thermal conductivity, 150 
Thermodynamic perturbation theory, 97 
Thermodynamic potential, 2 ff. 
perturbation series for, 130-135 
relation to Green’s functions, 139-143 
Thin liquid film, 263, 277-279 
T-ordering, 48, 50 
T-product, 49 ff. 
relation to normal product, 67 
Tr-product, 99 ff. 
Trace (see Spur) 
Transport equation, 14, 24, 327 
Transport properties, 101, 144, 149, 150 
Transport time, 334, 341 
Transverse gauge, 258 
Two-particle interactions, 72-77, 81-84, 
87-88, 90-93, 100, 112-118, 123- 
128 


v 


Van der Waals forces, 252 ff. 
in an inhomogeneous dielectric, 263- 
268 
Vertex part, 87 ff., 154-159, 172-176, 
191-195, 284-289 
Viscosity, 150 


W 


Wave packets, 5 

Weakly excited states, 2 

Wick’s theorem, 66-68, 70, 91, 106-110, 
111, 112, 117, 131, 133, 137, 204, 
206, 209, 223 


Z 


Zero sound, 23, 26, 157, 166, 284 


